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Answer the following questions in order.
 
All functions and sequences are real-valued.
 

1.	 (25%=5+5+15) 

(a)	 State the definition that a sequence (an) is a Cauchy sequence. 

(b)	 State the definition that a function F : D c lR --* lR is uniformly continuous on D. 

(c) .Let f(x) be a continuous function on lR and (xn) be a Cauchy sequence. Use an 
E- olE - N type argument to show that (J(xn )) is also a Cauchy sequence. 

2.	 (25%=5+20) 

(a)	 State the definition that a sequence of functions (hn), hn : D c lR --* lR, converges to 
H uniformly on D. 

(b)	 Let (gn) be a sequence of differentiable functions on (a, b) such that lim gn(x) = G(x) 
n-+oo 

exists for all x E (a, b). Suppose that there exists a constant M > 0 such that 
sup l'g~(x)1 < M for all n. Show that (gn) converges to G uniformly on (a, b). 
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3.	 (25%=7+8+10) Let ,X > 0, J('x) = 1 ( dX) 2>' and f(,X) = 1 x>'-le- X dx. 
o	 l+xx 0 

(a) Show that for ,X > 0 the improper integral r('x) converges. 

(b)	 Find the range of ,X > 0 on which the improper integral J('x) converges. 

(c)	 Show that J('x) = r(2'x)r(1 - 2'x) when both sides are meaningful. Hint. Express 
. (1 +xt1 as an integral. 

4.	 (25%=10+15) Let Uk,Pk, k = 1, ... , n, be positive numbers and Pl.+··· + Pn = 1. 

(a)	 Evaluate the limit 

(b)	 Evaluate the limit 
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Hint. Use ut = exp(tln u) and Taylor expansions. 




