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1. The s-step Adams-Moulton method for solving the initial-value problem of the first-order ordinary
differential equation: dy/dt = f(t¢,y), can be written in the form
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a) Show that v, satisfies the following recurrence relation:

where

and u = (¢t — t,)/h.
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b) Show that the order of accuracy of the s-step Adams-Moulton method is s + 1.
c) Is the method zero stable ?

2. The s-step Milne-Simpson method for solving the initial-value problem of the first-order ordinary
differential equation: dy/dt = f(t,y), can be written in the form
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a) Show that 7, satisfies the following recurrence relation:
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b) What is the order of accuracy of the s-step Milne-Simpson method ?

c) Plot the stability region of the method for s = 1,2, 3, and 4, and make a comparison with that
of the Adams-Moulton method.

3. The stability polynomial II(z) for the (one-step) s-stage explicit Runge-Kutta method is
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Plot the stability region of the Runge-Kutta method for s =1,2,--- /5.

4. The classical 4-th order Runge-Kutta method is given by:
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where h is the step size. Implement and apply this method to the scalar problem
y =sinz —1000(y + %), y(0)=1
on the interval [0,0.1].

a) Present numerical evidence that the method is 4-th order accurate for h small enough.

b) How small should & be so that the calculation is absolutely stable ? Show numerical results of
what happens when h is not small enough.

5. This problem is concerned with a historical problem treated by Stormer in 1907: Stérmer’s aim was
to confirm numerically the conjecture of Birkeland, who explained in 1896 the aurora borealis as
being produced by electrical particles emanating from the sun and dancing in the earth’s magnetic
field. Suppose that an elementary magnet is situated at the origin with its axis along to the z-axis.
The trajectory [z(s), y(s), z(s)] of an electrical particle in this magnetic field then satisfies
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a) Introducing the polar coordinates
z = Rcos ¢, y = Rsin ¢,

verify that the above system becomes equivalent to
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where now r2 = R? + 22 and ~ is some constant arising from the integration of ¢ .

b) Solve the system of equations in a) numerically, with the the following initial values:

Ry = 0.257453, 29 = 0.314687, ¢o =0, v =—-0.5,
Ry =+/Qocosu, zy=+/Qosinu, u=>5r/4, Qo=1—(2v/Ro+ Ro/rd)?,

for sufficiently large time. Plot the resulting solution in the (z,y, z) space.

c) Repeat the computation done in b) but with at least 30 different neighboring initial values. What
do you observe about the solution of this problem ? (see [1] p. 466 for a sample solution).
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