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Abstract

This question originated from Crux Mathematicorum, Volume 45 (6), July 2019 . The original
question is from W.J. Blundon competition in Canada. A hexagon H is inscribed in a circle, and consists of
three segments of length 1 and three segments of length 3. Find the area of H. I found that there is a circle
inscribed polygon with an integer side length in this figure, and each angle is 120°. That is an isometric
polygon. I wonder if all the inscribed polygons with integer sides exist in non regular polygons.

I start by classifying even and odd polygons. For polygons with an even number of sides, I started with
hexagons, then went on to octagons and quadrilaterals. There are some amazing mapping in the
quadrilaterals . For example, we can construct a 60-120 degree quadrilateral easily by using Fibonacci
sequence. And I found if one interior angle of a quadrilateral is a rational number, there exists an inscribed
circle of the quadrilateral. For polygons with an odd number of edges, I started with pentagons then went
on to heptagons and hendecagons . The circumscribed radius is also discussed.

The main axis of this study is divided into two parts. The first part is to construct the inscribed four, five
and six sides of a circle by using tessellation triangles , and the inscribed even sides of a circle by using
isometric polygons. In the second part, we define two or more kinds of inscribed polygons with different
integer side lengths and circumscribed circle radius as integers, which are called Perfect Polygons. Finally
I use Pythagorean Theorem to make transformation to solve trigonometric equations to build the "Perfect
Polygon" which has 2 different edges of length . The lengths of each edge and the radius of the inscribed
circle are all positive integers.
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b=4(p* + ¢*)*(* — ¢*)(2pq)

TETHER agsy — b

HiERV2H R ERRARRGARZAY > Ry 4t

a = 2Rsin46

b = V2R (cos 30 — sin 30)

;':t',% 9 1%%/5 a(4) - b(5)

Q0900 09

g R V2H LA MR AR AR ZAK > REp A9

a = V2R(cos 50 — sin 56)

b= 2Rsin 460
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I RAEBEHEARTE S BN AL > IPRE3 TH 4 ZRS5 TH O EET - B
a— b1y ¥SPERFR A (07 + %) o ap) — b MSMEEFEA (PP +¢7)" 2 e

2EW%B@%?v%fﬂ%z%ﬁﬁ%%ﬁﬁ%,W%@E#ﬁ%ﬁ%%,ﬂéﬁﬁﬁﬁ
@ P‘]'T%E‘h%ﬁ/‘ a — b(2) — (a_|_ gb) °

3. BASNER FCHRERRLEE ARG ANE $i4W,; AR%E— o $EIEF AT LY
LR AL X

4 EEMAZESETH > REARBR=AKP - 200 p° + ¢ MEHRE R FETER
ZERpE gL TAGEE o RbHEAR « Mmp R qHERESA o ~BAM > HTL
% A IR 69 SR A AL R 49 TR ) o

5. AEMEANBEWEHE > BRRE KNG = (F,, For1) = (—Foyr, Foge) 0 TRE
bk A o 120° 60 ) 3 R 0934 7 -

6. AABY : BATREAFEMTE SEW a@g) — bn-3) > a5) — bin-s) & a@) —brn—g) > ARHA
ZHARBERNTESEN ap) — by —cq) °
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