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Abstract

This study is based on the combination problem of mazes and rotating
bricks. As we create the rotating bricks, we insert roads, define bridges, and
assign the starting point. While the rotation of bricks alters the routes, this
study discusses the possible ending points and the number of the shortest
routes in different scales for reaching each destination.

We first simplify the complicated model of different scales and confirm
where the ending points could be. Through symmetrical changes of graphs, we
find the relation between the shortest routes to different destinations. After-
ward, we estimate the number of the shortest routes with additional principle
and discover their recurrence relations as well as their generating functions.
Furthermore, we express the generating function in terms of Chebyshev poly-
nomials and use their properties to obtain the explicit formula. At the end of
this study, we find not only the relation between the generating functions of
different scales, but also the shortest routes of all scales, which interestingly
correspond to the discussion of dyck path of bounded height. At the same time,
we also learn that when the column and the row are identical, the sequence of

the shortest routes is related to the Catalan Numbers.
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_ 1 1
o) = St () = - St

HREEEIR - U LEE 6 SRASOTHESZSIETBIRAVER

EE 7
n
a7 = Y Auk(2—2cosby)" a2t = Y Buk(2—2cosgp)" ©
k=1 k=1
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[m =6 BfARE] E50 m > 6 BERE  EERKEEHEERERL -

3 #&&® (Summary and Conclusions)

s KRBT ENET RS B ESE SRR » SERkE e
BT REES L, FVE DRICE Ry, -

BE  EREREMIERT  BFSGENTE m x 1 EEERET > EIEE
2 Ry, FOSIERRIGBUURAE m x (n+ 1) BESSEIKE T  IEBEEICES L, SISIHS
BUEE  rum = Loy Bl Iy =10

25



£ BRI EERAESRIINERIE » SRS IRGEPEY ag”) Fr 15w
ERB9E ¢ a)) = Tm(2t) = Tm(2t—1) = Lts1ym = Lapym ° WASE m =3 1 m = 4 H9E
EEE -

“5?) = 2‘1%21)@,1) =21 teN; "32t) = T3(2t—1) = 213(2t—2) = 273(2t—3) = 2 b
4 4 (= 4 4
a”") - 2aEn)—1)(n T Zl az(i) ’ “(()o) =0 “51) =1
=
-2 2
Ta(2r) = Ta2t-1) = 2r42t-2) + Y Ta(2i) = 2ry2t-3) T Y T4(2i-1)
i=1 i=1

BE  NEREREEEINER m BFHIDIER m + 2 HRIOREREE

(m+2) _ 5 (m+2) (m) (m+2) .
ay" —2“(?1_1)(,5_1)+k_21“(;n+1_k)(t+1 oM
t—2

Tm(2t) = Tm(2t—1) = 2Tm(2t—2) T X T (m—2)(2t-+2) 'm(2i)
i=1
t—2
= 21y (2t-3) Zr(m 2)(2t42i-1) 'm(2i-1) °

WHMABERIERS (aff” ) HEREB fiu(x) BE

Ao =1 A = g o
x
fm+2(x):m’Vn22’meN
%, &= =z > . _ Vn—l(l_%)
& » 28 Chebyshev ZIETFIERRBEL fn(x) BIBIER © fon(x) = By
AT 2x
1
M fona(x) = _ulijlzl(l—)) HBAA Chebyshev 218z 0] LI R —XE B
FAIMEES  FFIRIS—ARIEINT -
agfn i Ay k(2 —2cos Gk) ’ u§2n+1) Z Bnk (2 —2cos gok) °
k=1 k=1

26



(k— km
H ) 9 = 72 \ e N
F o O it l P=
(1 + cos 6;)V;,—1(cos b)
Ak A

k7 11+ cos 0;) Vi (cos B) + (1 — cos ;) (nW,, (cos 0) + U1 (cos B;))

. (1 cos ) U1 (cos @) 0
nk —

* (14 cos ¢ )nUy,(cos @) + nT,11(cos ¢ ) — Uy, —1(cos @)

B BTV EBERNERAR  ASRERGEFI-RISHEHERET -

t—2
() o (o) (00) (c0) R (0 I € L
=200 441yt i;aii Ale—1-i(t-1-) = T4 ¢ (t (TS

B ()
Tr-1)(2t-1) = T(2t)(2t) = [(E

o

2E5B¥Fl (Reference)
(1] TESRPEHE > E£M (2012) © Fribm: @k o
2] HHEBE-2 i (2012) » ELRL © EIN: EERIE T R RN

[3] Chebyshev 1 Morgan-Voyce ZI8Z{  Fibonacci £ * Pell £{ » Lucas EIZHIES
FRIRET » RN - BEHMEIE 34 B 4 HA (pp. 31-42) °

[4] Liu, C. L. (1969). Introduction to Combinatorial Mathematics. NY:McGraw-
Hill.

[6] Mason, J. C. and Handscomb, D. C. (2003), Chapter 1 Definitions, Chebyshev
Polynomials, Chapman & Hall/CRC Press, Boca Raton, Fla, USA.

[6] Wilf, Herbert S. (1994). Chapter 1 Introductory Ideas and Examples & Chapter
2 Series (pp.1-72), Generatingfunctionology. Academic Press.

[7] C. Krattenthaler. (2000). Permutations with Restricted Patterns and Dyck
Paths. Advances in Applied Mathematics Vol. 27, 510-530.

27



