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/01 !
23�456 :�789��: (;<
=> )?@&��� ,AB��
� ,CD
EF��� !�G(HIJ�KE ,LM���	 .
�
��NOPQ��	 ,R
ST/<UVW�<X�%Y�-%Z
[�\]�^_`�a ,8bc ,dWef/g ,hi�CDj��: :�
<��-%`klm/g ,R
�no :p
��qrr��Z` ,ST
s't ‘u:/v�wx !’,syzu:{| ;dWef} ,�h<~��
()
h��4$� ,lp
%��4$ ,�K�4$ .�)���
�
����� ,��~�� ,�
�����p��� :
1.HI�K ,��+�i� (��<� !)+���8��� !

2.�����q��� ;
3.;��%� !

§1 �������
�O��6 ‘-%�4$ ’,;<p
 ‘-%� ¡$ ’.¢8c ,£¤�zc
‘%¥ ’�¦§ ,¨Ht ‘�� ’,�p
 ‘-%� ¡$ ’ !()�p
-%�
�©� .
�()ªW ‘�� ’«¬
��®¯��°± ,²³
´�<��°
± .
´«µ� ‘�� ’,p
 syllogism,\¶�$ .

(�· ) ‘¸
� ,¹uº ,’

(r· ) ‘Socrates
� ,’

d» ,(�� ) ‘Socrates¹uº ’.

(§1A)

78�\¶�$
¼A¦§¨u� :n½ ,¾� ,¿. ,ÀÁ ?
ÂÃÄ�Logic9!Å ,¨ÆjAristotles�Å ,hi��ÇÈ
hu��
¨%�� !É !�NOÊË��ÇÈ :Socrates
ÌÍ ? Aristotles� ‘ÎÏ
’ !�¾� Ð ,/�¯Ñ���ÇÒ !�
n½ ÐÓ���x .
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=�%&%t� ‘-%� ¡$ ’,Ô�cuÕq :
-%Ö×$#ÖØ$ ;ÇÈ ?
ÙÚÛ‘;��%� !’,��p
 :
‘/H'ÜÝ ,(ÞFßÜÝ ,)àájâ�ã�:ÇÈ ’.

§1.1 ���������	
 !

() ,ÖØ$p
äå$ :‘iÈæä ,çÈæå ’,�
�¾� Ð> ,�è
uß���éêuë�ÖØ$�Ç  !(É !Ó��n½ ¡ !)

Qn½ (=Helenistic) ¡�ìíî�ï
Euclid.

EucliduÕ�ðñ�ÖØ$�Ç  :

• /�ò.î (incommensurable)æó� !

ÙÚÛ%� ‘ô ’�õö !in=/ ;com=òv� ;-ble=‘�i� ’;mea-
sure=÷. ;
()S%t�ÇÈ
 :

√
2
ø�- .

9%�ùúp��û !9Î´Oü�p
 :‘9ýyz´kþ9�¦
§ ’,(�Old²
´øHøë�¦§ !)²/
9éê�<%&¹
ÿ�8���¦§ .(�q�¦§D/�+
 ‘� ’,R
��� ‘/1
9 ’ !dW%&¹ÿ;�%� ,¹ÿj� ‘���	 ’,mg9Îp
�
� !)

��%&¨���qÈ������Ò� :
‘��ê4Ô��� ,#��� ,
/�ò.� !’
�u�q ,S�
éê¡������ !��S�+sv� :
‘��ê��Ô��� ,#��� ,
/�ò.� !’
=‘�����
ø�- ’.
�u�q ,S�éê¡� ‘ !G"#� ’;�� ,tM$ ‘�% (=‘=
% ’)ì- ’e ,p&'( ‘)*+, ’,‘-��V+, ’���M !

• .-ø/g ;(0�1�2 :"Mn½ ¡æ3 ,èu3� ¡sÝ�
4�Õ�¥� !� ‘C56;� ’�47c ,n½ ¡ ,889� !)

()�G:Ss ¡ !��;;����< :
.- ,"M 2i3 ,()¨
=- ,=->�?Õ� :
@�
 ‘H 4" ,A-=1� ’,B�
 ‘H 4" ,A-=3� ’;

�� :B�.-u : 3, 7, 11, 19, 23, 31, 43, · · · ,ø/g! (§1B)

§2 �	�
‘�ÀNÀ ’:-%Ö×$CNÖ×$ !
�D$ .
Ö×$���p
 ‘EðF ’,�()u���%GK-%!HI�mg
J�ðF ,hi��iKÑÖ×$���ÇÈ :‘�<�%GK-%!K
��-%Ö×$ ,HIHD��� ,pLM !’
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NIc ,�
O :
Pn = 1,Q · · ·?R ;
Pn = ke?R ,Q · · · ;hin = k + 1el?R ;
¥�
 :�ST�Ò� ,HIFuepU/tK&u ‘F �VW ’ !
(X)ý�
X�Èû�nYW 1²Z ;)

)E ,ý>X�Èû�nYWk + 1²Z ;
(�[�
 :ýiW�p
-%Ö×$ !9\�ùúp�S ‘]^õ !’,-%
Ö×$_¤] ?7?`p
�qÈ�NI .)

���a
 :(NO/êb !)��9Î�9t-%Ö×$�ec :

T� ,Àcd¡ :‘-%Ö×$ ’
eU�Hô !ýCNÖ×$ !
�D$ ;
Tf ,‘�1�Hô
gh$’;

T\ ,KÑ���gh$�Ç  .(/<��ij�ÇÈ !)C³H��/
v�4� ,Ogh$ .

§2.1 ������
�kl¥���� (mnS�=Jo� )%& :¤� ‘ì-%pq+� ’?

ræst ,Nu
 :

n2gv�4�� ,¹un� (w- )p. (§2A)

�x�x :‘()��Nu
e� !f24��x2 − 6x + 9 = 0�p ?’
%&ÀcYy :

n24�� ,_`X�pzE7�w.õ{| ,¹un� (w- )p. (§2B)

�x�x :‘()S�����
ê�� !R
�/
��pq�+� !
ê��Nu
 :

Gauss : n(≥ 1)2�gv�4��f(x) = 0,´}u�� (w- )p. (§2C)

���pq+� ,p�i ¡S� (/pq� )+� :()<Hgh$ !

�p
<�S2- n = deg(f(x)) ∈ N(j)-" )õgh ,hi�T~X
f(x)O? fn(x) = f(x);

�� ,�Tu��pαn ∈ C(w-" ),f(αn) = 0,��6Hd�+� :

Pf(α) = 0,Qud��Vf(x) = (x− α) · g(x); (§2D)

»JOα = αn, g(x) = fn−1(x),d² deg(fn−1(x)) = n − 1,_`n = 1p/
H ¡M !�Qn > 1, n− 1 ∈ N,�� ,pq+��S4��fn−1(x) = 0l
�H ,d»>u

fn−1(x) = (x− αn−1) · fn−2(x); deg(fn−2(x)) = n− 2 ≥ 0;
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�qÈgh²�

f(x) = (x−αn)(x−αn−1) · · · (x−α1)·f0(x), deg(f0(x)) = 0,�
f0 ∈ C, f0 6= 0;

p ¡M+�B!hi+�BC/pq !�<6Hpq+� ,i� (=�%
t� !)d�+� , Sp�i ¡MS�+� !

��ß :u�iõ´Ó��-%�Gauss,p
i»pq+�� ¡�W
ý�%�� !hiý�pq !S�/pq !
k�~��Ü :¯���pq/pq ,í�S�¯�/0� !
�<0~��Ü :h� ‘-%Ö×$ ’,<x�S ‘gh²� ’,Xnec��
� ,Ö�tn− 1ec���Ý�� !

§2.2 ���
‘-%Ö×$ ’,u¤ÇÈ ?
Ùg�Ô`�æ�Û

�5c���n�Ô ,7`�æ� = 2π · (n− 2); (§2E)

()�
 ‘��$ ’:�<X��n�Ô ,��?Wn− 2�\�Ôp1M !
R
 ,O ¡e ,ðOsu ‘�� ’ !Ss�Ñ��� (�O
��g�Ô !)

P1P2 · · ·Pn,hiSpO :
‘Xn�ÔP1P2 · · ·Pn��?Wn− 2�\�Ô

4P1P2P3,4P1P3P4, · · · ,4P1Pn−2Pn−1,4P1Pn−1Pn; (§2F)

p1M !’
¥�
 :g�ÔC//+
��g�Ô !��i�Ñ��g�Ô

�� : 2F:��

P1P2 · · ·Pn,�zShO����/� !
‘gh²� ’���
 :
Xn + 1�ÔP1P2 · · ·PnPn+1��Ô ,Ö�tn�Ô��Ô !
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hi�T��P1Pn,zt��\�Ô4P1PnPn+1,

S
�<K�Õ��� :
@ :Pn+1�g�ÔP1P2 · · ·Pn�35 ;

B :Pn+1�g�ÔP1P2 · · ·Pn�`° ;

F()&«µ :P1, Pn,Õ��x��`�p� M !¡1p
� M ‘
ýT�W\�ÔP1PnPn+1�x�`�°� ’ !��0 c�xPn+1��`
� ,p%S�� M��\�ÔP1PnPn+1�`�π;

EFÍ :P1, Pn,Õ��x��`�p¢}M !¡1p
¢}M ‘ýT�W

�� : 2F:g�Ô`�æ�

\�ÔP1PnPn+1�x�`�°� ’ !nS�xPn+1��`� ,p%S��
�£� 2π¢Ý\�ÔP1PnPn+1��xPn+1��`� ;��+¤õ6 ,

g�ÔP1P2 · · ·PnPn+1�`�æ� ,
g�ÔP1P2 · · ·Pn�`�æ� ,

0 c ‘2π¢Ý��\�ÔP1PnPn+1�`�æ�π’.

Ùg�Ô5¥Ûg�ÔP1P2 · · ·Pn�u¦5¥ ,_`H§¨Pj = (xj, yj)

õí� ,QW

A(P1P2 · · ·Pn) =
1

2

n∑
j=1

(xjyj+1 − yjxj+1); (§2G)

7>©+ª«n + 1 ≡ 1;
()��¨®¬u¦5¥�®h!©¯ !»egh��È

A(P1P2 · · ·PnPn+1) = A(P1P2 · · ·Pn) +A(P1PnPn+1);

� X) !
Ù9°#�Û±�²³´� ,9µ
����g�Ô¶,P1P2 · · ·PnPn+1;�
��·7°¸�¹ºwi`
7 (ð» )9° ,Q7ð»9°�5¥


L · w + πw2; (§2H)

j��PjPj+1,i2��w(73° )üÑ¼Ô ,Q5¥Ww · PjPj+1;

��xPj� ,23�u��½Ô, :¾¿w²
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�� : 2H:9°

>I�=π−(�xPj��`� )!

ÙÀÈxg�Ô�5¥Û*Áhu�xPj = (xj, yj)¨
ÀÈxxj ∈ Z(

+-" ,yj ∈ Z,

_`�g�ÔP1P2 · · ·Pn�`°uÀÈx�ò s� ,
²�»g�Ô��Ä�cuÀÈx�ò e� ;

QÀÈxg�ÔP1P2 · · ·Pn�5¥
s +
e

2
− 1; (§2I)

§2.3 ������
-%>OOHtgh�+�$ ,Ç_6
Ù‘ÂÃ ’(Ä- )Û

!(n) := n·!(n− 1); (n ∈ N; )
!(0) := 1;

(§2J)

ÙÚÛÅÆ¦�O
 ‘EÇ ’;�È�ÉHÇ��O$ !
c��
 ‘gh²� ’,Ü��
©+ ‘ÊËÌÍ ’ !
()S�iÎÏ :

!!(n) := n·!!(n− 2); (n ∈ N, n > 1, )
!!(0) := 1;
!!(1) := 1;

(§2K)

��uH�
XF�Pt�Ð�Ñ- !��
!(x) := x·!(x− 1); (x ∈ R; x ≥ 1, ) (§2L)

��õ¥�p��M !(x), (0 ≤ x < 1, )� ‘ÊË+� ’M !

��¥�NO�<²³uÒ !�T/Ó ;R
SlßzÑõ ;
‘gh²� ’�+�� ,j�p
 ‘gh²Ô ’�+��

!(x) :=
!(x + 1)

x + 1
; x ∈ R;−x 6∈ N; (§2M)
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ÙContkÕÛ*+SÖz¤�Ä- f��Ðî :

�S£¤a,(x×Øae, f(x)ps×Øf(a); (§2N)

�TX�qÈ�Ä- f ,Ùü f ∈ Cont0;
*+SÖz¤�Ä- f��iÚÛî,i�ÚÛÄ- f ′:

f ′(x) := lim
ε→0

f(x + ε)− f(x)

ε
; (§2O)

���T�ighJ+�

f ∈ Contn, (n ∈ N)�� : f ′ ∈ Contn−1; (§2P)

ÙÚÛ_`
g�jÑ-�Ä- f = f(x1, x2, · · · , xm)Í ?

�e¹ÿHtÄ- f�ÜÚÄ- ∂f
∂xj

= fj;���T�ighJ+�

f ∈ Contn�� ,�Sj = 1, 2, · · · ,m,��fj ∈ Contn−1; (§2Q)

ÙÝ/Þ-Ûj)-æfu�rßÞ :

(0 <)1 < 2 < 3 < 4 < · · · (§2R)

�:àüu/Þ-(finite ordinal);S
�áu ‘�ýT¨�� ’Þ- ,

�()
ø/�Þ-(infinite ordinals),

�7> ,¡1u��´r� ,Ùüω,�
´r�ø/�Þ-,

��p�i+�Ü��Þ-ω + 1,S
>u

(0 <)1 < 2 < 3 < 4 < · · · < ω < ω + 1 < ω + 2 < ω + 3 < · · ·

‘��:Þ-¨��Þ- ’,¡1u��´r� ,Ùüω + ω = 2ω,
S
>u

(0 <) 1 < 2 < 3 < 4 < · · ·
< ω < ω + 1 < ω + 2 < ω + 3 < ω + 4 < · · ·

< 2ω < 2ω + 1 < 2ω + 2 < 2ω + 3 < 2ω + 4 < · · ·

8bc�i+�

< 3 ω < 3ω + 1 < · · ·
< 4 ω < 4ω + 1 < · · ·

< · · · · · ·
< nω < nω + 1 < · · · · · ·

< · · · · · ·
< ω ∗ ω = ω2 < ω2 + 1 < · · · · · ·

< ω2 + ω < ω2 + ω + 1 < · · ·
< · · · · · ·
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SßÑõ :�iuCantor�Ý/gv�,

â-�¹º
Nã+-N0 = {0, 1, 2, 3, · · ·}, (H ‘ôñ�ßÞ ’ !)

)EÍ ?�u
< ωω < ωω + 1 < · · · < ωω + ω < · · ·

�Shu��:Þ- x,�T¨�i6 ‘æE�� ’(the following)Þ-
x + 1;/� ,á ω, 2ω, · · · , ω2 + 3ω,%% ,�Tèuä$6æ�� (the

preceeding)Þ-x− 1,�qÈpå�üæ/ (a limiting ordinal)Þ- ;

Cantorç»èéM�êÝ/Þ- ,Ý/ë- ,Ý/Ö× (=Ý/gh )��
� !
ÙÚÛ��ì()
Píef !
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§3 
��
Ù.-Û�Sj)- ,�T�iXYf�GÃ ,ß?�� ‘(Ð% )�H ’,

�� ,+-�� ‘#È ’,p
.-(prime number).

hi ,Euclidh ¡� ‘.-ø/ ’�+� ,��
 :
(î (§1B),)+-�� ‘Ã$ëqïð ’,W-øñ !

ÙPythagoras�òó#ÈÛPythagorasè� :òô>� ‘ò� ’,
(���òxt��ò y,)7f� ‘óõæ� ’W«µ�u�- ;

��#Ë�òô ,
h� ‘�ò ’:

do, re, mi, sol, la, d̂o; (§3A)

ö�÷ ,
H ‘øò ’lp
 ‘s. ’:

do, re, mi, fa, sol, la, ti, d̂o; (§3B)

�dot d̂o ‘=Ms. ’(octave),p
 :‘óõ ù ’;

�T®¬ :‘�ò ’èu fa, ti,��


(mi → fa) = (la → ti),¨
 ‘¾ò� ’, (§3C)

óõæ�ν(fa)

ν(mi)
=

ν(ti)

ν(la)
= w :=

16

15
; (§3D)

7ý�Âò� ,78uÕ� :

u := 9
8

= (do → re), (fa → sol), (la → ti),
v := 10

9
= (re → mi), (sol → la),

(§3E)

Pythagoras�¥�p
 :
u 8�óõ ν1, ν2, · · · , ν8,úûæu 7��µj =

νj+1

νj
;Z® :

@ ∏7
j=1 µj = µ1 · µ2 · · ·µ7 = 2 = ν8

ν1
;

B µj ∈ {u, v, w};
ü νj

ν1

«µu�-;

(§3F)

çSB ,*+µj> ,u a�u, b� v, c�w; a, b, c,
j)- (Þý ),�� :ç
S@ ,

2 = ua · vb · wc; log(2) = a log u + b log v + c log w; (§3G)

�qÈp�i|Ñõ :
a = 3, b = 2, c = 2; (§3H)

��0çü :X 3�u,2� v,2�w,ü�(�þÿ t1, t2, · · · , t7,
�z7�Ã ,

t1, t1t2, t1t2t3, · · · , t1t2t3 · · · t6, (§3I)
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¨
 ‘«µu�- ’,p1M !
Pythagoras (��-� !)�Nu
 :

µj
9
8

10
9

16
15

9
8

10
9

9
8

16
15

νj

ν1
1 9

8
5
4

4
3

3
2

5
3

15
8

2
(§3J)

ÙÕ���ÛÐ%��¹ÿü ‘+î�� ’# ‘+÷�� ’:
�����¦§û5u�: ‘ëq�¦§ ’,²³ ‘�÷ ’��g} ?
H��Pythagoras¥�üÇÈ :
2
ça�u, b� v, c�wÝ�?� ;�û�?�
GÃ !
‘ëq�¦§ ’p
u, v, w,\� (Pythagoras�òó#È !);

��îì-û5 ,‘ëq�¦§ ’p
 ‘ë	7÷ ’,�?p
�î
� ,lp

Ãi ‘â- ’0G  !
‘+î�� ’<��+��ë	 ,‘+÷�� ’<�+�:â- ;�TXÃ$
��È

2 = ua · vb · wc; (§3K)

6H ‘v� ’(��- !),YOW :

log(2) = a log u + b log v + c log w; (§3L)

¢8c ,
log u = 2 log 3− 3 log 2;
log v = log 2 + log 5− 2 log 3;
log w = 4 log 2− log 3− log 5;

(§3M)

(�Su�-"õ6 ) log 2, log 3, log 5,
�î�R� !

hi��â- ,p�iVÑa, b, c,

log 2 = a( −3 log 2 +2 log 3 )
+b( log 2 −2 log 3 + log 5)
+c( 4 log 2 − log 3 − log 5)

(§3N)

ÙÚÛ�û� $Ã$ ,çS�úî ,hi7����«µ !
R
üü�ec ,p<�Kþÿ�ßÞM ,p���x .
() ,�Ð%c ,�S��Ð%�È ,OÑ�È� (Ç_6 :C2H6O,)C�
Â�+���È !¹ÿOÑ��� .(t	
C2H5OH,ÞCH3OCH3.)

Ùµ¤ (simplex)#w¤ (complex)Ûc5���$ ,p
H

\�Ô = 2�µ¤ ,�¶ = 1�µ¤ ,]5¤ = 3�µ¤, (§3O)

(� ‘ëq�Z[ ’(�
 ‘ïð ’(�#È ),)õ��� !�Ò�()u:/
� :¹ÿGvïð�#È¨Gv !/� ,��G�¤% (topology,��ò�
W ‘�� ’ !�
èu�����_» !)78p
����K !
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§4 ����
�iW :‘�� ’
!% (�7-% ,)�%�> ,´�<��� !

-%c ,�7<�� ‘�-��� ’,uec ,�
&kþ� ,uec ,�

/«µ !
ÙPythagoras+�Û_`
�5V��¤ ,+��i�qÈí� :
�x (x0, y0)tx (x1, y1)��¶�


√
(∆x)2 + (∆y)2; ∆x := x1 − x0,%%, (§4A)

�PtR¤V��¤ ,pu�qÈ�+� :
�x (x0, y0, z0)tx (x1, y1, z1)��¶�


√
(∆x)2 + (∆y)2 + (∆z)2; ∆x := x1 − x0,%%, (§4B)

����
&kþ� ,��øë ,/ !ý
&�<&uH� !
R
�u�/«µ��� !
�T��qÈí��5V��¤>�Pythagoras+� :
(*+hk 6= 0,)¬�

(��� :)
x

h
+

y

k
= 1 (§4C)

�±�� (�u�� !)�/> ,�t��u/��¶ (=1�µ¤ ),Q7�
.W √

h2 + k2 =\����.��4���4p; (§4D)

S
u��R¤V��¤>�Pythagoras+�
 :(*+hkl 6= 0,)�5

(��� :)
x

h
+

y

k
+

z

l
= 1 (§4E)

�±�� (�u�� !) /> ,�t��u/�\�Ô (2�µ¤ ),Q75
¥W

1

2

√
h2k2 + k2l2 + l2h2 =\���5¥��4���4p; (§4F)

Ù�¶���Û_¤X���¶��W\��¦§ .�
&/kþ� !
�� ,�T�i��W ‘R4¤ ’:

Xa ≤ x ≤ bYWa ≤ x, y, z,≤ b; (§4G)

ÞF��W ‘�4¤ ’:

Xa ≤ x ≤ bYWa1 ≤ x ≤ b1; a2 ≤ y ≤ b2; a3 ≤ z ≤ b3; (§4H)

(() ,��
 :��YOx2 := y, x3 := z. )

ÞF��W ‘!¤ ’:

X|x− c| ≤ r, (c =
a + b

2
, r = |b− a

2
|, )YW|x− c| ≤ r; (§4I)
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ÞF��W ‘]5¤ ’ !�
´������ !(§.3O)

�¶ (=1�µ¤ ) a ≤ x ≤ buÕ��x (ÞF6"x ) a, b,

S
�¶>�£��xx¨�ií�?W :
#�»Õ�x��±�.÷.x�.÷>I ,
²³�Õ���($��G��Ç ) (α, β)
çx²�Â�+� :

x = αa + βb; 0 ≤ α, β; α + β = 1;
α = b−x

b−a
,

β = x−a
b−a

;
(§4J)

\�Ô (2�µ¤ ) 4ABCu\��x (ÞF6"x ) A,B, C,

S
»\�Ô>�£��xP ,¨�ií�?W :
#�»\�x��±�.÷ (α, β, γ).x�.÷>I ,

²³�\��� (α, β, γ),
çP²�Â�+� :

R = αA + βB + γC; 0 ≤ α, β, γ; α + β + γ = 1;

α = A(PBC)
A(ABC)

;

β = A(APC)
A(ABC)

;

γ = A(ABP )
A(ABC)

;

(§4K)

�ûA(ABC)í�\�Ô4ABC�u¦ (oriented)5¥ ;

ÙNO�<�ÚVÛ��5V��¤ ,OÜ§¨

A = (x1, y1), B = (x2, y2), C = (x3, y3);

S
5·t�5¥Ï�
 :(ÙzSarrus©Q !)

A(ABC) =
1

2

∣∣∣∣∣∣

1, x1, y1

1, x2, y2

1, x3, y3

∣∣∣∣∣∣
; (§4L)

dW5¥uêã !hi ,�_p<L%ABCê��!7 !
_`xP�\�ÔABC�`° ,Q�\���α, β, γ¨
ê� ;
8bc ,zE��Ï� ,(xP�\�ÔABC�3°e ,Q\���α, β, γ
> ,�+uã� ;()α + β + γ = 1Q
&'?R� !
()S�;;R¤V��¤���M !
S¯�OÑg5¤�¤¥Ï� ?
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§5 ���
/%�OO
uÒ�R
(²yz� !
��~� :/%��]Elmu%� !() :

−(x2 + y2) ≤ 2xy ≤ x2 + y2;

���
 :
(x± y)2 ≥ 0;

�»²z|�/%� .

§5.1 �����
´«µ�Õv�|�/%�

PX ≥ 0, Y ≥ 0,QX + Y

2
>
√

XY ;"NX = Y. (§5A)

�)�nv�|�/%�


Pxj ≥ 0, (j = 1, 2, · · · , n)Q
∑

xj

n
> n

√∏
xj;"Nxj ¨G%. (§5B)

*+<&'( !/<6? :

Pxj ≥ 0, (j = 1, 2, · · · , n)Q
∑

xj

n
≥ n

√∏
xj; (§5C)

dW��6$ ,‘,z0gM ’ !
SÙz7ðñ� (Wallace?) ¡ ?NOuÒ�ä$ :

�� ,/+n = 2m
 2�-4 ,�� ,pH (�Sm ∈ N� )gh$ !

_` 2m−1 < n < 2m,�Tp.c :

�Sk = n + 1, n + 2, · · · , 2m,/xk = A =

∑n
j=1 xj

n
; (Þ=G=?) (§5D)

§5.2 CBS���
P
x1, x2, · · · , xn,/ÂWý ,y1, y2, · · · , yn,/ÂWý ,

|
∑

xjyj| <
√∑

x2
j

√∑
y2

j ;"Nx#y?�Ç (§5E)

��/%��]Epu%� !�<~æ�4 :
ÙLagrange0%�Û

(
∑

x2
j)(

∑
y2

j ) = (
∑

xjyj)
2 +

∑

i6=j

(xiyj − xjyi)
2; (§5F)

13



�
qõ�6$ ,1�
u�¤�� :
�Sx = [x1, x2, · · · , xn],y = [y1, y2, · · · , yn],

x · y :=
∑

xjyj�W7`¥; ‖x‖ =
√∑

x2
j
x�1; (§5G)

�Sn = 3,¢8c ,

`¥ = x · y = ‖x‖‖y‖ · cos(θ); θ
2�;

3¥ := x× y = i(x2y3 − x3y2) +%% (4ú );
(§5H)

3¥æ47#xi�y¨ê5 ,7 (�r )1Q


‖x‖‖y‖ · sin(θ); θ
2�; (§5I)

��CBS/%�p&X)M !

�T������+� :�TH√
xjì6xj ≥ 0,H√

yjì6 yj ≥ 0,

∑√
xjyj < (

∑
xj)(

∑
y2

j );"Nx# y?�Ç (§5J)

�qÈpu��V7 :�TuÕ�ê (�
/ã !)8-ÿ :

x = [x1, x2, · · · , xn],
y = [y1, y2, · · · , yn],

78��iß?��Õÿn�� (Nã8- )¼8 !hi�TK��)�
mÿn�� (Nã8- )¼8 !

Ù9:|��;/%�Û

‘�ü����¤�; ,zt�ÿ ,0~�ÿ|<�; (Þü� )’,

< ‘�~�ÿ|<�; (Þü� ),zt�� ,0~��ü�¤�; ’;
(§5K)

_¤ ¡ ?
CBS/%�
6 :m = 2e?R ;
��_`m = 2l
 2�-4 ,�� ,pH (�S l ∈ N� )gh$ !

S
 ,_` 2l−1 < m < 2l,�TpH.ª$ ,_ (§5D)!

§5.3 �������
�CBS/%�> ,�y ∝ 1n(
O-ÿ ),

1n := [1, 1, · · · , 1]; (§5L)

pu��&X)��� :Pu��ê8-ÿ : x = [x1, x2, · · · , xn],

M2(x) := (
1

n

∑
x2

j)
1
2 > M1(x) :=

1

n

∑
xj;"N x ∝ 1n; (§5M)
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78�T�i��)J ,/x�mÂ�;W :

Mm(x) := (
1

n

∑
xm

j )
1
m ; (§5N)

=3J ,−1Â�;p
���;:

M−1(x) :=
n∑n
1

1
xj

; (§5O)

£® :("Møë�Ç3 !)

M−1(x) < M(x); (§5P)

��<�CBS/%�>/ yj = 1
xj
p1M !

Ù=Â�;/%�Û( l > m,pu :

Ml(x) > Mm(x); ("Nx ∝ 1n(
O-ÿ); ) (§5Q)

�T>?�qÈ�Ù¦ :

xl := [xl
1, x

l
2, · · · , xl

n];

d² x0 := 1n := [1, 1, 1, · · · , 1];
(§5R)

)E�T>?m = h + k�ÿ7÷ ,7>uh�
xh,uk�
x0 = 1n;
�S��¼8 ,9:�|�;/%�pí@�T :("Møë�Ç3 !)

(M h
h+k

l(x))
h

h+k
l < (Ml(x))

h
h+k

l;

d»
(M h

h+k
l(x)) < (Ml(x));

��S��j)-h, k, l,¨?R ,d» :�<�m = h
h+k

l < l,Q

(Mm(x)) < (Ml(x)); (§5S)

ÙÚÛ8bc=Â�;/%� ,�< l > mp1 ,�i
ã+- ,
(_`m = −1, < l = 1,�p
 :���;rS|<�; .)

/� ,�Sã�Â-m < 0,�<u��xj = 0,QMm(x) = 0,A��/%
� ,p�¯BÐ?WP��/%� .
ÙÇ :��4ÃrÛrec ,%YC ,(DÎ�EE ,OO�F?GHI
J*+ ;�O��
Kýü $##Ã$ (lp
 $�; ),R
u�
2 ,�pL�q� ,�aý ‘��4Ãr ’,�)ý�-%C/1 ,R
ý&
áp��M���� :�qÈ
 ‘ � ’;�-=� �} ,�-M� �
g ;(�N��#ý��/� ,)�
OÞ� : �æE ,/sPD=M !Q
ýü ,lmu:RS ,R
��õ6
þ_C� !(()Ht�4pí�T

15



s/g !)

�¥ :_`�qÈ��®UæE�ÂV�;
 70� ,�� ,#õ�ÂV�
;
� 49�=ÞFM ?(49�ú|
 70.)

ÙVÛE�� , M 1
2

= 49;d» ,#õ�ÂV�;
M1(x) > M 1
2

= 49;

ÉÉ !�
 ‘W*� ’,(=‘/sü ,lsztX�� ’;� !)�T�i�qÈ
«Ð¥� :
�áÂV�uÕ�� :��®UæE��-�3
 60, 80,)Q#Ë��
-
 36, 64,�; 50 > 49.
‘´«Ð ’,�OO�æWæ"Ð,78p
øëÐ:

YÑ-Y !�áÂV�uÕ�� :#Ë��-
 0, 100,S
��®UæE
��-�
0, 100;�;¨
=50,)Q#Ë��;�-
50��®UæE
��;�-
 50,78�G(S ‘25�ú| ’.) 50 > 25,È® :#Ë��-
�;> 49,G(S ‘70�ú| ’.

§6 ������
§6.1  !"#$
Ù8-Z-ÛÌ¨®¬π

31
10 �+� ,=

10
√

π31;()π
31
10 < π

32
10 ,dW 31

10
32
10

,�
p
 (u� )Z-Ä-�µ�î ;���T�

31

10
<

314

100
< · · · < π < · · · 315

10
<

32

10
;

pzt�� ‘2[ÿ ’

π
31
10 < π

314
100 < · · · < π

315
100 < π

32
10 ,

S
+�Mø�Z-Ä-1 ,Ç_ππ.²³ýlsO\µ�î !
Ù $�;Û�qÈpuM]'�E` :‘�; ’¨�iYW $�;.

_` 1 > α, β, γ > 0, α + β + γ = 1,iýT�?$� ,�iüÑA,B, C,�

 $|<�; := α · A + β ·B + γ · C; (�ûA,B,C,
£�8- ;78 ,l�i
7÷!)

 $�¤�; := AαBβCγ; (R
/+ A,B,C,Wê8-; )
(§6A)

EF
�� ‘� ’(=/�^ !)��	 .

Ù8-Â�;Û=Â�;/%� :( l > m,pu :Ml(x) > Mm(x);² l,m,

�i
£�Ný8- !
ÙýÂ�;ÛR
Pu��Â-Wý ?´�<�p
 :

lim
α→0

Mα(x) := M0(x) = n
√

x1x2 · · · xn
�¤�;; (§6B)

ÙÚÛS()_zt :M+∞(x),M−∞(x) =?

¢8c ,S�
�iH ‘æ"Ð ’�®$ !
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�áÂV�uÕ�� :#Ë��-
 0,i� 1 =(X� );S


M1(x) = 0.5;M2 =
√

0.5 = 0.70+;M4(x) =
√

0.70+ = 0.836;

M8 =
√

0.836 = 0.914 · · · ; lim = 1;

()_zt :
M+∞(x) = max(x1, x2, · · · , xn); (§6C)

�qÈ�õ :

M−∞(x) =
1

M∞(x−1)
= min(x1, x2, · · · , xn); (§6D)

(9:|��;/%�ÞF6 ) CBS/%�pÚ`Hölder/%� :
∑

xα
j yβ

j ≤ (
∑

xj)
α(

∑
yj)

β; (7> ,��¨
ê-, α + β = 1; ) (§6E)

�OYH p = 1
α
, q = 1

β
; Xj = xp

j , Yj = yq
j ;S
 :

∑
XjYj ≤ (

∑
Xp

j )
1
p (

∑
Y p

j )
1
q ; (*+1

p
+

1

q
= 1, ) (§6F)

§6.2 Steiner%��"���
Ùa4$Û�ïf2Ä-�a4$ ,«µ²bHmg !

f(x) = ax2 + bx + c = a(x +
b

2a
)2 +

4ac− b2

4a
; (§6G)

*+a > 0,�pßÑ :ærx= x0 = −b
2a

;ær1= f(x0) = 4ac−b2

4a
,

(�/�< !)�<�
 :�S£��x() f(x) ≥ær1= f(x0);

�Mg} ?p
a|x− x0|2;�p
h��Steiner0%� :

f(x) = f(x0) + a|x− x0|2; (P
a = 1, )f(x) = f(x0) + (x− x0)
2; (§6H)

ÙÚÛ�v(=9Úv ,leading term)
ax2,d» ,(a = 1,�T�f2�
W ‘c (=1)9� ’;»e�idd«Ð ¡e�?�� ’:

c9f2Ä-�Ä-1 ,�^ý�ær1 ,
hg�p
 :��xx#ærxx0��f��4 !
Ùìí1#g�.Û*Á�TX±2K;%&��-O?

X = (x1, x2, · · · , xn); (ÂVn�!) (§6I)

R
 ,��?[X���h�/0uH :�ýõ6 ,<i�
_¤��j
-Y> ,zt��ìí1#g�. ;
*Á�Tµ(üX�ìí1 ,�pk&G� (Sµ� )Ü�

X(ω)− µ = (x1, x2, · · · , xn); (§6J)
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² (� )4 (Ü )�W

|X(ω)− µ|2 = ((x1 − µ)2, (x2 − µ)2, · · · , (xn − µ)2); (§6K)

7�;WG� (Sµ� )�;4�

Var(X,µ) = (M2(X − µ))2 =
1

n

(
(x1 − µ)2 + (x2 − µ)2 + · · ·+ (xn − µ)2)

)
;

�
��Ñ-Wµ�c9f2� !
Ù��Û��;4�Var(X,µ)W´r� (‘ìí1 ’)µ,p
|<�;
M(X),�
Ä-�ærx ,Ä-�ær1Q
Ñl-(variance);7�4p
(�ê1 )àü¨�Ü�(Standard deviation) sd(X).�
´�<²³l

´OH�g�. ;Hõm÷|<�;��ìí1�1n�. .
Steiner0%�p


Var(X, µ) = Var(X) + |µ−M(X)|2; (§6L)

�W=Ç :(/µ = 0,)

Var(X) = M(X2)− (M(X))2 =�4æ�;o�;æ�4; (§6M)

Ù��Û��Ü�%S 0�ìí1µp
|<�;M(X);(/0uH !)

Ù��Û��;p�Ü�M(|X−µ|)W´r�ìí1µp
>�-(medean)
medean(X);

�)J�i¥ :
� pÂU�Mp(|X − µ|)W´r�ìí1µp =?´r1 εp =?

µ1 = medean(X), ε1àümeandeviation;
µ2 = M(X), ε2 = sd(X);
µ∞ = max X+min X

2
, ε∞ = max X−min X

2
;

(§6N)

ÙÚÛ�SÑ÷X,�T�

‘X�¨�Ð′
=

X −M(X)

sd(X)
; (§6O)

Ù^î¼Û*Áummgg�.x ,þ��Ì¬�c ,.÷mjF�Ç

xj;hiX = ((xj), (mj))ìí�
+�.x"��Ç#$� !/
�u�
Ç²Z .
»"�;�Ç (.I )W $�;

M(X) =

∑
mjxj∑
mj

; (§6P)

18



G�Sxµæ^î¼W

Inertia(X,µ) :=
∑

mj(xj − µ)2, (C©¹Ð !)

(©¹ÐM� !)V ar(X,µ) := Inertia(X,µ)∑
mj

;

h!¾¿sd(X; µ) :=
√

Var(X, µ);

(§6Q)

ÙSteiner�^î¼0%�Û^î¼ Inertia(X; µ)�ær ,�.I� ;

�) ,G�Sx µæ^î¼ ,p
��ær1 , c ‘~+�"�.÷
M =

∑
mj,Ç#�.IM(X)�e ,�S¾xµ�^î¼ ’:

Inertia(X,µ) = M ∗ V ar(X) + M ∗ (µ−M(X))2; (§6R)

ÙÚÛ*Áun�q¤�È ,.÷¨
m;��rr¶,`s� ;7t.


v := (v1,v2, · · · ,vn);

�Tp�i|Ñ

7�; u := M(X);

7øÜÐ w := v − u = (v1 − u,v2 − u, · · · ,vn − u);
(§6S)

�:q¤�È�s�¯÷

m

2
|v|2 := (

m

2
|v1|2, m

2
|v2|2, · · · , m

2
|vn|2);

S
Steiner�0%�í@�T :�:q¤�È��s�¯÷

n∑

j=1

m

2
|vj|2 =

nm

2
|u|2 +

n∑
j=1

m

2
|wj|2; (§6T)

ich6
q¤�Ès���Ûw�(microscopic)6$ .

uwJ(macroscopically)ß ,� (Ûw� )�rr¶, ,�
 (uw� )� ‘x
’(x, y, z);

n ∗m ("i¤¥ ),p
 (q¤ )v¤���x�.÷w. ;

u(x, y, z)p
v¤���x�v�t.!

d»v¤��¯w.p
 nm
2
|u|2;

t.w
xS (ß/t� !)ys��!

²¯÷ (w. )
∑n

j=1
m
2
|wj|2
y¯÷ (w. );

���
#p�z.?ê� !
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§6.3 Markov"Chebyshev���
*Á��Vu 48��{KM�2;{�;�-
 23� (�/^ ,È�X
STß|M !)��?GÝ� 46��� ,�+/t�¾ ;?GÝ� 69��
� ,�+/t\�æ� ;Ý� 92���-/t 12�� ;��¬�
X)
� !�p
Ü5h��
ÙMarkov/%�ÛÁ

Y = (y1, y2, · · · , yn) ≥ 0; µ := M(Y ) > 0,

Q�Sk > 1,Xª yj > k ∗ ν��� j,7 ‘G�ó. ’�+< 1
k
;�T�iO

? :

fY ({j : yj ≥ k ∗ ν}) ≤ 1

k
; (§6U)

Ù�� :Chebyshev/%�ÛÁ

X = (x1, x2, · · · , xn); µ := M(X), σ := sd(X);

Q�Sk > 1,

fX({i : |xi − µ| > k ∗ σ}) <
1

k2
; (§6V)

¢8c ,��
/ : Y = |X − µ|2²Z !
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§7 ��������
§7.1 &���
Ù¥ 1Û11231å 9" ,A-=?��å 11"} ?
Ùt}$tA$Û_`j)-N���-ôæ� s
 9��- ,QNl

9�ù- ;P s/
 ,Nl/
 .¢8c ,sp
NH 9Ý" ,hz�A- !
�~�+�u :��}$ ,��A$ ;�:+�� ‘rö� ’u�â !
Ù¥ 2Û� f(x) = x4 + x3 + 2x2 + 3x + 1å (x − 1)"�A- ;> : f(x) =

2x5 + 3x4 + 4x3 + 5x2 + 6x + 4��å (x + 1)"} ?

�T~X ‘gv� ’6? ‘+� ’,C/
WM}H��ô ,²
<� ‘+- ’
�� !
8-"w-"u�-" ,¨
 ‘¤ ’,dWu ‘ ¢Ã" ’�]Qs|;

‘+�" ’� ‘+-" ’,�u ‘ ¢Ã ’�\Qs|;hi<�àü ‘� ’;R

ýTlu ‘�A"$ ’,d»àüEuclid��+� !
Ù"$#� :+-"ÛPj)- l/rSm,���T�Utj)- q��
- r, 0 ≤ r < m,�z :l = m · q + r;q� r�3à��A- ;/RUzt ,²
³�¯Ut�
 !
Ù"$#� :+�"ÛÁdeg f(x) ≥ deg g(x) > −∞. (� f(x)# g(x);N
ýgv� 0,³F2-��/r ),��¹�Utgv� q(x),(Ný )�g
v� r(x), deg(r(x)) < deg(g(x)); q(x)# r(x)�3à���A� ,/RUz
t ,²³�u�
 !
Ù©¯Ûdeg(g(x))
 ‘Nýgv� ’ g(x)� ‘2- ’;

ýgv��2-©+W−∞(ãø/� );

úûæ ,P
deg(r(x)) = −∞,í� ‘"z} ’,A�Wýgv� .

ÙA-+�ÛÁ+�f(x)å(x−α)" ,A-Wr (��/H�),Qr = f(α).

()��%�uÕ5�H$ :ÞFçÄ-1 f(α)�zA- r,ÞFçA-
r,�zÄ-1 f(α).�O
EF .(dW�T�i�H��"$!)

=Ç
 :
Ù‘9A$ ’Û‘f(x)å (x− 1)" ’æA- ,p
�â-�� !

Ù‘11A$ ’Û‘f(x)å (x+1)" ’æA- ,p
(2â-�¢Ý=2â-� !

A�+���&�<���¹ÿ=3·Ñõ� :
Ùd�+�Ûgv� f(x)�å (x− α)"}��<ÌÍp
 f(α) = 0.

d» :‘tA$ ’� ‘��A$ ’,¨
A-+�æ�� ,² ‘t}$ ’� ‘��
}$ ’,¨
d�+�æ�� .

§7.2 '()
56� :‘ê+-" ’,�SÃ$õ6 ,7 ‘#È ’p
.- ;�S ‘+�" ’
Í ?
�O6�+�"uÕ� :ÞFâ-�mw- ,ÞF/+8â- ;F
+
�"C[x],EF
+�"R[x];
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F��«µ !dWì-%pq+�p6'( :
C[x]� ‘Ã$#È ’,p
 ‘�2� ’;

EF��Ô ,�+�"R[x]> ,"M�2�
.�i3 ,f2�ax2+bx+c,

l�i
.� ,7ÌÍW :�3� b2 − 4ac < 0;
Ù¥ÛW¤"33ø.� ?dW8â-�+� (4�� ),�pò�?� !

§7.3 *+,- :Lagrange.�
¾� ¡ ,�-%c ,()lu:�� .(�¤c ,¾� ¡��Ü�8H
(=56 ),hi�Spqî�¥� ,�¨/� !)‘��| ’,Þ�
�:x
� ,|
/e���?p :
���j)-F ∈ N,�zý ,
‘H 3" ,A 2’,H 5" ,A 3’,H 7" ,A 2’;
dW�qÈ��	Ñ���È|ð> ,hi����làü ‘�È|$ ’.

�È(��
Z��,Z��l�i !)
��¢%� ,hiåªW ‘¹)

�-%� !’;�W ‘��| ’Þ�:x� ,�Â
vq��ç !
�
\� ‘vA¥� ’�GR ,�TÉH&4�� ‘vA ’Ù¦ ,

Fmod3 = b1, Fmod5 = b2, Fmod7 = b3; (Ç_ b1 = 2, b2 = 3, b3 = 2, )
(§7A)

��¥��VNÏ� ,
Ñ�� ‘|ð ’>�y�
\�v�ør� , ������� ,

øÈ ¡ê¢¾ , "Ný��z® .

²çS�£��F ,�zÏ�PW�® !

Ù�ÈÃ-ÛX¤ e�W-% ,��Ï�p


F = (b1 · 70 + b2 · 21 + b3 · 15)mod(105); (§7B)

�ûÑ��M = [70, 21, 15],àü�ÈÃ-;

² L = 3×5×7 = 105,()
´rÏù- ;�T�V7EF !
_`�TXA- bj¨�Wý ,�qÈ�¥� ,pàü#õ¥��

‘¥¦§24�′
: 0 = Fmod3 = Fmod5 = Fmod7; (§7C)

��4�� ‘�V ’,(���¯�VN )�T�æW ‘.¨�V ’,()
 :

FW 3, 5, 7,�Ïù- ,d²p
 ‘´rÏù- ’ L�ù- !
Ù�¬©�#�ÛvA4�� (
 )��V ,ª
7�=V , c7¥¦
§24���V²z !
Ù=V©�#�Û<_¤Ut�vA4�� (\��
 )�=V ?��<
X\�vA4�
�=V ^õp1M !�\
p
�qÈü :#õ�\
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�4��O«7�23Õ�¨YW¥¦�§24� ;úÒ�6 :�T<V

F1mod3 = b1, F1mod5 = 0, F1mod7 = 0;
F2mod3 = 0, F2mod5 = b2, F2mod7 = 0;
F3mod3 = 0, F3mod5 = 0, F3mod7 = b3;

QVNW F = F1 + F2 + F3;

(§7D)

Ùë	©�#�Û�\
4��=Vp


F1 = b1 ·M1, F2 = b2 ·M2, F3 = b3 ·M3; (§7E)

�\��ÈÃ-Mj,p
(��� bj = 1ec�=VFj!

hi ,Ç_6 ,<UM1,

M1mod3 = 1,M1mod5 = 0,M1mod7 = 0;

�T�¬K� 5, 7,�Ïù- ,lp
 35�ù- ,�

M1 = 35?70?105?

æ> ,����Ý; !�ÜÈpUtM !

§7.4 *+,- :Newton.�
Newton�ä$
 ‘÷üÝ ’ !���® [A]æT��4� [Ai]:

Fmod3 = 2;

�Vp
 :

F = 2 + 3 · n; (n ∈ Z; )�� F = 2, 5, 8, 11, 14, · · ·

(�TW4�p/O−1,−4, · · ·)
72K� [A]æ�Õ�4� [A.i,ii]

Fmod3 = 2, Fmod5 = 3,

3, 5,�´rÏù-=15,�p|ÑM.¨�V ;
nS=V ,�Tp�T��4���V>ÝU :

2, 5, 8, · · ·
T\�pUtM !S
��4�
 [A.i,ii]��V ,p
 :

F = 8mod(15) = 8, 23, 38, 53, 68, 83, 98, · · · ,

´E�®Â°� [A]:

Fmod3 = 2, Fmod5 = 3, Fmod7 = 2;
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�
 ,Õ� ,p%Sµ��Fmod15 = 8,hiÂ°�¥� ,p


Fmod15 = 8, Fmod7 = 2;

R
 15,7,�´rÏù-=105;�p|ÑM.¨�V ;
nS=V ,�Tp�4� [A.i,ii]��V>ÝU :

8, 23, 38, 53, 68, 83, 98, · · · ,

8, 23,Tf�pUtM !S
��4�
��V ,p
 :

23mod(105);

§7.5 /012"3(��
Ù¯1¥�Û*Á��T��Ä- f(x),>�M k�/v�x ai, (i =

1, 2, · · · , k),�T()�i|Ñ��:x�Ä-1 :

f(ai) = bi, (i = 1, · · · , k, ) (§7F)

X¥�PD�õ ,p¥�qÈ�¥� :Zð�M�T

(a1, b1), (a2, b2), · · · , (ak, bk); (§7G)

7> ai°l ,<ÝUÄ- f(x),�z [F]?R !�qÈ/�±� :�T<�
f(x)
gv�Ä- .

Ù��ÛçSA-+� ,��kx¯1¥¤ ,p%S :
�gv� f(x),�z :

f(x)mod(x− aj) = bj, (j = 1, 2, · · · , k, ) (§7H)

()
�:x�¥���� !
�TlvquÕ�4$õ�K !
_`
Lagrange�4� ,�T<U ‘�ÈÃÈ ’ Mj, (j = 1, 2, · · · , k)�z

Mj(x)mod(x− ai) = 0, (( i 6= j, )
Mj(x)mod(x− aj) = 1;

(§7I)

zEd�+� ,c5 (k − 1)�4���VN


Mj(x) =
∏

i6=j

(x− ai) · A(x);

(()A(x) ∈ R[x],)��ì?Ü��4�� ,�p
 (zEA-+� !)

1 = Mj(aj) =
∏

i6=j

(aj − ai) · A(aj);
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�TZð*+Mai°l ,hi�<�A(x)WO-

A(x) = A =
1∏

i 6=j(aj − ai)

p1M ,d» ‘�ÈÃÈ ’p


Mj(x) =
∏

i6=j

(x− ai)

(aj − ai)
;

¯1¥¤�y�p
Lagrange¯1Ï�

f(x) =
n∑

j=1

bj ·
∏

i6=j

(x− ai)

(aj − ai)
; (§7J)

���deg(Mj(x)) = k − 1,d»deg(f(x)) < k;

ÙÚÛ�deg(f(x)) < k�/²æÜ ,¯1¥¤�VN
-�� !

ÙHNewtonwxK�¯1¥�Û÷üÝ !
�� ,f0 = b1�V f0(a1) = b1,²³deg(f0) ≤ 0;7�)VQW

f1(x) = f0 + t1(x) · (x− a1);7>t1(x)
£�gv�; (§7K)

���O- t1(x) = t1,�z

f1(a2) = f0 + t1 · (a2 − a1) = b2; (§7L)

�~u�� (78l
-���� )VN !��õ�Õx�¯1¥� ,�
)Vp


f2(x) = f1(x) + t(x)(x− a1)(x− a2); (§7M)

z»�� !

§8 �� :��
�
§8.1 Heron456
Heron(�¯§ï 20JÑ& )�Â'(³��¬ö6 :³´¬���ç
 ‘

z¬�²ö ,Qµ�´} !’;ç» ,ýzt��
¶�cT����ï��
#� ,()·l
¶�cT��´r�H÷#� :
ÙHeron�5¸¹#�ÛZº��5 π;i�7v»ÕxA1, A2;¼½�
A1,ï�A2,Qï��A′

2,dW :

³ (�¾ )� u(P ) := A2P + PA1 (§8A)
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�� :¿5�À�ÁÇ

‘�/²ÌÍP ∈ πÜ ,�¾�ær ’�Nu ,p
 :

P = E = A1A′
2 ∩ π; (∩�Z ‘5� ’; ) (§8B)

�Ex��5π �$�
→−→
ENQ :ÕxA1, A2#$�

→−→
ENò5 !

?¹�∠A2EN =C¹�∠NEA1 (§8C)

ÙHeron�²/�m¥�Û5��¥��i!Ð?ï�%c��¯´r¥
� !
ÁuÕÌ/{�÷�Â� ,PA1, PA2,�W lj(, j = 1, 2),��?Õ¶ ,�¶
PAj�¿5c ,2�¶AjBj�¿5�À�+xAjj)ÜÃ ,Ü"Äc�
÷µj;ÕÌ�Â��2�"�?�xP ,/²���¿5æ±�+¬� lc
Å� .
Â"b��¯


u(P ) = µ1A1P + µ2AjP + C; (O-C = 2H − l1 − l2; ) (§8D)

�T*Áµ1 = µ2;Æ�%�Ç+�mÌÍ
 :�¯¹ÿær !úûæ :
Heron�²/�m¥�#Heron�³�´}¥�78�ÂGv !
R
²/�m�¥��i2uV$ !
#�
 :/²�¡1ÈÉ�3��$7?� !
��Êt�

3�
 F(P ) := µ1sign(
→−→
PA1) + µ2sign(

→−→
PA2);

/²�
 −F(P )⊥ = −j(j·F(P ));
(§8E)
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�� :Ë¹+Ì

�T»J
� i� lÍ47 ,² j# lÍÃ¬ !
_» ,��me ,�3���7?�Wý !�
 :

µ1 sin ∠A1PN = µ2∠A2PN ; µ1 = µ2;

È ∠A1PN(?¹�) = ∠A2PN(C¹�).
(§8F)

§8.2 Snell-Fermat

Fermat�SnellË¹+Ì�V6 ,��
¶�cTf���ï��#� ;(
)·l
¶�cTf�´r�H÷#� .
¶�cT� (Þf ?)�ï��8FwÎ ,�(
Snell�Ë¹+Ì !

ÙSnell�Ë¹+ÌÛ³���Ï.ö?2�Ï.e ,?¹� ,#Ë¹
� ,ò��5²#Ï5Ã¬ !
?¹� ,#Ë¹� ,êÐæ��#ÕÏ.u� !

Fermat�t :�XHeron�¸¹#��P !³��ö� ,vq
L% ‘³
�´} !’,�/��� ‘³� ’,
 ‘e� ’,CN ‘¾� ’ !²³��tõ ,#Ï
.u� ;d» ‘¾�´} ’,CN ‘e�´} ’,CæÑ) !({�ÒÓT´'(
M !)

S
 :Á³��ÕÏ.�tõ�W v1, v2,�ÕÏ.�xA1txA2,��Ï
5 (xy�5 )c�Px ,7fQ
¬�ö� !ÈòÔe

u(P ) =
1

v1

A1P +
1

v2

PA2 (§8G)

ÙSnellË¹#����wÛK�_c��HeronÊ/�%"b ;
�
��*+ :Â�Ü"hÄ��÷�Wµ1 6= µ2;(23u��/v :»

 ‘C¹ ’,d»A1, A2,
� l�v�» ,��
Ë¹ ,d»A1, A2,
� l�
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/v» ;R
��{|D
/GÕ !)hi ,Â"b��¯
 :Ï� [D]

u(P ) =
∑

µjAjP

d» :Fermat� ‘³�ær¥� ’%S
�� ‘Ê/�%"b��m¥�
’,�</ :

µ1v1 = µ2v2 (§8H)

��Ê/�%"bhÊt�

�3�
 F(P ) := µ1sign(
→−→
PA1) + µ2sign(

→−→
PA2);

/²�
 −F(P )⊥ := −j(j·F(P ));
(§8I)

�T»J
� i� lÍ47² j# lÍÃ¬ !
_» ,(/²��iÈÉ�3��$7?� !)��me ,

�3���7?�Wý !�
 :

µ1 sin ∠A1PN = µ2∠A2PN ; (∠A1PN =?¹�, ∠A2PN =Ë¹�, )
(§8J)

§9 �� :�� (�� )���
u¤%�-%�4$ ?()
<SjâÝÖÖ¤s ,���·ÑÕx×
gK :
ÙØ��� !Û�S+�Þ+� ,‘t	Ö/Ö ?’�/g=‘�z'(Ù ?’
�+� ,_ì-%pq+� ,ÞFWeierstrass�ÐÄ-�æ1ó�+� ,Ú
eS
/�¯Öz7 ¡� ,R
ÛÜ��� ,��
/�� !�
&�
<� :���Â¶ ,‘¯�� ’()
� ‘¯ ¡ ’��< ,dWÚeS/�¯
s ¡ !
Ù�� !Û%¥�
��°±���°�u�G !������G ,S�
ª� ,p]�Ý !�7
 ‘�� ’,OO
 ‘é� ’h� !
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