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óæH[Í (System of Distinct Representatives, òŸÑ SDR) u1930�Hí½æ

[1], BbªJø…eÑãº}R»H[í½æ, 6ªJõAºú½æCul½æ, ÝBÊddi

Ü�(Transversal Theory) [2]�

Êãº}R»H[í½æê, /_Èñ2íøˇA,  AJß4”.øíãº}, ©_A

ª?¡‹�_.°íãº},e_A<è7ì; ½æu, ?´©_ãº}®R»øPH[|Vu

°‡9; ‡æu, .°ãº}R»|VíH[bóæ,¥ø<H[F AíÕ¯ÿuF‚íóæ

H[Í� ÔWVz, -Þuû_ãº} A1, A2, A3, A4 F AíÕ¯í:

A1 = {"ú, †û, Ùü},

A2 = {†û, �ý},

A3 = {Ùü, �ý},

A4 = {Ùü, �ý}.

Ê¥_Õ¯í2, BbªJ²»"úH[ A1, †ûH[ A2, ÙüH[ A3, �ýH[ A4; C

6z, ¥_Õ¯í�ø_óæH[Íu ("ú, †û, Ùü, �ý)� 9õ,, ¥_Õ¯í/ß�

s_óæH[Í, Çø_u ("ú, †û, �ý, Ùü)� ÊJ(ín�ê, Ñ7zŸíjZ, Bb

Zà¯UCbåH�A±; Wà, BbªJà3, 4, 5, 6}�H["ú� †û� Ùü� �ý, ¥

šBbÿªJz, ç A1 = {3, 4, 5}, A2 = {4, 6}, A3 = {5, 6}, A4 = {5, 6}v, Õ¯í

(A1, A2, A3, A4) /ß�s_óæH[Í, ø_u (3, 4, 5, 6), Çø_u (3, 4, 6, 5)�

à‹Bbbn�ºú½æCul½æ, ªJq;� n _Þƒ, Ai u� i _ÞƒF¿¡,7

ª?ÀG�™íF�ãƒFAíÕ¯, çTø_AŠí~4, 5íL�ÿubÊ©_Þƒ¿¡

íãƒ2²|øPëïÙä, øFbºAøú, çÍ, ùÞ.ª°ºøÚ, FJ¥_½æ6øš

AÑóæH[Í½æ�

øOVƒ, cà F = (A1, A2, . . . , An) uøÖ� n _Õ¯íÕ¯í, F íø_óæH[

Íÿuø_Ö n _óæjÖíå� (a1, a2, . . . , an), w2 ai ∈ Ai ú 1 ≤ i ≤ n ÌA
�
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1.uF�Õ¯í·øì�óæH[Í, -Þ¥_Wäÿ'pé³�óæH[Í, ÄÑÉ

�1ªJH[ A1, É�2ªJH[ A2, !‹ A3 ÿv.ƒH[7�

A1 = {1},

A2 = {2},

A3 = {1, 2},

A4 = {1, 2, 3, 4, 5}.

è6ªJ>gƒ, ¥óø_õ–V�Àí½æ, ��6@v.Ø, (wõ, ¥ubõ5;)

ƒBóší��7ì)�¥¹dı3bíñí, u;aO¥ø_ñq·Híæ‡, *bç£w@

àí®�i�, V«Hbçê�íø_Wä, …ÖÍ}.,u�"úíH[4, ºªJõ|bç

ê�íj—4£Öš4� bçfÈ�…o‚�ÉóæH[Íídı~¡c [3, 4]�

ù. Hall ìÜ£w„p

Bbl*óæH[Íí�ø_!…ìÜz–� íl, éBbVõ-Þ¥_Wä, 5?â-

�10_Õ¯FZAíÕ¯í:

A1 = {2, 3, 4, 6, 8},

A2 = {3, 4, 7, 9},

A3 = {2, 3, 6, 7, 9},

A4 = {5, 6, 8, 11, 12},

A5 = {2, 3, 4, 6, 8},

A6 = {2, 4, 6, 7, 9},

A7 = {3, 4, 6, 7, 8},

A8 = {1, 3, 8, 10, 13},

A9 = {2, 3, 4, 7, 9},

A10 = {2, 4, 6, 8, 9}.

úk¥_Õ¯í, 1.u
…ÿªJõ|V…ƒ��³�óæH[Í, à‹�, ��¢ÑS� B

bªJà¤Ô¶Møþt, Wà: ltOà2H[ A1, 3H[ A2, 6H[ A3, 5H[ A4, 4H[

A5, 7H[ A6, 8H[ A7, 1H[ A8, 9H[ A9, ¥š A10 ÿv.ƒH[7; QO, y�Í$
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ËþtwFF�ª?í8”, à¤%¬ø¨.sívÈ, çBbzF�ª?í8”·t¬J(,

|(í��u: ¥_Õ¯í³�óæH[Í�

BbCr}.ó]¥_!�, aOÊyÅí�ð¬˙2ª?|˜, µóBbªJytøŸ,

C6�ƒŸø_Ú7˙�6��ð� wõ..¥ó,�, óU.y½µ¥ø_yÅí�ð¬˙,

-Þ¥_z¶'0ÿªJéAó],¥_Õ¯ííü³�óæH[Í�íl,  ¥ A4 ¸ A8 ¥

s_Õ¯, ”-í8_Õ¯, à‹ø…bíjÖ¦¦“|V, É�2, 3, 4, 6, 7, 8, 9¥7_jÖ

7˛, FJ.�àS}º, ,u.ª?é¥8_Õ¯®A)ƒAÐíH[�

yøOVz,ø_Õ¯íb�óæH[Í, .ªCÿí‘Ku,ÓZ“| k _Õ¯|V, w

FÖíF�jÖ¦¦�–V, Býb� k _� ²_j�Vz, à‹5ªJvƒ/ m _Õ¯|

V, wFÖíF�jÖ,u®.ƒ m _, µó¥_Õ¯íøì³�óæH[Í�

,Hí‘K.Éuø_Õ¯í�óæH[Íí.b‘K, wõ6uø_kM‘K; 6ÿu

z, Å—,H‘KíÕ¯íÿøì}�óæH[Í�¥ÿu1935�O±í Hall ìÜ [1], ÛÊ

6�\A˚ÑulìÜ (marriage theorem)�

HallìÜ: Õ¯í F = (A1, A2, . . . , An) �ø_óæH[Íík}.b‘Ku, L<*

F 2²¦ k _Õ¯, w:ÕBý� k _jÖ�

ƒ�uBóšíògU Hall ó], µ_�À7ñqpní.b‘K°v6ukM‘K, v

Í,1Ìp-; Í7, ÿdrÖbçìÜøš, %¬Abøyí�š, Bb˛%ªJT|���

pí„p� Ê�¦í×àbç`�z2, .Øvƒàbç¦Ñ¶Ÿ|í„p; .¬, |ÊAê�

í´u Rado T|V, à|üŸÜí„p��Àíz, ÿucqìÜ.A
, FJ�ø_|ü¥

W, y%¬ø<Õ¯_bl�íj¶, |(û|pe� ¥šíG¶, !…,¸bç¦Ñ¶�ó°

í…”, Ê×àbçíä�2, uø�%�Uàí¶ä�

HallìÜí�ø�„¶: (¡c [5,6]) .b‘Kà‡FH�

Bbàbç¦Ñ¶„pk}‘K� ç n = 1 v, ìÜéÍA
; cq n ≥ 2, 7/ç

m < n vìÜA
� úk I = {i1, i2, . . . , ik} Bbà A(I) [ý Ai1 ∪ Ai2 ∪ · · · ∪ Aik� †

Hall í‘Kóçk: |A(I)| ≥ |I| úF� I ⊆ {1, 2, . . . , n} 0A
� }s�8$„p�

(1) Î7 I = ∅ C {1, 2, . . . , n} JÕÌ� |A(I)| > |I|�

â Hall í‘Kªø |An| ≥ 1, 6ÿu An 6= ∅, FJªJ²øjÖ xn ∈ An � 5?Õ

¯í (B1, B2, . . . , Bn−1), w2® Bi = Ai − {xn}; úLøÕ¯ I ⊆ {1, 2, . . . , n− 1},

|B(I)|≥|A(I)|−1> |I|−1, 6ÿu |B(I)| ≥ |I|, FJâ¦Ñ¶cq, (B1, B2, . . . , Bn)

�ø_óæH[Í (x1, x2, . . . , xn), y‹, xn ¸¥<jÖ·óæ, (x1, x2, . . . , xn) ÿu

(A1, A2, . . . , An) íø_óæH[Í�
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(2) �øöäÕ I Å— |A(I) = |I| �

â¦Ñ¶cq,Õ¯í (Ai : i ∈ I) �øóæH[Í (xi : i ∈ I)�5?Çø_Õ¯í (Bi :

i /∈ I), w2 Bi = Ai \A(I); ç J ⊆ {1, 2, . . . , n} \ I v, â B(J) = A(I ∪ J) \A(I)

£ Hall í‘K, |B(J)| = |A(I ∪ J)| − |A(I)| ≥ |I ∪ J | − |I| = |J |, ;W¦Ñ¶c

q, (Bi : i /∈ I) �øóæH[Í (xi : i /∈ I), ø¥s óæH[Í¯–V, ÿ)ƒø_

(A1, A2, . . . , An) íóæH[� �

HallìÜí�ù�„¶: (¡c [2]) .b‘Kà‡FH�

cqk}‘K.ú, vø_³�óæH[Í, OÅ— Hall í‘Kí|üÕ¯í F =

(A1, A2, . . . , An), 6ÿuz, *Lø_ Ai 2 ¥Lø_jÖ5(, Hall í‘Kÿ.yú7�

¤v, â Hall í‘K, ©ø_ Ai ·.u˛Õ¯, à‹ Ai = {xi}, 1 ≤ i ≤ n, †â Hall í

‘K, ªJø−¥<jÖ xi ·óæ, *7, (x1, x2, . . . , xn) u (A1, A2, . . . , An) íø_óæ

H[Í�

cq/øÕ¯, .ÜøO4cqwÑ A1, Ö�sóæjÖ x ¸ y, Bbb„p¥u.ª?

í�5?sÕ¯í (A1−{x}, A2, . . . , An) ¸ (A1−{y}, A2, . . . , An), âk (A1, A2, . . . , An)

uÅ— Hall í‘Kí|üÕ¯í,¥s_híÕ¯í·.Å— Hall í‘K, Ä7æÊ I, J ⊆

{2, 3, . . . , n} U)

1 + |I| > |(A1 − {x}) ∪ A(I)| ≥ |A(I)| ≥ |I|,

1 + |J | > |(A1 − {y}) ∪ A(J)| ≥ |A(J)| ≥ |J |,

?¹ |X| = |I|, |Y | = |J |, w2 X = (A1 − {x}) ∪ A(I), Y = (A1 − {y}) ∪ A(J), FJ

|I|+ |J |= |X|+ |Y | = |X ∪ Y |+ |X ∩ Y |

≥ |A({1} ∪ I ∪ J)|+ |A(I ∩ J)|

≥ 1 + |I ∪ J |+ |I ∩ J | = 1 + |I|+ |J |,

)ƒpe� �

HallìÜuøæÊ4í·H, (V M. Hall [7], Rado [8]¸ Mirsky [2]�A6·Rû|

ø<¾“íìÜ� ªà, Jø_Õ¯íÎ7Å— Hall í‘KJÕ, ´b°©_Õ¯Bý�2_

jÖ, ÿªJ„p¥_Õ¯í|ý�2_óæH[Í (c3æ1)� ø¤h1RƒÇø�‰“, …

dT6 [9]{T|-Hí½æ�

úkLøÝŠcb t, ø_ (t, n)-Õ¯íuNøúF�Ý˛äÕ J ⊆ {1, 2, . . . , n} ÌÅ

— |A(J)| ≥ |J |+ t íÕ¯í F = (A1, A2, . . . , An)� à‹à M(t, n) [ý (t, n)-Õ¯íó
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æH[Í|ýíª?_b, â Hall ìÜªø M(0, n) ≥ 1, 9õ,'ñqø− M(0, n) = 1�

5? F ∗ = (A1, A2, . . . , An), w2 Ai = {i, n+1, n+2, . . . , n+ t}, 1 ≤ i ≤ n, ¥uø_

(t, n)-Õ¯í, …u� U(t, n) =

t
∑

j=0

(

t

j

)(

n

j

)

j! _óæH[Í� [7]“¿ M(t, n) = U(t, n),

1/ç t ≥ 1 v, ,H F ∗ 6uñø�¥óÖóæH[Íí (t, n)-Õ¯í� ¥_“¿(V

Leung ¸ Wei [10]�˚à permanent íìÜªJ„|V, ª<êÛu˜í [11]�

ú. Hall ìÜí@à

HallìÜÎ7……™í�ÍJÕ, 6u×àbçÜ�íø_!…ìÜ, Êbçí®_ä�

2, øy\ùàVdÑ„pwFµÆìÜí	x� -ÞBbøÔø_WäVzp� wFyÖíW

äªJ¡5øO×àbçízÀ, à [5, 6]�

F‚Â½Óœä³uø_ n× n íÝŠõbä³, wLøWC�í¸ÌÑ1; à‹wjÖ

¢�ßÌÑ0C1, †˚Ñ§�ä³, ²Æuz, ©øW/�ø_1, ©ø�6/�ø_1, wFP

0·u0� Birkhoff ¸ von Neumann {%„p7ø_Â½Óœä³í}jìÜà-FH�

Birkhoff-von Neumann ìÜ: úL<ø_ n ¼Â½Óœä³ D, æÊ/£cb m, m

_§�ä³ P1, P2, . . . , Pm, J£ m _¸Ñ1í£õb c1, c2, . . . , cm U) D = c1P1 +

c2P2 + · · ·+ cmPm� Wà:








0.45 0.50 0.05

0.55 0.15 0.30

0.00 0.35 0.65









= 0.3









1 0 0

0 0 1

0 1 0









+0.5









0 1 0

1 0 0

0 0 1









+0.15









1 0 0

0 1 0

0 0 1









+0.05









0 0 1

1 0 0

0 1 0









.

„p: cq D � r _ÝÉá, éÍ r ≥ n� Bbbàbç¦Ñ¶V„p¥_ìÜ� ç

r = n v, D uø_Â½Óœä³, ¦ m = 1, c1 = 1, P1 = D, ìÜA
�

cq r > n, 7/ç r′ < r vìÜA
� 5?Õ¯í (A1, A2, . . . , An), w2 Ai = {j :

Dij 6= 0}; úkLø I ⊆ {1, 2, . . . , n},

|A(I)| =
∑

1≤i≤n
j∈A(I)

Dij ≥
∑

i∈I
j∈A(I)

Dij =
∑

i∈I
1≤j≤n

Dij = |I|,

w2� (|()ø_��A
uÄÑLøW (�) í¸Ñ1, .��A
uÄÑ Dij ÝŠ, Q- 

í��â Ai íì2ª)� â Hall ìÜ (A1, A2, . . . , An) �ø_óæH[Í (a1, a2, . . . , an),

I P Ñú@k§� (a1, a2, . . . , an) í§�ä³, °v c = min1≤i≤n Diai
, † 0 < c < 1, ¤

v D′ = 1
1−c

(D−cP ) uø_ÝÉábÑ r′ < r íÂ½Óœä³, â¦Ñ¶cq, æÊ§�ä
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³ P1, P2, . . . , Pm £¸Ñ1íÝŠõb c1, c2, . . . , cm U) D′ = c1P1 +c2P2 + · · ·+cmPm,

Ä¤

D = (1− c)D′ + cP = (1− c)c1P1 + (1− c)c2P2 + · · ·+ (1− c)cmPm + cP,

w2[b?ÑÝŠ/¸Ñ1, FJìÜ)„� �

Birkhoff ¸ von Neumann ŸVí„pªœõÆ, ,H@à Hall ìÜí„p, kM�Û

7 Hall ìÜín‰� à‹�œ}�å è Birkhoff ¸ von Neumann sAŸVí„p, ÿ

}êÛ, êå Ö(Vê�|Ví(4d•íúXìÜóÉíqñ� Jy�ƒ Hall ìÜVõ,

¥6˙ý Hall ìÜ@ç¸/<(4d•Ccbd•�FÉ:� Ê¥êBbªJñ}ƒ,ø_b

çÜ�íê� (Wà(4d•íÜ�), ��.uÀÖx|Ví, Êwê�í�H‡(, rÖé

NCóÉí2;, ,Ê°v‚‡‡((ó.|Û� *d.,5W, Hall ìÜ|ÛÊ1935�í�

d, 9õ,, oÊ1931� König [12]ÿ{%à (0,1) ä³íxk„pƒó°í!‹; «�Ý6,

Menger [13]Ê1927�v, ÄÑû˝æ˜í©¦4, ÿ�ø<yøO“íìÜ� HallìÜ½bí

õ.u, ¥š·HíìÜ, Çó7ø<'£í¢ƒ, ¦²�ÑAøí×−� *1930�Hƒ1950

�H5ÈuóæH[Íí–¥v‚, w2 Rado íõ.ãÖ; øòƒ1960�H,¥PÜ�¸ Ò

³Ü�(matroid theory)(¡c [14, 15, 16]) ó!¯, y×[æ˘�

û. Ú7¸Æ�¶

ÊrÖõàíWäê, çBbz½æ“Ñ°Õ¯ííóæH[Ív, wF−£íÕ¯£j

Ö_b��uA—,N, àA‰£�°íl�;….ª?�Ú7íêpHú7¥_�Ì,rÖ×

¾£½µíl�, ÊÚ7Ì$í//«�-, 0§�üËêA�

9õ,, Ú7í?‰Ê�ùŸ0ä×Dv�t<ö, ƒàD, wúAérÞ4í	à˛%

�}pé� �ùŸ0ä×Dv, 1Å›jÑ7�^«à›e£v‰, â Dantzig ê�|(4d

•íÀñ¶(simplex method), º¯, von Neumann ql|VíÚ7, @àƒsÂ¸v‰

Ê®DÒí}º, )ƒ'ßí^‹� ¥Zu«¿ç(operations research) í–Ä, �Û|bç

ðÊõà,íõ., 7¥PÜ�, buÿýÚ70§l�í6�, êrÌ*êµ^‰� D(, ¥

PÜ�\àƒ	¼“ä, Wz�'Å˝ø¨v‚, 0ä®ËíÚ72'×vÈÊÏWÀñ¶í

l�� '�±íWäu, 1ÅN˛ (US Air) A
7ø_«¿çü , �Fbê�|øPìœ§

˙£��óÉÍ$, ªŸVA	é§�ü1�^.ý, �t−ô7.ý%‘�

Ú7íª¥�}0§, ª–o��“, 07jZ—ìI; .¬, .�Ú7í§�Ö0, ø_

ßíj¶¸ø_Ïíj¶, ŸAÚ7˙�, ÏW–Ví^‹´u�”×í.°� �ƒóæH[
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Íí½æVõ, à‹àÉ¶š•,  þtø__ª?í��, óUUàÚ7, v|��í§�6

ø'M� µóttõ Hall ìÜ, ¥óÔ�íÅH@v�F6Œ� cqBb� n _Õ¯, Ñ7

��u´æÊóæH[Í, Bb.âúL< k _Õ¯tõõwjÖ,bu´Bý k _, à‹

'�«, F�ª?í8”·u'ìí, µÿ[ýæÊóæH[�, à‹Êl�í2¤�/ m _

Õ¯wjÖ,u.£ m _, ÿ[ý.æÊ� *l�hõVz, L¦ k _Õ¯í ¯, u� 2n

_ª?: ¦0_Õ¯�1�, ¦1_Õ¯� n �, ¦2_Õ¯� n(n − 1)/2 �, ¦3_Õ¯�

n(n− 1)(n− 2)/6 �, · · · � ¥w2í 2n úk×øõí n wõuø_Ùdbå, Ú76øÌ

ªKS� Ñ7é×ð�×Ií>g, éB�|ø_¡5[à-Fý:

n n log n n2 n3 2n

10 2.3× 10 102 103 103

102 4.6× 102 104 106 1030

103 6.9× 103 106 109 10300

104 9.2× 104 108 1012 103000

105 1.2× 106 1010 1015 1030000

*¥_[2ªJõ|V, Éb n = 100, 2n ÿuø_ª"íbå� Ô_WäVz, à‹Ú7©

” ªJ6�� 1010 _8” (.�M7), Jø��� 3× 107 ”,�, ‚à Hall ìÜÛI 

3× 1012 �n?65ð�|óæH[ÍæÊD´ (ÿ! BÞKs!), yS”, óUð�||(�

�u'ìí, ø−óæH[ÍíüæÊ, Hall ìÜ1„TX5ø_óæH[Í� *¥_l�h

õVõ, Hall ìÜ�òA7ø×òÓ�(FJz, 1ÌW�û½î¦í−Ü�)

HallìÜ1.uø_”«íWä, ÊVÖõàíWä2, Ú7˙�é§íß;, ü�”×

íÏ�, kuÆ�¶Ü�@«7Þ� �ÀVz, ¥_Ü�, Ê¾”jÞubÊ5TXíj¶ö£

ŸA˙�‡, ldøJÜ�í,�, njFIívÈ.}d 2n µšíAÅ, ¥uãÊàí; y

	”Vz, à‹�Aíj¶*5íÜ�}&–V.7,¥_W“íA�E�íu�A¾ô, õõ

àSql|�^íj¶XAUà�

Æ�¶Ü�ê�BDüIÿÆ, j¶®�®š, w2|!…àV‡ìø_j¶ß;íÄ†,

uõwvÈu´Ñ (Cük) ½æ¡b n íÖá�,øOJÖá�vÈíj¶˚Ñ�^�¶, “

,[Võ, mu n = 100 ¥šüíbñ, n3 ¸ 2n ÿªJÏ,rÖ, ªcøº� �ÉÆ�¶í

zÀª¡5 [17, 18, 19]�

çÍ, õà,y��í}&6�Ä½æ£Ûb47�Ïæ� Ô_WäVz, n log n ¸ n2

ÖÍøšuÖá�vÈ, Ouç n = 105 vóÏª®ìI, ¥ìIz×.×, züª6.ü�
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ªjz, BbÛÊí×ù:5×���N5Þ, 5êtJ(, ©»� l}� §å� //è� }ê

· · · t�”Ö, ÿJ§åøáVz, bz�N5ÞíAôâ×7ü§|V, 6�ø×	˙; çÍ

³, ÊÚ7í6Œ5-, §å�uøá�Àí	T, ç¬øõ’e!ZpÆíABý6ø−ü�

§åj¶; ªu¥<j¶ü���.°, �íñqŸ˙�, �í§�0, w2�íIívÈÿu

n2, �íIvÈu n log n� ¥šõV, §åí0M6�ìI5Ï, 6ÿuz, Ÿíßí§å˙

�, ª?súÙ§|V5ÞíAô, ŸíÏíª?bø��ø�! à‹ö�¥ší§å˙�\à

,íu, µ�N5Þ5ê:5(, |�ôíj¶ÿul çø�vy�Võ\, ku2M¬Åí

v˝„�ÿ�7”×í‰“7�

ü. ª�‚�¶

ª�‚Àí König ¸ Egerváry Ê1930�Hê�|°óæH[Íí�^�¶, ÛÊA

˚ª�‚�¶�Ñ7�Ü¥_j¶, BbßZùªÇ�íxk, Ê¥Pz¶ê, óæH[Í½æ

ÿóçkù¶Çê°|×®ºí½æ�

øO7k, ø_Ç(graph) ¨��Ì_Ýõ(vertices), J£ø<:QsÝõíi(edges)�

Ç12íÇ�8_Ýõ A1, A2, A3, A4, 3, 4, 5, 6, J£9‘i (A1, 3), (A1, 4), . . ., (A4, 5),

(A4, 6)�

Ç1

øÇå|VÉuÑ7eg,í6�, wõBbÉÛb�|¥<õ¸iVÿªJ²ì¥_Ç, «

wÊÚ7˙�2, yõ.|Ç1¥ší‰aV� M)G<íu, Ç1íÝõÉ�8_, (A1, 5) ¸

(A2, 4) ¥s‘ió>|Víõ1.�Ýõ, 9õ,, :Q/sÝõíiwõÉÊ[ý¥sÝõ

u�É[Có¹7˛, ƒ�uàò(C�([ý, 1³�Ï� �ÉÇ�íz~¡5[20, 21]�

Ç1íÇÿuF‚íù¶Ç(bipartite graph), ÄÑwÝõªJ}As_¶M, w2Lø

¶MqíLùÝõ.ó¹, ²Æuz, Lø‘iøìu:Q.°ù¶MísÝõ� wõ, Ç1ÿ

u…d–åí�ø_Õ¯ííÇ[ý¶, (A1, 3) uø‘i, [ý3ÊÕ¯ A1 5q (Bb˛%
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ø"ú� †û� Ùü� �ýZà3, 4, 5, 6H[)� ÊÇ�ê, (A1, A2, A3, A4) íø_óæH[

Í (3, 4, 5, 6) ªJà(A1, 3), (A2, 4), (A3, 5), (A4, 6) ¥û‘iV[ý, ÄÑ¥}�[ý7

3 ∈ A1, 4 ∈ A2, 5 ∈ A3, 6 ∈ A4; ¥û‘i2Lù‘i³�u°Ýõ, ÄÑû_jÖ®Ñû

_Õ¯íóæH[, Ç12íû‘Ä([ý¥û‘i� d¥�ss.Öu°ÝõíiF Aí

Õ¯˚Ñ®º(matching)� FJ°/Õ¯í (A1, A2, . . . , An) íø_óæH[Í, óçk°

…Fú@íù¶Ç2íø_Ö n ‘ií®º�

àù¶Ç[ýÕ¯í (A1, A2, . . . , An) íÇø_ßTuªJõ|Õ¯ Ai ¸jÖ bj í

ú˚4� à‹ú©ø_jÖ bj, ì2Õ¯ Bj = {ai : bj ∈ Ai}, † (A1, A2, . . . , An) ¸

(B1, B2, . . . , Bm) Fú@|Víù¶Ç, Î7Ýõ˝¬ó¥, ±˚®æJÕ, õÒ,u°ø_

Ç� Êul½æ2, ¥éýãÞ�� (CÞã��)�

ÓZ#øÕ¯í (A1, A2, . . . , An), 1.øìæÊóæH[Í, FJ…íù¶Ç6.øì

v)ƒ� n ‘ií®º�øOVz, Bb�E�íu,ÓZ#ø_ù¶Ç, °ø_x�|Öií

®º� ²�Õ¯ííxk, /øÕ¯íª?³�óæH[Í, OBbªJ°ø|×í¶MóæH

[Í, 6ÿu�<Õ¯.»H[, O»H[íLsÕ¯6b»óæH[, ÛÊçÍubõ|Ö?

�ÖýÕ¯»|H[�O±íª�‚�¶(Hungarian algorithm) ÿuj²ù¶Ç|×®º½

æí�^j¶�

#ìø_ù¶Ç G = (A, B, E), w2 A ¸ B [ýÝõíù_¶M, E [ýiÕ, Lø

‘i�ø_«õÊ A, Çø_«õÊ B� Ç2[ýø_�12_Ýõ£13‘iíù¶Ç, Ä(í

û‘i$Aø_®º M = {(a1, b1), (a2, b6), (a3, b2), (a4, b4)}�

Ç2

ø_Ç G íø‘ M -ªØ"˜�(M-augmenting path) uø‘Ö 2n + 2 _Ýõ£

2n + 1 ‘ií˜� (v0, v1, . . . , v2n+1), 1Å—-�ú_‘K:

(A1) (v0, v1), (v2, v3), . . . , (v2n, v2n+1) ¥ n + 1 ‘iÌ.Ê M q;
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(A2) (v1, v2), (v3, v4), . . . , (v2n−1, v2n) ¥ n ‘iÌÊ M q;

(A3) v0 ¸ v2n+1 ·.uLø M 2íií«õ�

Ê,Hì22, d (A3) 2F·Hí v0 ¸ v2n+1 ¥šíÝõ, Êd M -ˇÐõ(M-exposed

vertices)� WàÊÇ22, a5, a6, b3, b5 ·u M -ˇÐõ, (a5, b1, a1, b3) uø‘ M -ªØ"˜

(, (a6, b1, a1, b4, a4, b5) 6u�

vƒø‘ M -ªØ"˜� P íàTu, ªJø M úÊ P ,íi ¥, ², P 2.Ê

M íi, )ƒø_h®ºM∗, wibªŸV M íibÖ1� Ç4ÿuà (a5, b1, a1, b3) d|

Ví M∗�

¶Åbçð Berge {%„p-HíìÜ, …úøOíÇ·A
�

BergeìÜ: LøÇ2í®º M u|×®ºík}.b‘Ku.æÊ M -ªØ"˜��

ª�‚�¶í3b�ÿÿu*ù¶Ç G = (A, B, E) íLø®º M(Wà˛Õ¯) Çá,

Mµ�Í$í©vø‘ M -ªØ"˜�, JvƒÿªJ)ƒø_y×í®º, y./øòƒ.

æÊ M -ªØ"˜�Ñ¢� wj¶à-FH:

(H1) i← 1; �| A 2F� M -ˇÐõç� i µ�

(H2) ç i uJbv: �|¸� i µÝõó¹O.{\�|¬íÝõç� i + 1 µ; à‹¥

øµ³�Ýõ, [ý.æÊ M ªØ"˜�, ¥v M ˛%u|×®º�

(H3) ç i uXbv: J� i µ�ø_ M -ˇÐõ, [ývƒø‘ M ªØ"˜�; ´†ø

� i µ©øÝõF©Qíø‘ Miv|V, Çø«õçd� i + 1 µíÝõ�

(H4) i← i + 1 1�ƒ (H2) ½d�

JÇ2ÑW, ªJ)ƒÇ3FýµŸ, Ä¤ÿ)ƒ (a5, b1, a1, b3) ¥‘ M -ªØ"˜�� ‚

à¥‘ M -ªØ"˜�)ƒíhí®ºÿà°Ç4Fý�

Ç3
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Ç4

à‹à°ø_j¶TàƒÇ4í®º, ªJ)ƒÇ5FýíµŸ, ¥v`, %¬5µ, ª�

‚�¶ÿTÊ¥	 (H2), [ý.æÊªØ"˜�, FJÇ4í®ºu|×®º�

Ç5

Ê!!¥ø�5‡, BbT|ø_üí½æ, ¥u×¶MdıCzÀq.{É-ƒíü�

�, øOACr.Ê˛, Oçdø_bçû˝6, ¥šíj4RÆub'Ê<í� ¥_½æu:

ÑBóª�‚�¶Ê (H2) ¥	T-Vvÿ[ýv.ƒ M -ªØ"˜�? (à‹¥uúí, %â

Berge ìÜ, AÍªJz M uø_|×®º�)

øON˛g)ª�‚�¶¥šøµµí�Í$v¶, @v˛%zF�ª?í M -ªØ"˜

�·v©¬7, O¥wõuòg,íj4I2� 3bí½æu, Ê®¥	2, ®µÝõ\�|í

Ÿå1.Ìì; ç/µíÝõà.°ßå�|Vv, wå|íÇª?.°, WàøÇ2í®ºÏ

Wª�‚�¶v, à‹u a6 lk a5, †ª?)ƒÇ6íµŸ (~¸Ç4ªœ), ku)ƒÇø
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M -Ø"˜� (a6, b1, a1, b3)� FJøO7k, ªØ"˜�ív¶�'Ö�, Bb.?z˛%v

¬F�˜��

Ç6

çÍ, à‹°šu)ƒ M -ªØ"˜�, ´uøšªJ)ƒy×í®ºM ∗� ,�íu, à

‹).ƒªØ"˜�, u´[ý²Çø�ßåÿøì).ƒªØ"˜�? C6yªø¥Vz,

à‹Êyo‚í«Tê, ÿà7®�®š.°ßå, )ƒ.°®º, }.}ÿÊ¥øŸÿ‰A

ªJvƒªØ"˜�? ÝB, �³�Ÿ¶ªJ\„, .ª?yàwFLSj¶vƒªØ"˜�?

{¤��, *bçíÃã4Vz·u.âƒ°í� -ø�, BbøùªúX(duality) íz¶V

j„ÑSª��¶T-Vv, …í��ÿu|×®º�

ý. úXÜ�

¥ø�BbÄeùªúXÜ�, ¥ší–1Ê×àbçCøObç,'�c, w�ÿ6�

Û7(4dåíúX4”, uø_�àíj¶�

ÊøÇ G = (V, E) 2,ø_ÝõQÕ(vertex covering) uNø_ÝõÕS ⊆ V , U) G

2Lø‘i (x, y) Bý�ø«õÊ S 2� ÔWVz, Ç4íù¶Ç2, S = {a1, a4, b1, b2, b6}

ÿuø_ÝõQÕ� Wà (a1, b1) ¥‘iÿ� a1 ¥_«õÊ S 2; (a1, b2) y�s_«õ·

Ê S 2; wFi6Ìó°�

à‹ M uL<ø_®º, S uL<ø_ÝõQÕ, † M 2íLø‘iªJú@ƒø_

S 2u¤i«õíÝõ (J�s_ª?, †ÓZ²ø_Ýõ|Vú@), ÄÑ M u®º, M 2

.°ùi1.}ú@ƒó°íÝõ, FJ |M | ≤ |S|; øOVz, �< S 2íÝõ6ª?.\

úƒ, FJ.�Uª?A
, Ä¤, ªJ)ƒ-�íÿúX.��:

max
M
|M | ≤ min

S
|S|,
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¥ÿuz, |×®ºíib.�¬|üÝõQÕíÝõb�

bzpª�‚�¶íü#||7j, Bb5?-ÞsÕ¯ M ∗ ¸ S∗: íl, M∗ ÿu�

¶T-Vví®º; wŸ, Ê�¶T-Ví|(µŸ, �<Ýõ\�|V, �<„\�|V, S∗

ÿuF� A2„\�|íÝõ¸ B 2\�|íÝõFAíÕ¯� ÔWVz, âÇ4¥_®º%

âÇ5éý, ª�‚�¶T-V, FJ)ƒ

M∗ = {(a1, b3), (a2, b6), (a3, b2), (a4, b4), (a5, b1)},

S∗ = {a1, a4, b1, b2, b6}.

à‹Bb?zp-�úK98:

(D1) M∗ uø_®º,

(D2) S∗ uø_ÝõQÕ,

(D3) |S∗| ≤ |M∗|,

†ªJ)ƒ-�.��:

|M∗| ≤ max
M
|M | ≤ min

S
|S| ≤ |S∗| ≤ |M∗|,

Ä¤, F�.��6ÿAÑ��, ¥wõøÔ„p7-ÞúK9õ:

(D1′) M∗ uø_|×®º�

(D2′) S∗ uø_|üÝõQÕ�

(D3′) |×®ºíib�k|üÝõQÕíõb�

bzp (D1)(D2)(D3) A
1.Ø� íl, âÆ�¶ªJ)ø M ∗ éÍuø_®º, F

J (D1) A
�

bzp (D2), cq S∗ .uø_ÝõQÕ, [ýæÊø‘i (a, b), w2 a u A 2\�

|VíÝõ (¥_ÝõÊ i ÑJbí/_� i µ), 7 b u B 2„\�|VíÝõ� Oà‹u

¥šíu, çª�‚�¶Ê (H2) ¥	dƒ� i µí a ¥_Ýõv, ÿ@vø b �|V, .ª

?|(´.\�|Ví� ªc S∗ uø_ÝõQÕ, FJ (D2) A
�

bzp (D3), ª}sjÞ� íl S∗ 2LøÝõJuÊ A 2, .u„\�|Ví/Ýõ

a, ¤v.�ø‘ M∗ 2íi¸…ó¹, b.Í…@vÊ i = 1 vÿ\�|V; WàÇ4í M ∗

2

a1 ú@ (a1, b3), a4 ú@ (a4, b4)�

à‹ S∗ 2íÝõuÊ B 2í/_Ýõ b, †…u\�|VíÝõ, ….uÊ/_Xb i í�

i µ, âª�‚�¶í (H3) ¥	, …vú@/_ M ∗ 2íi; WàÇ4í M∗ 2; ÊÇ5ªc

b1 ú@ (a5, b1), b6 ú@ (a2, b6), b2 ú@ (a3, b2)�
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Ä¤, S∗ 2í©øÝõÌú@ƒ M∗ 2í/øi, çÍ, .°Ýõú@ƒ.°i, FJ |S∗| ≤

|M∗|, 6ÿu (D3) A
�

þ.  ìul½æ

óæH[Íí°jªJ�“ÑÇ�2íù¶Ç|×®º½æ, wj¶Bb˛Ì�jzà

,� (Víê��®_jÞ�Ç, Wà:

(1) y0í�¶�

(2) i‹�ù¶Çí|×®º½æ�

(3) øOÇ (.øìuù¶Ç) í|×®º½æ�

(4) æ˜í|×¼½æ�

(5) ùÒ³ó>½æ�

(6)  ìul½æ�

óÉ’eª¡5 [15, 16, 17, 18, 19]� ¥ø�ê, BbJ ìul½æÑW, døõ�Ü� Ê¥

jÞ>×’�Íä�¬`¤û˝”Ö�

cqÛ� n ã n Þ, ©_Aúæ4Ì§|w¿ßíßå, -ÞÇ72í[êéý|4ã4

Þ, ãÞà a, b, c, d ·±, ÞÞà A, B, C, D Ñ±� Ê/øãÞFú@íd�, £/øÞÞF

ú@íòWFÊP0�ù_bñ, �ø_bñ[ý¥ãÞú¥ÞÞí§å, �ù_bñ[ý¥

ÞÞú¥ãÞí§å; Wà (a, A) P0Fp-í1, 3[ý a �1¿¡ A, 7 A �3¿¡ a �

ÿ a Vz, F�1¿¡ A, �2¿¡ B, �3¿¡ C, �4¿¡ D; ÿ A Vz, Z�1¿¡ d,

�2¿¡ c, �3¿¡ a, �4¿¡ b�

A B C D

a 1, 3 2, 3 3, 2 4, 3

b 1, 4 4, 1 3, 3 2, 2

c 2, 2 1, 4 3, 4 4, 1

d 4, 1 2, 2 3, 1 1, 4

Ç7

ç¥ n ã n Þ®Aúwæ4�|w¿¡íßå(, Bbí½æubøãÞssºú, U

wAÑ ìºúÍ$�

ãÞssºúíj¶'Ö, ,u� n! �, µóS‚ ìºúá? F‚ ìºúÿuø�

ºúj¶, w2.æÊLSøú. ìíã x Þ y, Fb³�\ºÊø5, Ou x ¿¡ y í
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˙��¬F¿¡ñ‡ºX, 7/ y ¿¡ x í˙�6�¬Zñ‡ºX; ¥5, à‹æÊ¥óøã

øÞ, ¥_Í$ÿ˚Ñ. ì, wFJ. ìuÄÑ x ¸ y |�ª?[Jñ‡ºX, ÂÂ’L,

¨Aþ}.é� ÔWVz, ÿ,HÇ7íÍ$, 5?-Þíºú¶:

a↔ A, b↔ B, c↔ C, d↔ D,

¥šíºú1. ì, ÄÑæÊ b ¸ D, Fbñ‡„\ºÊø5; Ou b �2¿¡ D, �¬�4

¿¡Fñ‡íºX B; °v, D �2¿¡ b, �¬�4¿¡Zñ‡íºX d� à‹5?-�íº

ú:

a↔ C, b↔ D, c↔ A, d↔ B,

ÿ³�. ìíÄÖæÊ, ªjz, õõ a ¸ B ¥s_A, Fbñ‡„\ºÊø5; a �2¿

¡ B, �¬�3¿¡Fñ‡íºX C; OuÊ B ¥jÞ, B�3¿¡ a, ÏkZñ‡�2¿¡Z

íºX d; F‚rI�<¼®Ì8, a ÖÍœ¿¡ B, B º.}ÜF� wFLSs_„\ºÊø

5ísA6·éN, .ßÞ. ìí8”, FJ¥šíºúu ìí�

øOVz, ÖÍ.uLSø�ºú·u ìºú, O6�.ýuí� óUà¤, çãÞbñ

×øõv, àñ¿íj¶, õ[ vø  ìºú, º6.ñq� C6½õõ, Bóší¿ßß

å[� ìºú? Bóší³�? ¥N˛6.qõ|V, éN Hall ìÜíÅH6.ÀUu´

æÊ�

IA˚ˇíu, Gale ¸ Shapley sAT|ø_Æ�j¶,%¬ n2− 2n+2 _¥	Jq,

.�[íÅdàS, ¯±ªJvƒø  ìºú� J-ÿVzzFbíj¶�

¥_j¶ªJ˚ÑÞjè:&.¶, j¶u¥ší, F�ÞÞ�O�ãÞV°u, íl, F

�ãÞ· vF�1¿¡íÞÞ, à‹¥ší!‹©_ÞÞ/�ø_ãÞV°uÿT¢; à‹�

ø_ÞÞ�ÖA²Z°u, †�Ç�ù�¯� Ê�ù�¯ê, ©ø�ÖA°uíÞÞ
vQ§ø

±, ÿuZ|¿¡íµøP, ‡"wFA; ¥<\‡"íãÞÿ¢7°wŸ, y ²F-ø_¿

¡íÞÞ°u; ¥v`à‹©øÞÞ/�øãÞ²Z°u, ÿT¢; à‹Bý�øÞÞ�ÖA²

Z°u, †éN�níj¶, yƒ-ø�¯�

J,¥j¶, |Ö%¬ n2 − 2n + 2 _¥	, øì}T-V, 7/øì)ƒø  ìº

ú�(~„p5)

â¥šíj¶v|Víºú, °v6uã4|7ºú(man optimal), 6ÿuz, à‹´

�wF  ìºú, µóLøãÞÊ¥ |7 ìºúv, wºXí§±øìÊÇøj¶vº

X§±5‡� Êòh,, ¥K98wõ'ñq;d, ÄÑ©PÞÞ·u\�í�Êµê�AV°

u, 7ãÞ†3�íâ|¿¡íÞÞMø°u, 3�çÍ�‚� çÍ³, Ñ7è£Þã��, B

b6ªJéã=b�O�ÞDV°u, ¥šÿ})ƒø Þ4|7ºú�
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 ìºúªJR�ƒ×ù:5í}ê½æ, ¤v, 5ÞªeÑãÞ, ®�ÍªeÑÞÞ, ©

ø5ÞYw¿ß//èV§�®�Í, ©ø�Íà5ÞíAôV§�5Þ� ¥vªœ×í.°

u, 5Þ.øìbø�Íêr§±, 7°v, ®�Í6ª²Ï�¬ø_çÞ (7/¦�à¤), O

u¥<Ï�, úk Gale ¸ Shapley í�¶º³Bó	à� FJ¥_j¶z–Vu5Þ|7}

ºj¶, *¥_hõVz, ×ù:5í}êõÊu�5Þ;`7ßT� �øõM)·<íu, J

‡í:5l}ÌS,}„, ©_�ÍúçÞí§åÌó°, ÛÊíl}S‹�„, .°�Í‹�

í�ñ.°, ú5Þí§å6.°, .¬, .�àS, âJ,íÜ�, }êú5ÞEu'�‚í�

ÿ. Ò³Ü�

bçð|“Gíßj5øuø98‚ï“, ¥øjÞubø®_.°šäí‰a, àø�

j�[®|V, âø�z¶V°QrÖ˛øí!‹, yªø¥â¤û|�Zí„p, J£hí!

�� ÿ¥øj²Vz, ù¶ÇíºúªJ‚ïAùÒ³ó>½æ�

Ò³ (matroid) 6ÿuéNkä³í<2� Ê(4Hb(C6�ƒÿzä³) ê, �(4

Ö
íh1; ÊÇ�n�ÞAcv, �.Öc˛íh1; Êù¶Çíºúê, �iú A (C B)

®Ýõí�b.�¬1íh1; ÇÕÊwFrÖ×àbçíqñ2, 6�éNíh1� ¥<õ–

VN˛.óßí‰a, ·\øu°í‚ïƒQ, ¥_h1ÿuÒ³�

Ò³Ü�ák1930�H Whitney í�ø¹�d, %(Aíê±m×, ø…¸ù¶Ç®º

!¯, “-ùÒ³ó>í��Ü�, AÑø½bíä�� ¥2È�rÖxXµÞí−Ü, �E�

íè6ª¡5 Welsh [22]£ Lawler [15]íz, Ê¤.ÖO4�

�. Ì¤Õ¯íI2

Ên�óæH[Ív, BbøÇávdìÕ¯íÉ��Ì_Õ¯, 7©_Õ¯6É��Ì

_jÖ� à‹Bbø¥�Ìí‘K ¥, µó½æ}�S‰“á?

‰“ª×Oá! }ú_µŸVz�

íl, à‹Õ¯_b´u�Ì, &àz� n _Õ¯, O�<Õ¯�Ì¤ÖjÖ� ¥v`½

æ'ñq, BbªJlø½æÌ„Êµ<É��Ì_jÖíÕ¯, à Hall ìÜCLSø_j¶

Võõ, ¥_üøõíÍ$�³�óæH[Í� à‹��u'ìí,µóŸVí×Í$6øì�

óæH[Í, ÄÑ”-íø< (�Ì_) Õ¯©_·Ö�Ì¤ÖjÖ, ,�Ÿ¶vƒH[AÐí

jÖ� à‹��u´ìí,µóŸVí×Í$ÿy.æÊóæH[Í7� 9õ,, Bb6ªJz,

¥_v` Hall ìÜÎšA
� çÍ³, BbªJ½, à‹uÌ¤Õ¯, …jÖí_buBó<

2� ])ø<Õ¯�íA, ªeÑ!b, .ø−6
v³�É[, ÿ;dÌ¤×k�Ìß7, Ä

Ñ¥v`Õ¯É��Ì_�
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à‹Õ¯_buÌ¤Ö_¢àS? Wà, 5?Õ¯í (A1, A2, A3, . . .), 6ÿu©øAÍ

b n ·�øÕ¯ An� ¥vrÖ98ÿ.øìA
7, ªjz, |!…í Hall ìÜÿ.ú, �

ÀíWäu-ÞíÍ$:

A1 = {2, 3, 4, 5, . . .},

An = {n} w2 n ≥ 2�

¥v`L<“| k _Õ¯|V, à‹ k u�Ìb, ¥<Õ¯ª?,u� k _jÖ, 6�ª?�

Ì¤Ö_jÖ (à‹“ƒ A1 íu); à‹u“|Ì¤Ö_Õ¯, µójÖ,u6}�Ì¤Ö_,

càBb�u…Ì¤�kÌ¤, µóHall ìÜí‘K,uA
í, Ou¥_Í$Ì�àSv.

|óæH[Í, ÄÑ An øìbà n çH[ (n ≥ 2), FJ A1 ÿ³�AªJH[…7�

Ì¤Õ¯íI2oÊ…0��Õ¯�\T|Vÿ���n�, BbA¤døõ�À�Ü,

.¬, Ê¥5‡, éBbVzø- Rado „p�¶�ÌíHall ìÜ� ¥v`, Õ¯í_bªJ

Ì¤, Ou©_Õ¯íjÖ·øì�Ì, Ê¥_8”-, Hall ìÜ¢ú7, 9õ,, Rado í„

péýóæH[ÍæÊíkb‘KuúL<�Ìí k _Õ¯wjÖ,uBý� k _� 6ÿu

..“Ì¤Ö_Õ¯í‘KVõ� Rado í„pu Hall ìÜ‹,�ÌÌ¦Ñ¶,¥uÌ¤Õ¯

íø_!…G¨�

óæH[ÍÊøOÌ¤í8”,?ƒíõÊ'ý, Bbÿ¤HR� Ê!!…d5‡, éBb

Võø-Ì¤Õ¯íø<��98�

íl, Ì¤…™wõuAé;|Ví, OBb.^;d�F�AÍbFAÕ¯¥�‰aæ

Ê�

Ì¤í�ø_I2u¶MªJ�kr¶� Êr«�Sçê, ÇŠ±2í�_tÜ2, �ø

_ur¶×k¶M� ¥õ–VuÙ%Ë2í�, ø(¨J~|ø¶M, çÍsø<; �_b¦|

øš, ”-5_, çÍÿý7ø<� àD, ÊÌ¤Õ¯³º.¥š7�

íl, BblbƒÀU, s_Õ¯Bóv`Êd_bó°� �Àíz, ÿuªJø¥s_

Õ¯íjÖ�Aøúøíú@� Wà {1, 2, 3} ¸ {4, 5, 6}¥s_Õ¯øšÖjÖ, ÄÑªJ

1↔ 4, 2↔ 5, 3↔ 6 ¥šøúøíºú�

°<7¥_z¶, BbVõõF�AÍbFAíÕ¯ N = {1, 2, 3, 4, . . .}, ¥uø_Ì

¤Õ¯, à‹Bbøw2í�1_jÖ ¥, )ƒ N1 = {2, 3, 4, . . .}, Bbbz N1 Öu N

íø¶M, Ous6íjÖºuøšÖ, ¥Éb5?-�íú@ÿªJ7:

1↔ 2, 2↔ 3, 3↔ 4, . . . , n↔ n + 1, . . . .
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5ª?}z, N �¥óÖjÖ, ýø_çÍÌF‚� à‹u¥š, éBby ¥yÖjÖõõ,

¥Ÿ,  ¥F�Jb, G-F�XbFAíÕ¯ N2 = {2, 4, 6, 8, . . .}�  ¥DÖ7ß, �øš

.c7á! Ou�3, N2 ´u¸ N �øšÖ_jÖ, ~õ-Þíú@:

1↔ 2, 2↔ 4, 3↔ 6, . . . , n↔ 2n, . . . .

à‹5´u.Å<, 6ªJz, G-øš´u�'×ªW�, yõõ-Þ¥_Wä,  ¥F�Ý

êr�jb, ÉG-�jb, ¥v N3 = {1, 4, 9, 16, . . .}, ¥v`, *1ƒ n2 2ÈÉG- n _

b, FJG-íªWu 1/n, ç n Q¡Ì¤×v, ¥_ªWÿ¡˛É, FJz, G-VíªWD

ü7ß! ªu, N3 ´u¸ N �øšÖjÖ:

1↔ 1, 2↔ 4, 3↔ 9, . . . , n↔ n2, . . . .

ƒ¤, 5ª?´u}z, ,5, ·uÌ¤�, FJçÍ·uøš� à‹5�¥šíÏ}, ~

õõ-Þ¥_Wä, q I = (0, 1) u�k0ƒ15È5F�õbFAíÕ¯, w2í©øjÖ

·ªJà

0. a1 a2 a3 a4 . . . . . . . . .

íj�[®|V, w2®_ ai Ìu {0, 1, . . . , 9} 2/øb� Bbbz, ¥Ÿ N ¸ I íjÖ

_b.°7� ¥ªJàúi(¶Vz, cq N ¸ I íjÖªJøúø@Aà-:

1↔ x1 = 0. a1,1 a1,2 a1,3 a1,4 . . .

2↔ x2 = 0. a2,1 a2,2 a2,3 a2,4 . . .

3↔ x3 = 0. a3,1 a3,2 a3,3 a3,4 . . .

4↔ x4 = 0. a4,1 a4,2 a4,3 a4,4 . . .
...

n↔ xn = 0. an,1 an,2 an,3 an,4 . . .
...

5?¥šíø_õb0. b1 b2 b3 b4 . . ., w2©_ bn Ì¸ an,n .ó°, ªjz, an,n = 1 v

ÿ¦ bn = 2, 7 an,n 6= 1 vÿ¦ bn = 1� ¥š¦|VíõbÊ I 2, Oº.ª?u/_ xn

(ÄÑ bn .�k an,n), ¥ÿuø_pe, FJ N ¸ I íjÖ_b.ó°�

BbúÌ¤íWäÿzƒ¥ê, …d6ÿ¤!!� �E�íè6ªJ¡5bçfÈ25N

1`¤íåd [23], C6øOÕ¯�íz�
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�. 3æ

(1) cqÕ¯í (A1, A2, . . . , An) Å— Hall í‘K, 1/©øÕ¯ Ai Bý�2_jÖ, „p

¥_Õ¯íBý�s_óæH[Í�

(2) Jø,Hí �2_jÖ� ZA � r _jÖ�, †ªJ)ƒBó!�?

(3) ø|ü (t, n)-Õ¯íuNø (t, n)-Õ¯í, J ¥w2LøÕ¯qLøjÖ, !‹ÿ.y

u (t, n)-Õ¯í� t„Lø|ü (t, n)-Õ¯í2íLøÕ¯/� t + 1 _jÖ�

(4) *õb� x1, x2, . . . , xn 2v|©/ø¨, Uw¸Ñ|×, wl�µÆ|Qª®Öý? (ª

JúF� 1 ≤ i ≤ j ≤ n �| x1 + xi+1 + · · ·+ xj íM, y°w2|×í, ¥šbI 

ívÈ×�u cn3, FJ5í��øìbª¥yZª, |ßu cn�)

(5) ç r ≥ 1 v, „p©ø_ r-£†íù¶Çøì�ø_êr®º�

(6) ø_ r × n ¼…�ä³ (r ≤ n) uø_ r × n ä³, wjÖÌÑ 1, 2, . . . , n 2íb, 7

/°WC°�·³�ó°íb� „p: ç r < n v, Lø_ r × n ¼…�ä³, ÌªÓ‹

� r + 1 �, UAÑø_ (r + 1)× n ¼…�ä³�

(7) #ìõbW,í n _£–È [ai, bi], 1 ≤ i ≤ n, 5?-Þs_½æ��ø_½æub*

¥ n _–È2, v||Ö_ssó>í–È� �ù_½æubø¥ n _–È, }A|ýé

(k é), ©øé2í–ÈÌss.ó>� �ø_j¶u¥ší, íl, ø n _–Èí¬«õ

Y×ƒü§å, FJ, .^cq a1 ≥ a2 ≥ · · · ≥ an� ÛÊ5?-ÞíOHj¶: i *1ƒ

n Møíú [ai, bi] OH, wFOíæHu|üí£cb j, U [ai, bi] ¸Lø˛%O j í

–ÈÌ.ó>�

â,ÞíÆ�¶'ñqø−, O°øHí–ÈssÌ.ó>� à‹˛%ø−,uà7 k∗ _

æH, ~àúXŸÜ„p, ¥_ k∗ u,H½æí|7j�

(8) „pF�£�Üb¸AÍb�ó°í!b�
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