INNER PRODUCT FORMULA FOR YOSHIDA LIFTS

MING-LUN HSIEH AND KENICHI NAMIKAWA

ABsTrRACT. We prove an explicit inner product formula for vector-valued Yoshida lifts by an explicit
calculation of local zeta integrals in the Rallis inner product formula for O(4) and Sp(4). As a conse-
quence, we obtain the non-vanishing of Yoshida lifts.
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1. INTRODUCTION

Explicit formulas for Petersson norms of modular forms play an important role in the study of the
connection between congruences among modular forms and special values of L-functions. The aim of this
paper is to give an explicit formula for the Petersson norm of Yoshida lifts. Let F' be either Q & Q or a
real quadratic field of Q and let 91 be an ideal of the ring of integers Op of F. Let k = (k1, k2) be a pair
of non-negative integers with k; > ko. Yoshida lifts are explicit vector-valued Siegel modular forms of
genus two and weight Sym?*2 (C?) @ det® 7272 gssociated with a holomorphic newform f on PGL2(AF)
of conductor 91 and weight (2k1 + 2, 2ks + 2). Note that f is given by a pair (f1, f2) of elliptic newforms
if F =Q@Q, and f is a Hilbert modular newform over a real quadratic field if F' is a real quadratic
field. The scalar-valued Yoshida lifts (k2 = 0) were constructed by H. Yoshida in via theta lifting
from SO(4) to Sp(4), and his construction was extended to the vector-valued Yoshida lifts (k2 > 0) by
Bocherer and Schulze-Pillot (c¢f. [BSP97, §1] and [HN16, §3]). In the sequel, Yoshida lifts are said to be
of type (I) if F = Q & Q and of type (II) if F is a real quadratic field. The non-vanishing of Yoshida
lifts was also conjectured by Yoshida himself, which was later proved in for Yoshida lifts of type
(I). Then our main result is an explicit Rallis inner product formula for Yoshida lifts, which relates the
Petersson norm of the Yoshida lift to special values of the Asai L-function L(As™(f),s) attached to f.
As a consequence of our formula, we prove the non-vanishing of Yoshida lifts of type (I) and (II).

To state our main result precisely, we introduce some notation. Let ¢ be the non-trivial automorphism
of F and let A be the discriminant of F. Denote by f¢ the Galois conjugation of f. We assume that f
is not Galois self-dual, namely

f# 7
and that the conductor 9 of f is a square-free product of prime ideals of O with (0, Ar) = 1 and is
divisible by N~ a square-free product of an odd number of rational primes split in F. Let Dy be the
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definite quaternion algebra over Q of absolute discriminant N~ and let D = Dy®q F'. By our assumption
on N7, D is the totally definite quaternion algebra over F' ramified at N~ Op. Let R denote the Eichler
order in D of level 91T, For i = 1,2, let Wj, (C) := Sym?* (C?) ® det ™" be the algebraic representation
of GL2(C) of the highest weight (k;, —k;). By the Jacquet-Langlands-Shimizu correspondence, there exist
a vector-valued newform f : D*\D, / R* = Wy, (C) K W), (C) unique up to scalar such that f shares
with same Hecke eigenvalues with f at pt N~ (¢f. [HNIG, §3.3]). Let * be the main involution of D and
let V.= {x € D|z* =2z be the four dimensional Q-vector space with the positive definite quadratic
form n(z) = zz*. Following [Yos80), p.196|, the group G’ := {z € D* | n(x) = 1} acts on V via the action
o(a)r = az(a®)* and the image o(G’) C Aut(V) is the special orthogonal group SO(V). We can thus
view f as an automorphic form on SO(V)(A) and consider its theta lifts to Sp(4). Let N = MNZ and let
Np = NAp. Let $5 be the Siegel upper half plane of degree two and F(()2)(NF) C Sp4(Z) be the Siegel
parabolic subgroup of level Np. Let £(C) := Sym?*2(C?2) det® "2 be the representation of GLy(C)
of the highest weight (k1 + k2 + 2, k1 — k2 + 2). In [HNI6l §3.7], we apply the theta lifting from SO(V)
to Sp(4) to obtain the vector-valued Yoshida lift 6f : > — L(C) attached to f and a distinguished
Bruhat-Schwartz funciton ¢* on V22 with value in Wy, (C) ® Wi, (C) ® L(C) (see §4f for more details).
In particular, 6§ is exactly the scalar-valued Siegel modular form constructed in [Yos80] when ks = 0.
The Yoshida lift 6§ is a vector-valued Siegel modular form of level F(()z) (NF), which is an eigenfunction of
Hecke operators at p{ N, and the associated spin L-function L(6;, s) is given by L(f1, s—ko)L(fa,s—k1)
if F=Qa&Qand f = (f1, fo) and by L(f, s— ko) if F is a real quadratic field. Let B, : L(C)®L(C) — C
be the positive definite Hermitian pairing defined in and define the Petersson norm of 6§ by

dXdY
05,05 )5, = 0:(2),05(2))(det V)12 ————.
(0r,0¢)5, /F(()Q)(Np)\faz B(05(2),0¢(Z))(detY') (detY)?

Let (f,f) g be the Peterson norm of f defined in (5.16]) of Now we state our main result in the simple
case 1= NOp. For p | N, denote by ¢, € {£1} the Atkin-Lehner eigenvalues of f at p (see (4.4)) for the
definition).

Theorem A (Theorem . Suppose further that = NOp. Then we have

07,05
<<f£ff>>,? =L(AST(f), b1 + ko +2) - (4m) P FIT(ky + ko + 2)T (k1 — k2 +1)

N . 24rr2—rr—2 »
s ot Lo,

p|N p|AF

where T is the number of prime factors of Ap, and rpa =1 if 2 | Ap and 0 otherwise.

If 9t # NOp, then we reply f with the stablilized newform ft defined in , and Theorem provides
the formula for the Petersson norm of 6z;. Note that the left-hand side of the formula is independent of
the choice of the newform f since a newform is unique up to a scalar. In fact, f can be normalized so
that f|5, takes values in the Hecke field Q(f) of f, namely the field generated by the Fourier coefficients
of f over Q, and hence 6f is defined over Q(f) in view of the formula for Fourier coefficients of 60f
in the proof of [HN16, Proposition 5.1]. This allows us to the study algebraicity of the special value
L(Ast(f), k1 + ko + 2) by the method in [Sah15].

Remark 1.1. We give some additional comments on the case where F' = Q@ Q and f = (f1, f2) is given
by a pair of elliptic newforms.

(i) The Asai L-function L(As™(f),s) = L(f1 ® fa,s) is the Rankin-Selberg convolution of f; and fs.
In this case, an inner product formula for Yoshida lifts of type (I) was also derived in [BDSP12]
Corollary 8.8] by the Rankin-Selberg method. In [AK13, Conjecture 5.19], Agarwal and Klosin
formulated a conjecture on an explicit inner product formula of scalar-valued Yoshida lifts of
type (I). Our Theorem A confirms their conjecture and further generalizes to the vector-valued
Yoshida lifts.
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(ii) Given a prime p > ki, under some mild assumptions on the residual p-adic Galois representations
attached to f; and f, it is known that f can be normalized such that 65 has Fourier coeflicients
in the ring of integers of the Hecke field of f; and f; localized at p and is non-vanishing modulo
p (See [HN16l §5]) and that the Petersson norm (f,f) is given by a product of the congruence
numbers of f; and fp up to a p-adic unit (See [PWI1I| and [CHI6]). In particular, the period
ratio Qo in [AK13, Remark 6.4] is a p-unit in many situations.

Let 7 be the unitary cuspidal automorphic representation of GL2(A ) associated with f. Then in
terms of automorphic L-functions, we have

L(s,Ast(mp)) =Tc(s+ ki + ka2 + )Tc(s + k1 — ko) L(AsT(f), s + k1 + ko + 1).

By the non-vanishing of L(1, As™ (7)) (cf. [GS15, Theorem 4.3]), we obtain the following consequence on
the non-vanishing of Yoshida lifts, generalizing the main result in [BSP97] to Yoshida lifts of type (II).

Corollary B. Ife, =1 for every p | N, then the vector-valued Yoshida lift 6 is non-zero.

Remark 1.2. (i) The necessary condition on the Atkin-Lehner eigenvalues for the non-vanishing of
Yoshida lifts already appeared in [Yos80].

(ii) Our results are different from those obtained by the representation theoretic method in [Rob01l
Theorem 8.3], [Tak09, Theorem 1.1] and [SS13, Proposition 3.1] for these authors prove the non-
vanishing of the space generated by some Yoshida lift, while we prove the non-vanishing of a
particular Yoshida lift with integral Fourier coefficients.

(iii) Note that a paramodular Yoshida lift of type (II) was constructed in [JLR12|, but our Yoshida
lift is Siegel parahoric. The local component of the automorphic representation generated by 65
at a prime p | Ap provides an example of generic non-endoscopic supercuspidal representations
of GSp4(Q,) possessed of a Siegel parahoic fixed vector.

In addition to the application to the non-vanishing of Yoshida lifts, our main motivation for the explicit
Petersson norm formula for Yoshida lifts of type (I) originates from the study on the congruences between
Hecke eigen-systems of Yoshida lifts and stable forms on GSp(4), the so-called Yoshida congruence as
well as its application to the Bloch-Kato conjecture for special values of Asai L-functions. The Yoshida
congruence was first investigated by the independent works [BDSP12| and [AK13], where the Petersson
norm formula was used to relate the congruence primes of Yoshida lifts of type (I) to special values of
the Rankin-Selberg L-functions. More precisely, in [BDSP12, Corollary 9.2] and [AKI3| Theorem 6.6],
the authors proved that if a prime p divides the algebraic part of the L-values L(f1 ® f2, k1 + k2 + 2),
then p is a congruence prime for Yoshida lifts attached to a pair of elliptic newforms (f1, f2) of weight
(2k1 4 2,2ky 4+ 2) under some restricted hypotheses. It is our hope that this Petersson norm formula
together with our previous result on the non-vanishing of the Yoshida lift 8 modulo a prime in [HNI6]
serve the first step towards the understanding of Yoshida congruence in a more general setting.

This paper is organized as follows. In we fix the notation and definitions, and in we introduce
the Asai L-functions. In we recall the construction of Yoshida lifts in [HN16], which depends on the
choice of the particular test function p* = ®,p; given in In we realize Yoshida lifts as theta
lifts from GO(4) to Sp(4) and then apply the Rallis inner product formula in [GI1I] and [GQT14] to
reduce the Petersson norm formula to the explicit computation of certain local zeta integrals Z(p%,) at
the archimedean place and Z (cp;, f;,f ) at non-archimedean places (see Proposition . In we carry
out the bulk of this paper, the explicit calculation of these local zeta integrals at all places.

2. NOTATION AND DEFINITIONS

2.1. Basic notation. For a number field F', we denote by O (resp. Ap,Dp/q ) the ring of integers
of F (resp. the discriminant of F/Q, the different of F/Q). Let Ar be the ring of adeles of F. For an
element a of Ar and a place v of F', we denote by a, the v-component of a.

Let Xq be the set of places of the rational number field Q. We write A for Aq. Let ¢ = HvezQ Py -

A/Q — C* be the additive character with ¢(zs) = exp(2mv/—12o) for zoo € R = Q.
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Let Z be the profinite completion of Z. If M is an abelian group, let M=M Rz, Z. For a place
UGEQ,MUZM®ZZU~
For an algebraic group G over Q, let Zg be the center of G and let [G] be the quotient space

GQ\G(A).
For a set S, denote by Ig the characteristic function of S and by #5 the cardinality of S.

2.2. Algebraic representations of GL(2). Let A be an Z-algebra. Let A[X,Y], denote the space if
two variable homogeneous polynomial of degree n over A. Suppose n! is invertible in A. We define the
perfect pairing (-, ), : A[X,Y], x A[X,Y], — A by

Crm\ —

i 1 e - .
0, if i +j #n,

where (‘;) is the binomial coefficient defined by

a\ I'(a+1)
(b)F(a—b+1)F(b+1) (a,b€2).

For each polynomial P € A[X,Y], and each g € GLy(A), define the polynomial g - P to be

(- P)(X,Y) = P((X,Y)g).
Then, it is well-known that the pairing (-,-),, on A[X,Y],, satisfies
(9-P.g-Qn=(detg)" - (P,Q)n (P,Q€ A[X,Y]y, g€ GL2(4)).

For k = (n + b,b) € Z* with n € Zx, let L(A) := A[X,Y], and let p, : GL2(A) — Aut4L.(A) be
the representation given by

pr(9)P(X,Y) = P((X,Y)g) - (det g)".

Then (ps, L:(A)) is the algebraic representation of GLa(A) with the highest weight . For each non-
negative integer k, we put

(Tka Wk(A)) = (p(k,—k), A[Xa Y]2k)

Then (Wy(A), 71) is the algebraic representation of PGLy(A) = GLy(A)/A*.

2.3. Representations of GL(2) over local fields. If F is a local field, let |-| be the standard absolute
value of F'. Denote by m(u,v) the principal series representation of GLo(F') with characters p,v : F* —
C* such that pur=! # |-|¥ and by St ® (x o det) the special representation of GLy(F) attached to a
character y : F* — C*.

The L-functions in this paper are always referred to the complete L-function. In particular, the
Riemann zeta function ((s) is given by

(s) =[] ¢(s)

where (o (s) = 77°/?T'(s/2) and (,(s) = (1 — p~*)~'. For later use, we recall the I-factors T'r(s) and
I'c(s) which are defined as follows:

Tr(s) = 77%/*T(s/2), Tc(s)=2(2r)"°T(s).
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2.4. Siegel modular forms of genus two. Let GSp, be the algebraic group defined by

0 1 0 1
GSp, = {g €GLy:g <_12 02) f9=v(g) (_12 02)}

with the similitude character v : GSp, — G,,. For a positive integer N, define

(V) = {(é [B)) € GSp,(Z) : C =0 mod N} .

Define the automorphy factor J : GSp,(R)* x $3 — GLy(C) by

J(g.2)=CZ+D (g€ <é g)).

Let i := v/—1:1I5. Let n be a quadratic Hecke character of A*. A holomorphic Siegel cusp form
F : GSp,(A) — L,(C) is said to be of weight &, level F(()Q)(N) and type 1 with the trivial central
character if for every g € GSp,(A), we have

F(zyguscty) = pe(J (oo, 1)~ )n(det(D)) F(g),
A B

(v € GSp4(Q), e € Uz(R), uy = (C D) e ().

3. ASAI L-FUNCTIONS

3.1. Local Asai transfer. If k is a local field, denote by W/ the Weil-Deligne group of k (cf. [Tat79,
(4.1.1)]) and by A(GL2(k)) the set of isomorphism classes of admissible irreducible representations of
GLg (k). If m € A(GLa(k)), denote by ¢, : W/ — GL3(C) a Langlands parameter of m under the local
Langlands correspondence. Consider the semi-direct product G := (GL2(C)x GL2(C)) x Z/2Z, where
Z /27 acts by permuting the two factors of GLy(C)x GL2(C). Let F be an quadratic étale extension of
k. Let m be an irreducible representation of GLo(F'). Recall that a Langlands parameter ¢, : W, — G
attached to the automorphidc induction of 7 is defined as follows: If FF = k & k, then 7 = m; & 7o
with m; € A(GL2(k)) and define ¢r(0) = (pr, (0),0x,(0),0). If F is a field, then 7 € A(GLy(F)),
and fixing a decomposition W, = Wi U Wre, define ¢(0) = (px(0), pr(c toc),0) if 0 € W} and
(o) = (pr(oc),pr(c7to),1) for 0 € Whe. Let vt : G — GL(C? ® C?)be the four dimensional
representations given by

ri(gl,gg,O)(v R W) = g1V ® gaw; T‘i(lg, 1o, (v @w) = +w v,

for each v,w € C2. Then the local Asai transfer As™ () is defined to be the irreducible representation of
GL4 (k) corresponding to the Weil-Deligne representation 7+ o @, under the local Langlands correspon-
dence (JKril2l, §2]).

3.2. Asai L-functions. Let F/Q be an étale quadratic extension. Let 7 be a unitary cuspidal au-
tomorphic representation of GLo(Ap) and factorize it into the restricted tensor product m = ®,m,,
where v runs over all places of Q and m, is an irreducible admissible representation of GLy(F3,). Define
ASi(W) = @,AsT (my), which is known to be an isobaric automorphic representation of GL4(A) ([Kri03]
Theorem 6.7]). Note that by definition, we have As™ () = As™ () ® 7p/q, where T/q is the quadratic
character corresponding to F/Q. Let L(s, As(m,)) be the local L-function attached the Weil-Deligne
representation r¥ o @, ([Tat79, (4.1.6)]) and let L(s, As™ (7)) = IL, L(s,As™(m,)) be the automorphic
L-function of Asi(w). For the convenience in the later application, we give the complete list of local
L-functions L(s, As™ (7)) if v = oo and if 7, is either a unramified principal series or a special represen-
tation.

Definition 3.1. (1) If v = ww is split in F, and m, = 7, & 77, then
L(s,Ast(m,)) = L(s, Ty ® m5)
is the local tensor product L-function for m, ® 7z defined in [GJIT78].
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(2) If v is non-split in F' and 7, = w(u,v) is a unramified principal series with two characters
w,v: B — C*, then

L(s, A" (1)) = L(s, il gz )L(s, ) Lis, vl )

(3) If v is non-split and m, = St ® (x o det) is the special representation twisted by a character
X : F — C*, then

L(s,As*(my)) = L(s + 1, x|gx ) L(s, T, )q. X

Q)
(4) For the archimedean place v = 0o of Q, we define

L(s,AsT (7)) =Ta(s + k1 + ko + D)la(s + kp — ko).

In particular, if FF = Q & Q, then 7 = m; @ 75 is a direct sum of two automorphic representations of
GLy(A) and L(s,As™ (7)) = L(s, 71 @ m3).

Definition 3.2. Let ¢ be the non-trival automorphism of F/Q. We say 7 is Galois self-dual if the
contragradient representation 7V is isomorphic to the Galois conjugate °.

The following theorem gives the complete description of the analytic properties of Asai L-functions
when 7 is not Galois self-dual.

Theorem 3.3. The Asai L-function L(s,As™(r)) is meromorphically continued to the whole C-plane
with possible pole at s = 0 or 1. Furthermore, if m is not Galois self-dual, then L(s, As™ (r)) is entire and
L(s,As™ (7)) is non-zero for Res > 1 or Res < 0.

Proof. This is a special case of [GS15, Theorem 4.3]. O

4. YOSHIDA LIFTS

In this section, we recall the construction of vector-valued Yoshida lifts in [HN16) §3].

4.1. Groups. Let Dj be a definite quaternion algebra over Q of discriminant N~ and let F' be a quadratic
étale algebra over Q. Let D = Dy ®q F'. We assume that

(split) every place dividing coN ™ is split in F.

It follows that F' is either Q & Q or a real quadratic field over Q, and D is precisely ramified at coN .
Denote by « — 2* the main involution of Dy and by x — x¢ the non-trivial automorphism of F'/Q, which
are extended to automorphisms of D naturally. We define the four dimensional quadratic space (V,n)
over Q by

V={xeD:z"=z%; nx)=uzx"
Let H° be the algebraic group over Q given by
HY(Q) = (DX x Q¥)/F*,
where ¥ sits inside D* x Q* as (2,Np/q(2)). Then H? acts on V via o : H® — Aut V given by
o(a,a)(z) = a tax(a®)* (z €V, (a,a) € HY).
This induces an identification ¢ : H® ~ GSO(V') with the similitude map given by
v(o(a,a)) = a”*Npq(aa®).
For a € D, we write g(a) = p(a,1). Put
HY ={he€ H° | v(o(h)) =1} ~SO(V).
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Remark 4.1. If v = wywy is a place split in F', then ' ®q Qv = Quew, ® Quew,, Where e, and e,
are idempotents corresponding to w; and ws respectively. Let Dy, = D ®q Q,. For a place w; lying
above v, in the sequel we make the identifications

(D(>)<,v x D(iv)/Q;( :HO(Qv)a (a,d) = (aew, + dew,,n(d));

(4.1) *
Doy >V ®qQ Qu, T+ Tey, + T ey,,

where Q¢ sits inside (Dg, x Dg',) as (z,2). For (a,d) € Dg, x Dg,, we have o(a,d)x = axd™" for
xr € D07v.

4.2. Notation for quaternion algebras. We fix an isomorphism @, : M3(Q,) — Dy ® Q,, for ecach

p 1t N~oo once and for all and we put ® =[]\ ®p. Let Op, be the maximal order of Dy such that

Op, ® Z, = ®,(M2(Z,)) for all pt N~ and let R® := Op, ®z Op be a maximal order of D. If 2 is an

ideal of Op with (2, N~) = 1, denote by Ry the standard Eichler order of D of level 2 contained in RP.
For any ring A, the main involution * on My(A) is given by

o=

Let H be the Hamilton’s quaternion algebra given by

H:{<jw W> eM2(C)}.

The main involution * : H — H is given by = + 'Z. Fix an identification ®o, : Do o = H such that
oo (%) = Pog(w)*, Which induces an embedding @ : Dg ,, = H* — GLy(C).

4.3. Weil representation on O(V) x Sp(4). Let (-,-) : V x V — Q be the bilinear form defined by
(z,y) = n(x + y) — n(z) — n(y). Denote by GO(V') the orthogonal similitude group with the similitude
morphism v : GO(V) = G,,. Let X =V & V. For a place v of Q, let V, = V®q Q, and X, = X®q Q..
Denote by S(X,) the space of C-valued Bruhat-Schwartz functions on X,,. Let B, : S(X,)®S5(X,) — C
be the Hermitian pairing given by

Bwv (@1,1}7 @2,1)) :/ @1,1}(371))%02,11(371))(13311

for ¢1 4,2, € S(X,). Here dz, is the self-dual measure on X, with respect to the Fourier transform
determined by 1,,. Throughout, we consider the standard Schrédinger realization of the Weil representa-
tion wy, : Spy(Qy) — Autc (X, ), which is explicitly given in [HN16, Section 3.4]. Let R(GO(V)x GSp,)
be the R-group

R(GO(V)x GSpy) = {(h,g) € GO(V)x GSp, | v(h) = v(g)} -
Then the Weil representation can be extended to the R-group by

wy "R(GO(V,) x GSpy(Qyu)) — AuteS(Xy),

(b g)ea) <2 (00D (0= (3, ) 9
Let S(Xa) = ®,8(X,) and let w = @,w, : R(GO(V)A x GSpy(A)) = AutcS(Xa).

4.4. Representations of H°(A). We fix k = (ki, ko) a pair of non-negative integers with k; > ko and
let M+ be a square-free product of primes ideal of O with

(N, N"Ap) =1.

When F = Q @ Q, Mt is given by a pair of square-free positive integers (N;", NJ7). Let Nt be the
square-free integer such that N*Z =M+ NZ (so NT = Lem(N,, N ) if F = Q® Q). Let M=NTN".
Let ™% be a newform on PGLy(AF) of weight 2k +2 = (2k; + 2, 2ko +2) and level 91. Namely, 2V is a
pair of elliptic modular newforms (f1, f2) of level (I'g(N;" N ™), To(N5"N7)) and weight (2k; + 2, 2ko + 2)
if F = Q® Q, while fV is a Hilbert modular newform of level I'x(9) and weight 2k + 2 if F' is a
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real quadratic field. Let 7 be the cuspidal automorphic representation of PGLo(A ) generated by the
newform f"%.

Let (7, Wi(C)) == (T, ® Ty, Wi, (C) ®c Wi, (C)) be an algebraic representation of D* via @
and let (, )y be the pairing on Wy (C) given by (v1 ® v, v] ® vh)w = (v1,v])ax, (V2, vh)2k,, where
(+, )2k, (1 = 1,2) is the pairing introduced in Section Let DA = D ®q A. For an ideal 2 of O
with (2, N7) = 1, denote by My (Dx,2) the space of Wy (C)-valued modular forms on Dy, consisting
of functions f : D5 — Wy (C) such that

f(zyhu) = 1 (hsE (hy),
(h =(heo, hy) € DX, (2,7,u) € FX x D* x R}).
Hereafter, we shall view f as a Wy (C)-valued function on Zyo(A)\H°(A) by the rule f(a,a) := f(a).
For u € Wi(C), let £,(h) := (f(h),u)w. Then f, is an automorphic form on H°(A).

Let 72 be the irreducible automorphic representation of Dy obtained via the Jacquet-Langlands trans-
fer of w and let A,p be the corresponding space of 7. Then we have an identification ¢ : My (Dx,2) ~

@D, Hompx (Wi (C), A ) given by i(f)(u) = f,. In addition, to the newform f"V, we can associate a
Wi, (C)-valued modular form on f° € My (Dx, M), which is characterized by the property that f° shares
the same Hecke eigenvalues of ™%V at primes not dividing 91. Moreover, f° is unique up to a scalar by
strong multiplicity one for GL(2) and local theory of newforms.

We recall the local Atkin-Lehner involutions. If pf N—, then H%(Q,) = (GL2(F,) x Q))/F), and for
each prime p of Op lying above p, let w, be a uniformizer of p and put

(1.2 w=((_2 o) vem@)

—wy,

If p| N—, then Dy, is the division algebra over Q, and p = pp€ is split in F. Let wl? € D) such that
n(w?) € F; is a uniformizer of p. Put

(4'3) Mp = (wfa 1)= Npe = ( Whe, ) € HO(QLD)

It is well known that if p | 91F, then £° is an eigenfunction of the right translation of 7, (Atkin-Lehner
involution at p). In other words, we have

(4.4) £°(hny) = e, - £°(h) for p | NT.

We call €, € {£1} the Atkin-Lehner eigenvalue of f° at p. Moreover, if we denote by e(m,) the local root
number of the local component 7, of 7 at p, then e, = e(m,) for p{ N* and e, = —&(my) for p | N~

We next introduce the modular form ff obtained by applying certain level-raising operators to the
newform f°. Let P be a finite subset of finite places of Q given by

(45) P = {rational primes p | p = pp® is split in F with p { 9N and p© | Nt}

= {prime factors p of N7 | pf‘ﬁ*} .

Define the level raising operator ¥, : My(Dx, M) — My(Dx,0N*p) for each p € P by
Vp(£)(h) = £(h) + epe - £(hay).

Let fT € My (DX, N*tOp) be the P-stabilized newform defined by

(4.6) £ =75(), =[] %

peP

By definition, fT = f° is the newform if M+ = NTOp( <= P =10).
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4.5. The test function ¢*. We recall a distinguished Bruhat-Schwartz function ¢* € S(Xa)®@W;(C)®
L,.(C) introduced in [HNT6l Section 3.6]. Let

R := RN+ OF
be the standard Eichler order of level NtTOp and let
L:=RnNV

be the lattice of V' determined by R. At each finite place p, L, = L ®z Z,, and define ¢ € S(X,,) by
(4.7) ¢, =L, @L, the characteristic function of L, ® L.

Note that ¢y is invariant by R xZ; under the Weil representation wj,. At the archimedean place oo, we
have identified H°(R) with (H* x H*)/R* and V., with H in (4.1) with respect the inclusion F' < R.
For 0 < a < 2k, define the function P : Xoo = H%2 — W, (C) = C[X1, Y12k, ®c C[Xa, Ya]ox, by

Iy 21 w1 22 w2
Pk((—w1 21>’(—w2 Z2>>

(48) :((2’152 + wiWoe — Wiwo — ?12’2)X1Y1 + (leg — TU1Z2)X12 + (?1@2 — ngl)Yf)klikQ
X(Z1Y1 @ Xo+wi X1 @ Xo — 21 X1 @Yo+ WY1 @ Y2)”
X (zng [ X2 —+ w2X1 29 X2 — ZQXl X YQ +EQY1 ® Y72)2k27a.
Then the archimedean Bruhat-Schwartz function ¢ : X = H%? — C[X1, Y1]ox, ®c C[Xa2, Ya]ok, ®c
C[X,Y]ax, is defined by
2 2%
49 ia) = e O S peay ) () XY (o= (01,00 € X
o

a=0
We note that the following identity holds:
(woo (hy u)gls) (@) = T (A1) @ pr(*u) (95 (2))-
for each (h,u) € HY(R) x Uy(R) by [HANI6, Lemma 3.5|.
4.6. Theta lifts from GSO(V) to GSp,. Let x := (k1 + k2 + 2, k1 — ka2 + 2). For each vector-valued

Bruhat-Schwartz function ¢ € S(Xa )W (C)® L, (C), define the theta kernel 8(—, —; ¢) : R(GO(V)a x
GSp,(A)) = Wi(C) ® L(C) by

0(h,g;0) = Y _ w(h,g)p(x).

zeX

Let GSpj be the group of elements g € GSp, with v(g) € v(GO(V)). Let Ur = [[, Ur, be the open-
compact subgroup of H°(A) given by

Ur, =H°(R) if v=00; Ug, = (R} x Z))/OF if v < o0,
U :=H(A)NUg.

For a vector-valued function f : H°(Q)\H°(A) — Wj.(C), define the theta lift §(f, ) : GSpJ (Q)\GSp; (A) —
L,.(C) by

(4.10)

Q(w,f)(g)=/[HO]<9(hh’7g;w),f(hh’»wdh (v(h) = v(g)).

Here dh := [], dh, is the Tamagawa measure on H}(A).We extend uniquely (¢, f) to a function on

GSp4(Q)\ GSp4(A) by defining 0(p, f)(g) = 0 for g ¢ GSp,(Q) GSp] (A).
Definition 4.2. The Yoshida lift is the theta lift 6(¢*,f!) attached to the Bruhat-Schwartz function
" = Q, ¢h € S(Xa) ® Wi(C) ® L(C) and the P-stabilized newform fT attached to the cuspidal

automorphic representation 7 of PGLy(Afr). When ky = 0, 8(¢*, fT) is the scalar valued Siegel modular
form constructed by Yoshida [Yos80].
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Proposition 4.3. Let Np = NtTN~Ap. The Yoshida lift 0(¢*,f1) is a Siegel modular form of weight
K, level I‘(()2)(NF) and of type np/q with the trivial central character. Moreover, 0(o*, 1) is a cusp form
if ™ is not Galois self-dual.

Proof. This follows directly from [HN16, §3.7, Lemma 3.2, 3.3 and 3.4]. O

5. RALLIS INNER PRODUCT FORMULA OF YOSHIDA LIFTS

In this section, we realize Yoshida lifts as theta lifts from GO(V') to GSp, and apply the Rallis inner
product formula to calculate the inner product of the Yoshida lift 6(p*, f').

5.1. Automorphic forms on GO(V). In this subsection, we will retain the notation in Let
H = GO(V). Let t be the order two element in H(Q) with the action x — a*, v € V. Let py = {1,t}
and we regard p, as the multiplicative group scheme of order 2 defined over Q. For each v € Xq,
let t, be the image of t in H(Q,). If R is a subset of q, denote by tr € po(A) the element such
that (tg), = t, for v € R and (tg), = 1 if v ¢ R. Then we have H(A) = H°(A)uy(A). For
h=o(a,a) € H'(A) = (Dx x AX)/A%, put h¢ = p(a®, ). One verifies easily that tht = h°.

5.1.1. From GSO(V) to GO(V). Recall that 7 is the Jacquet-Langlands transfer of 7. We have
(7P, Ap) ~ ®,(7P,V,), where 77 is an irreducible admissible representation of D on the space
V,. Let 0 = 7P ¥ 1 be an automorphic representation of H°(A) with the space A, = A,p. Here 1 is
the trivial representation of A*. We have ¢ ~ ®,0,, where o, = 71'{? X 1 with the same space V,. Let
R = Ry is the Eichler order of D of level M*. If v is a finite place of Q, viewing R} = (R® Z,)* as

a subgroup of H%(Z,), the R -invariant subspace of V, is one-dimensional by the theory of newforms of
irreducible representations of D). We fix a non-zero vector f0 in Vi v

Let of := Indgg?Q”Z) o, be the induced representation of H(Q,). Namely, the space of o¥ is Vﬂ =
V, @V, on which h € H(Q,) acts by of(h)(x,y) = (0,(h)z,0,(h)y) and ok (t,)(z,y) = (y,x) for all

z,y € V,. We define the sub-representation , C of of H(Q,) with the space V,, C V! as follows. Let
S={velqlo,~o.}.

(1) v & &: in this case, o} is irreducible, and we set (5,,V,) := (of, VE).

(2) v € &: in this case, there exist two linear maps ¢* : V, — V), such that ¢* oo, (h) = 7, (h®)o&™ for
allh € H(Q,), (¢¥)? =Id and ¢+ = (—1)-£~. If v is finite, let £ be chosen so that £+ () = f9
(this is possible as RS = R,, for v € &), and if v is archimedean, then Vo, = Wy, (C)@W, (C) with
k1 = kg since 0o >~ 05, let &1 be the map u; @ ug > us @uy. Let Uff be the sub-representation
of crf, with the space given by

VE={(z,65 () e Vi |z eV, }.
Then 0'3: ~ ¢, with the action t, via ¢*. We define
(Foor Voo) = (08, VE); (G4, V) = (0, V) if v is finite.

Let & be the automorphic representation of H(A) whose space Az consisting of automorphic forms f on
H(A) such that f[zgoa) € A,. Suppose that o 2 0. It is well known that

8:@ ®ag(“)®ag ,
s

vES ve&

where ¢ runs over all maps from & to {£1}such that §(v) = +1 for all but finitely v € & (¢f. [Tak09,
Proposition 5.4]). In particular, there exists a unique constitute & C & with the space Az C Az such that
0 ~ ®,0,. Let &7 be a unique irreducible constitute of & with the space Az+ C Az given as follows:

(1) o € G: let (5+,A5+) = (5,,45);
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(2) oo € &: then (0, A45) = (0F, Az+) ® (67, Az-) is reducible, where
(75, As2) ~ (0£ @) 50, VE @) Vo)
v#£00 VF#00

Remark 5.1. When v € &, our choices of o, agree with those in [TakI1l §6.1|. By [Tak11l, Proposition
6.5], the local theta lifts 6(o;,") to GSp,(Q,) is non-zero, and if v € & is split in F, then 0(o,) is zero.
In particular, the global theta lift 6(5) is zero if co € &.

5.1.2. Automorphic forms. Let f € My(Dx, ). For h € H°(A) and u € Vo = Wi(C), put
fu(h) = (E(h), u)w.
For h € H°(A) and tr € py(A), put

(5.1) £, (ht) = {ﬁﬁz)) e

Then f, € A, and fu € Az. For each finite place v and f, € V,, we put f; = (fu, fo) €Viifv ¢ &, and
fo=1Ff, €V} if v e &. We shall fix an isomorphism j : ®,0, ~ ¢ such that

(52) i) @) F) =By ) = B, + (600, € A5

<00

Note that if co € &, then

£+t u) € As+, and J(@,VE) = Az
For each finite place p, put
fy ifp &P,
(5.3) fl=9r 0 .
[y +epe-op(mp)f) ifpeP.

By the definition of P-stabilized newform ff (4.6)), we have
((ur,u2) @) F1) = £, + 5 (te0)E,.
P

5.1.3. Hermitian pairings. If v is a finite place, let By, : V, ® V,, — C be the H°(Q, )-invariant pairing
such that B, (£, f2) = 1. If v = oo, put

w0 (% (8 e e
and let B,__ : W;(C) ® Wy (C) — C be the pairing given by
B (u1,uz) = (ur, (T )u2)w-

Let B_4 : Vi@ Vi — C be the pairing given by
1
Baf, ((ulv wl)ﬂ (u2, w2)) = §(BUU (ulv u2) + BUU (wh w2))'
Let B+ :=B_;|,+ if v € &. By definition, if v is finite, we have Bs, (f°, f0) = 1.
Let dh (resp. dhg) be the Tamagawa measure on Zg(A)\H(A) (resp. Zyo(A)\H°(A)). Let de, be

the Haar measure on p2(Q,), which satisfies vol(u2(Q,),de,) = 1 and let de be the product measure
[1,de, on po(A). Then for each f € L' (Zy(A)H(Q)\H(A)),

f(h)dh = F(hoe)dhode.

/ZH(A)H(Q)\H(A) 12(Q)\p2(A) /ZHU (AYHO(Q)\HO(A)

Define the Petersson pairing Bz : Az ® Az — C by

Bs(f1, f2) = / f1(h) f2(h)dh.

Zu(A)H(Q)\H(A)
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Let (, )go be the Hermitian pairing on My (D4, 2) given by

(£, £2) o = / (£ (ho), 7 (T )2 (o) i,
0 (A)HO(Q)\H(A)

Lemma 5.2. We have
(1) (1, £%) o = (£°,£°) o - [Lepp B, (fF, £);
(2) if o % o¢, then

(f°,£°) o
Bs = dim Wy (C) Wi (C H Bz,

under the isomorphism o ~ ®,0, in (5.2)).
Proof. From the Schur orthogonality relations, we see that for u, us € Voo = Wi(C),

(£, £°) 4o (£2,£2) o

Bo(fu, a )_dimWE(C) dim W (C)

U1 U

Aur, (T U)W = By (u1,uz).

On the other hand, note that for fl, fg € A;z,

BU(J?1|H“(A)7]?2‘H°(A)) = 2B5(f1, f2)
by [GI11l Lemma 2.1] and that for fi, fo € A,,

/ J1(ho) ol dhg = 0
Z o (A)HO(Q)\HO(A)
since oV = o % ¢¢. We thus find that
po ro 1 o c o o c
Bg(f(ul,wlﬁ f(ug,wg)) :i / (ful (ho) + fw1 (hO))(fug (ho) + fwg (hO))dhO
Zyo(A)HO(Q)\HO(A)
1 {o) O
(5.5 L B85, 82+ B (85, 82,)
(2, %) o g
= dm(C) Bz ((u1, w1), (uz, wsa)).

If oo ¢ &, then & is irreducible, and we can write By = Cy-[[, Bz, for some constant Cy, while if co € &,
then & = ¢+ @ o~ is reducible and
Bz = (C4B,« +C_B,-) ] Bs,
<0
for some constants Cy. In either of the cases, (5.5 implies that Cy = Cy = %, and the lemma
follows. - O

5.2. Rallis inner product formula. From here to the end of this paper, we always assume that the
automorphic representation m of PGL2(A ) introduced in Section is not Galois self-dual.

Let G = GSp,. For g € G(A)*, ¢ € S(Xa) and f € Az, choose h € H(A) such that v(g) = v(h) and
put

6(p. f)(g) = /[H Ol g: 9 ()

where H; = O(V) and dhy = [], dhy, is the Tamagawa measure of Hi(A) such that f € L*(H1(Q,)),

we have

(5.6) / f(h1v)dhy :/ / f(hyey)dhyde,.
Hl(Q’v) MQ(Q’U) H?(Qv)



INNER PRODUCT FORMULA FOR YOSHIDA LIFTS 13

Proposition 5.3 (Rallis inner product formula). Let p; = Qyp1.0,02 = @pa, € S(Xa) = ®,5(X,)
and fl = ®vf1,v7 f2 = ®vf2,v S .Ag+ ~ ®UVJ Then

(o1, 1), 0(2. f2)) = / 001, 11)(9)0(92, 12)(9)dg

Z6(A)G(Q\G(A)
(£, g0 L(LAs™(7) 17 s

= ’ Z vy vy vy v)s
dimWi(C)  <(2)¢(4) H o (@10: 020 Lo f20)

where

Z:(Spl,v; V2.0, flwv f27v) _ CU(Q)Q) (4)

=——— Bw v h v vy v B& ~U h v vy v dh V-
L(1,As(m,) /Hl@v) H@olhr)ere £20)B5, (Folhi) frios fo)dh,

Proof. This is a special case of the Rallis inner product formula proved in [GQT14] Proposition 11.2,
Theorem 11.3] (¢f. [GI11, Lemma 7.11]) for H(V,) = Sp, and G(U,) = O(V). Apply n = m = 4,r =
2,60 = —1 in the notation [GQT14]. The non-vanishing of L(1, As™ (7)) follows from Theorem The
local integrals are absolutely convergent by [GIT1, Lemma 7.7]. g

Define (, )z : £,(C)®L,(C) — C to be the pairing (, )2, introduced in Section[2.2] For vector-valued
Siegel cusp forms Fy, Fy : G(A) — L,(C), we define the Hermitian pairing

(F\. Fy)g = / (Fi(9), Fa(9)) cdg
Za(A)G(Q)\G(A)

(F1(9), F2(9))dg,

/ZG(A)G(Q)\G(A)
where ((, )) : £:(C) ® L,(C) — C is the SU3(R)-invariant Hermitian pairing given by

(5.7) (o, v2)) = /S o AP

where d*u is the Haar measure on SUs(R) with vol(SU2(R)) = 1. Denote the pairing (, )y ® (, ).

on W(C) ® L(C) by (, )wer. To apply Rallis inner product formula to our case, we define local zeta
integrals Z(p%,) and Z,(¢}, f1) by

(58) T(e2) = [ (enle)er@lwoc dz,
(59) 2 )= [ Bl e, (o ) )ty

Proposition 5.4. We have

(O(" . £1).0(0* £))e _ vol(HY(R)) L(LAs*(m) . , . I
(£2,£°) pro T (dmWe(C)2  ((2)¢(4) 7(¢) - [T 2505 1)

p<oo

where

(oo (2)Co0(4)

P LA )

CZ(p5,); ZZ(%J‘J):LCP(Q)CPM) - Zy(0h £

(1, As™(my))
Proof. We begin with some notation. Define the set
B:={(i,5) | 0<i <2k, 0<j < 2ko}.
Let {vr};cp be the standard basis of Wy (C) given by

v = XiVER T e XTIV A T = (4, §).
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Recall the pairing (, )y on Wy (C) is introduced in Section Then the corresponding dual basis

{VI}iep with respect to (, )y is given by vi :=var_1 - (2];1) (2j2)( 1), Write
2ko
2k
* _ «@ Xakag—a
@ =3 e’y ,
=D Ael@)vr
IeB

Then ¢f () = (% (@), Vi)w = (=1)% - (P& (), vi ® X227V %)y, Put

0F =07 o Q) 95 € S(Xa).

v<o0o
For each I € B, put

Ty, = H(l + Epe - O-P(np))fsl € Az,
peEP
where f“;l € Aj is defined as in (5.1)). Then one checks that (i) o(t,).%y, = %, for any finite place v by
(1) and (i) Fv,|moa) = £, (= (£7,v7)z). From (5.6) and the fact that w,(t,)¢} = ¢} for every finite
place v, we can deduce that

(5.10) 0(0F, Fuy) = 2710005, Fu,lmo(a)) = 27 0(07, £1,).
It follows that

o 1 =23 0«0?,%1))(“1/2’“”( )

@
a=0
and hence, for the pairing ( , ) in Proposition we have

2ko

(5.11) (9(¢*7f’f)79( * fT a=4- Z Z 901, 6‘((,03]62 o ﬁv,»( 1)« (2k2>.

(0%
a=01,/eB

In the case co € &, the local vector in 0, corresponding to F, is (vy,0) by the fixed isomorphism
J 1 ®y0, ~ 0 given in (5.2). To emphasis this correspondence, we also write .7, as .Z(y, o) according to

the notion in (5.2).

In the case co € &, we can decompose F#,,, = 32"’ + F

v;» Where

1 ~ ~
yvil = i(yvl :tO'(too)vasw) S Ui.
Here I*" = (j,i) for I = (i,j). The global lift #(G~) = 0 by Remark 5.1} so we have

9(()0?“?‘,1) - 9((‘017,?—"_)

The fixed isomorphism j : ®,6, ~ & given in ([5.2)) shows that the local vector in G corresponding .7
is given by 27 (v, vsw).
Given 0 < a, 8 < 2k,, we consider

<9(SDI ) <%(VI,O)),G(QDL; jv‘]70))> if oo ¢ Ga

& y vaI - ]
(0027, Fv,), (SDJ’ ) = {<9(8017 T, (ng,yvt)) if 0 € G.

By Rallis inner product formula (Proposition , we have

<f07fO>Ho L(l,AS+(7r)) ( Coo(Z)Coo(4) ZN ) H ZN*

(512) <9(¢?7‘9\V1)’0(¢§79VJ)> = dlka(C) : <(2)€(4) L(l AS+(7TOO)) I,J D
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where Z, 1,0 and Z~p are local zeta integrals defined by
(5.13)

B le(R) B (Woo (P1,00) 97 @g)BEm (oo (P1,00)(v1,0), (v7,0))dh1 oo if o ¢ G,
Zrg=
47 [y Bewe (@oo(M1,00) 95 90) Byt (04 (h1,00) (Vi View), (v, Vew))dh oo if 00 € 8,

% 2 4 * % ~ 7 .
Zp :m /Hl(Qp) Bwp(w(hl,p>@p7 @p)Bﬁp (Up(hl,p)f;a f;)dhl,p if p < oo.

For any finite place p, we have
Wp(tp)@; = 90;7 5p(tp)f; = fg’

and hence the local zeta integral Z~p equals
(5.14)
1

) HO(Q,) Bwp (wp(hp)QD;a @;)Bap (gp(hp)f;a J?;r) + Bwp (Wp(hptp)w;)a ‘P;) : Bﬁp (ap(hptp)f;a ﬂ)dhp

- / B (6o (b)) B (0ulhp) £ 1)y = Z,.
HY(Qp)
To compute the archimedean local zeta integral Z 1,7, We put
Zroi= [ Bu (o) )Bo (0 (o) v, Vo)
HY(R)
Assume that co ¢ &. By the definition of B5__, we find that

~ 1
Bs.. (oo (hoo)(vT,0), (v1,0)) 258000 (Ooo(hoo) VI, V),
Baoo (500(h00t00)(v13 0)7 (VJ7 O)) :BEOO (&oo(hoo)(oa VI)v (VJv 0)) =0
for each ho € HY(R). Since vol(ua(R),des) = 1, we obtain

~ 1 1 _
Zrg = */ B,.. (WOO(hOO)QP?aSOg)*BJx (Ooo(hoo)Vr, vy)dhe = 4 1217-7'
2 Jmow) 2
If oo € G, then k1 = kg and woo (teo) 9§ = ¢%w. By the definition of B+ , we have
1
B+ (vi,visw), (v, vysw)) = 5 {Bo (v1, V1) + Bo (Visw, Vi) } = By (VI, V).

By using vol(u2(R), des) = 1 again, we obtain
Bro =87 [ B o) By (o) (V1 V1), (v V0
H{(R)
+ B, (WOO(hootOO)SD(Ix7 @@)Bg; (U:o(hootOO)(Vh vrsw), (v, vysw))dhoo
g1 / B (oo (o) 0B, 5 (07 (o) (V1L Vo), (V.1 V.gow)
H{(R)
+ Ba oo (Woo (Poo ) T ‘Pg)Bg;ro (Ujomw)(vls“’ V1), (v, vysw))dhoo
— / B (oo (hoo) 05, 62) B (G0 (oo )V, V1)
H?(R)

+ Bwoo (woo(hoo)(p?sw, 90?)8000 (Uoo (hoo)VISWa VJ)dhoo
:871(21”] + ZISW,J).
To simply Z;,;, we note that by the definition of ¢’  we have

o (@) = (T )% (2)-

15



16 M.L. HSIEH AND K. NAMIKAWA

This implies that ¢ (z) = (‘DISQSE—I,OO(QC)' We have

B = /Ho(m/ (0% (@), T (hoo) Vi)W - 0] oo (@) - (T (hoo) Vi, Vo s)w - (1) dardhoc
e S [ o) va s (1) s

:m ' /x (5 (@), Vo)W 951 s (0)d

oo

In particular, Zy ; is independent of I. Therefore, we obtain

vol(H1(R)) o
ZI g=4" IZ W : /Xw@oo(x)aV%—ﬂW : @gﬁ_J,m(x)d%

30 5 20 () =S vt [ S oo o 0 ()

a=01,JeB X jeB
2k

=l #{(R) - [ e (o), ¥2‘a(x)>w-(—1)°‘(2§2>dx

Xoo q=0

—vol(HO(R)) - / (0t (), 0% () wipcdz

oo

Combined with (5.11)), (5.12) and (5.14)), the above equation yields the proposition. O

The explicit calculations of local integrals Z(p%,) and ZO will be postponed to the next section.

Corollary 5.5. Assume that Ap and NTN~ are coprime and that m is not Galois self-dual. For p | N,
put

o EpEpe  if p = pp°© is split in F,
b €p if p=1yp is inert in F.

Then we have

(B(p*, £1),0(0*, 1) L(1, Ast () (—1)*2 vol (U, dh)2#7
(£T, 1) o TC(2)C(4)  22RFT(2ky + 1)(2ky + 1)2N2A3,
CNF(4) . . -1
" (D) g(l+€p) p|1;[p(1+p ’

Proof. Recall that L(s,As™ (7)) = La(s + k1 + k2 + 1) - T'c(s + k1 — ka). By Proposition we have

_CURER D) L0, AS (1))
He) = e L @)

On the other hand, by the formulas of the local zeta integrals ZO(Lpp, f T) in Proposfmonﬂ . . and
[6-7] we find that

S+7T VO
12655 ) ~cicwrico - Near L2 Tla+an- TLa -+

p|N p|AF

The corollary follows from Proposition and Lemma (1). O
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5.3. The Petersson norm of classical Yoshida lifts. Note that the pairing (, )¢ may not be positive
definite unless ko = 0. In this subsection, we introduce a positive definite Hermitian pairing on the space
of Siegel modular forms and rephrase Corollary in terms of classical Siegel cusp forms of genus two.
Define the Hermitian pairing B, : L.(C) ® L.(C) — C by

(5.15) Be(vi,v2) = (vr, pr(wo)v2) e, wo = <—01 (1)> '

Then it is easy to see that B, is an SUs(R)-invariant and positive definite Hermitian pairing.

Lemma 5.6. For vi,vs € L,,(C), we have

—1)k2
(or,00) = S B, va),

Proof. Since ((, ) and B are both SUy(R)-invariant Hermitian pairing and £,,(C) is irreducible, we
have

(vi,v2)) = C - B (vi,v2) = C - (v1, pe(wo)2) 2

for some constant C. Letting v; = vy = X?*2, we have

O= [ (e X, pu(@) X7
SU2(R)

:AU ® Z(_l)a (2];2) aaang—aﬁaBWszad*u, u = <—O[B f{) € SUQ(R)

For u € SU3(R), we introduce the coordinates u = u (1), 6, ¢):

o <_aﬁ f)’a=cosw-eﬁ9,ﬁ=sinw-eﬁ@,ose,wszw,oswg/z

Then the Haar measure d*u is given by
d*u = (47) "% sin 2¢pdypdfde.

We thus find that

/2
C =(-1)* (2k2>22k2/ (sin 2¢p)**2+1dy
0

ka
2ko\ (kg')Q (—1)k2
=(—1)k 27 2ka . g2k = : O
( ) (kg) (2/{24—1)' 2ks +1

Define the classical normalized Yoshida lift 0f; : $2 — L,.(C) by

1 (2) =i 000" ) 0

(goo € SP4(R), 9o -i = Z).

Applying the proof of [HN16, Proposition 3.6] verbatim, one can show that 6f; is a holomorphic vector-

valued Siegel modular from of weight Sym?*2(C) @ det® ~*2%2 and level I‘éQ)(N r) and has ¢-adic integral
Fourier coefficients if f is normalized so that the values of f on D* are all ¢-adically integral.
Define the Petersson norm of 8¢; by

dXdy
0 ), = Br(05:(2),05:(Z))(det Y )1 2 ———
000052 = [ B0 (2.0 ()0 ) T
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where Z = X +v/—1Y € §; and dX = [[;,dwy,dY =[], dy; for X = (zj1) and ¥ = (y;1). Recall
that R is the Eichler order of level N*Op contained in R°. For fi,f, € My (DX, NTO}), put

1

£ )i (f £
(o) vol(UR,dho)<1 2)me

= Y @b @)w

[a]eD*\Dx /Rx

where Up, is the image of Ug in H*(A)/Zpo(A) and T, = (aR*a"'ND*)/ {£1}.

(5.16) 1

CH#T,

Theorem 5.7. Let rp be the number of primes ramified in F. Put

1 if2|Ap,
T f—
P27 V0 if2tAg.
We have
(0. 0% )5 28N )
= L AsT (@) - Tl +e,)- TT (1 +p
(f,fr 2k +1)(2k2 +1) (LAs™ (@) - [[+e) - [T a+p7h,
p|N p|AFR
where

B=#P+drps—2ki —T—r1p
and P is the finite set defined in (4.5)).

Proof. We recall some facts:

e the Tamagwa number 7(PGSp,) = 7(50(3,2)) = 2,

o vol(Spy(Z)\$Hz, (gjg(;y ) =2¢(2)¢(4 ) ([Sie43, Theorem 11]),

® [Sp4(Z) : To(Np)] _Nng\Np == (K59, p114, (1)]).
The above combined with Lemma [5.6] yield

1 _(=1)k _ (0F:,05:) s
5.17 —————— - (B(p*, 1), 0(p*, £ o R AR Lk
(5.17) vol(U, dh)? (67 £1),6(¢% 1))c T2k 1 p|HF ¢(2)¢(4)
Then we have
(1 €7 o = (F1,£T) g - vol(U g, dho),
so by Corollary we find that
<9;¢79*¢>3‘32 -3 VOl(ﬁPadho) - 2#F - L(1, As+(7")) -1
. _ Tl : 1 :
E7 e O F T volU,dh)22R 7 (2ky + 1)(2ks + 1) NZA 2 47r2 };[1( &) ,};I( )

Therefore, it remains to show that
vol(TUg, dho) = 2-7F - vol(U, dh)
for Tamagawa measures dhg and dh.

Following [GIT1 §8, p.279], let wyobe a rational invariant differential top form on H°/Zpo and w HO
be the pull-back of wgo by the natural isogeny HY — HY/Zgo. For each place v € Xq, let d*hg, and
dth, be the measures on H°(Q,) and HY(Q,) induced by wgo and wpo. Then dhg = 1, d*ho,» and
dh =], d*h, are Tamagawa measures on H" and H}. We have

1/2 ifvt2,v|c0Ap,
=27 Npqn(R))) : (Z))*] = 2 ifv=21Ap,

1 otherwise.

vol(Ug,, dhav)
vol(,, )

We see that vol(U g, dho) = vol(U,dh) - 27"F. O
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6. THE CALCULATIONS OF THE LOCAL INTEGRALS

6.1. The local integral at the infinite place. In this subsection, we evaluate the integral Z(¢}%,) in
(5.8). Recall that if we define Py : H®? — W (C) @ L,(C) by

o k a2k —«
1'171’2 Zpk CEl,.ZQ X Y 2 y

where P is the polynomial introduced in (4.8)), then
o (1, m2) = e 2r(n(z1)+n(z2)) - Py(z1, 12).

Lemma 6.1. We have

D(ki 4+ ko +2)0'(k1 — k2 +1)
F(/Cl + 2)2 ’

/ (Pi(u), Pe(u)wee du =(=1)"(2k; +1) -
SUL(R)?

where d*u is the Haar measure on SUz(R)? with vol(SU3(R)?) = 1.
Proof. Set ¥(u) := (Py(u), Ps(u))wee. We have

/ \Il(u)d*u:/ / U (uq, ug)dugdug,
SUs(R)?2 SUs(R) JsUs(R)

where dus, dug are the Haar measure on SUz(R) with vol(SUz(R)) = 1. By [HN16, Lemma 3.2|, we find
that

\I/(UhUQ) = \I/(uglul, 12), \I/(’Lbl, 12) = \Il(uglulug, 12)

/ *u —/ / U(ugy S lug, 1o)dudus
SU2(R)2 SU2(R) JSU2 (R

= / \Il(ul, )d’LL1
SU2(R)

Moreover, the function u; — ¥(ug, 13) is a class function on SU3(R), so by Weyl’s integral formula, we
obtain

It follows that

. 1 27 — - 2 e\/fle 0
/ \Il(u)d w= — e«/ 10 e~V 19) \II( ) ,12)d9
SU2(R)? 4m Jo 0 e

By definition (4.8)), we have

V10
B ( o—v=T0 | +12)

=((eV — eV X V)R (VY @ Xy — eV T X @ V2) (V1 @ X — Xy @ Yy) e

:(eﬁa . e—me)kl—kg (lel)kl—kg . Z (Z) (_1)ae\/—719(a—a+a)Xizyla7a ® Xéxfayza
a=0
2ko—a

y Z (%2 ) 1)b X0y 2ha—a=b ) x2ha—a—bysd

« 2]€2 «
2ko — —(a —(a
:(e\/—19 \/79 k1—ko Z Z ( )( 2 04) (_1)a+be\/—19(2a—a)X{€17k2+a+byv1k1+k2 (a+b) ®X22k2 ( +b)Y2a+b.
a=0 b=0
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From the above equation, we see that

eV—10 0
' 0 e~V-16 12)

V=10 — =10\ 2k1 —2k o 2k2 N %2 —o +b_v/—10(2a—0)
:(6 —e ) 1 QZ _ Z Z (_1)EL e a—a
b=0

a=0 a=0
)k]-kz-‘r&-‘rb (_1)a+b

S (2k2c— a) (3)(_1)C+deﬁa(2c—(2k-2—a)). (_(1 AR E

c+d=2ks—a—b k1 —ko+a+b a+b
2k ok
:(_1)k1—k2(e\/jlé _ e—ﬁ0)2k1—2k2 > Z(_l)a< 2)
a=0 a
.y ( ) (2@ - a) (%2 - a) ( o ) ( 2%k ) ( 2k ) L TG 2k)
c 2ks —a—b—c)\k1 —kao+a+b a+b

a,b,c

By the formula

2T
/0

for even integers K and A, we find that

1 2 — = 2 V=16 0
- VIO, ﬁe’ q;((e eﬁ0>,12)d9

e U e—\/fw‘2 (eﬁa . e_‘/jw)Ke‘/ijdQ :277(_1)%“ ( K+2 )

K+A+2
2

o 0
—(- i(_”a Gz 0 )% )0 )

y 2%k 1 2k, *1(_1)k1+a+c 2k — 2k + 2
ki—ko+a-+d a+b ki —2ks+a+c+1

e S () 3 s (0 (2, (), )

a=0 b=—ks a,c

e 2%y \TH/ 2k — 2Ky + 2
k1+b k2+b k1—2k2+a+c+1

TS (;’ib)(fﬁb)ﬂ—m(f)n

b=—k2

« 2]43270[ 2]17270[ « 2]45172/4?24’2
e =Y (—1)2te .
=21 <a)<k2+b—a>( c )<k2—b—c>(k1—2k2+a+c+1>

a,c

where

Note that T is equal to the coefficient of X*1T1yk2=b7Zk2+b of the following polynomial

FYX)Y,Z):=(1-2)*(1+ XZ)* (1 = YV)?F27 (1 + XY)*(1 + X )?1 2242

Qf(—l)a 2k2\ o _ (21 +2) ( 2k
— a )70 T\ k41 ) \ki+b

so we obtain the identity
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by looking at the coefficient of X1 +1yk2=b7k2+b of the polynomial

N (%2) Fo(X,Y,2)

a=0 «
& 2k
=(1+ X222 Z(—U“( 2) (1+XY —Z - ZXY)*(1+ XZ ~Y — XY Z)*h=®
(0%
a=1

=14 X)) 2(y — 7)%=,

Summarizing the above calculations, we obtain

k?2 —1 —1 2k72
_ 2k 2ko 2ko
(u)d*u =(—1)k271 ( ) ( > —1a< )T“
( ) /SU2(R)2 ( ) ( ) b:z—:kQ k’l + b ]€2 + b az:%( ) « b
6.1
kz —1
1 2k1 +2 2k
— 71 k22 1 . 71 ko+b
o (57) 2 e
——R2
A simple induction argument shows that for any 0 < ko < k1, we have
62) kZ ( 1)k2+b( 2k, >1_2k1+1 <2k1+1>1
' b ki+b) ki1 \ki—ky)

It is clear that (6.1) and (6.2)) yield the lemma.

Proposition 6.2. We have

T(ph) = / (0t (2), ¢ () werds

(=)™ (2k1 +1) To(ki+ks+2) Tk — k2 +1)
22k1 +7 FR(Q)FR(4)

Proof. For x € (DX)?, we write x = r - u with r = (r1,72) € (R4)? and u = (u1,u2) € SU3(R)?. Then
the Haar measue dzx is given by (r1r2)3drdu, where dr = dridry is the Lebesque measure on Ry xR,
and du = du;duy is the Haar measure on SU3(R)? with vol(SU3(R)?) = 47*. We have

[ @ pn@imecar= [ e pi@imects
X o DX
:/ / / (@i (r-u), i (r- U)>(T1T2)3drdu.
o Jo Jsuy(m)2

Note that
0

el bl woe = (5 1 e@nsann((y 1 )iek@hse

=(ryr9) e TPy (u), P(u)) wisoc-
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Hence by Lemma [6.1] we see that

/ (5 (), 0% () wipcdz

oo

[e%e) 2
= (/ r%k1+36_4’"fdr1> . (47T4) / (P (u), Pe(u))wecd u
0 SU2(R)?

D(k1 + ko +2)D(ky — ko + 1)

= (1/2- (4m) "M 720 (ky + 2))2 c(4rt) - (=D)F2 2k + 1) -

L'k +2)?
3
:(—1)’“2# C(2ky + 1) - 2(2m) TR TR 20 (k) 4 kg 4 2) - 2(2m) TRTRRTIT (g — Ko 1)
Te(kr +k2+2) Te(ky —ka+1)
=(—1)k——— . 2k +1)- .
(=1 92k1+7 (2k1 + 1) Tr(2)Tr(4)
This finishes the proof of the proposition. 0

6.2. Local integrals at finite places: preliminary. In the following two subsections 6.3 and 6.4, we
let p be a rational prime and calculate the local zeta integral

Zepnt) = [ By lenlha)op ), ) £ 1),
HY(Qp)

To simply the notation, we often omit the subscript p. For example, we write Dy, F, w, ©*, ft, h for

Do®Qyp, FRQy, wy, ¢}, f and hy,. Let U, = HY(Q,) N((R®Zy)* ¥ Z;)/(’);p) be the local component

of the open-compact subgroup U defined in (£.10). One verifies that ¢* and fT are U,-invariant, and
hence we have

(6.3) Z,(e", 1) = Y Bulw(h)g*, ") Bo (o (W) 11, 1) - vol Uyhtd,),
h

where h runs over a complete set of representatives of the double coset space U,\HY(Q,)/U,.

6.3. Local integrals at finite places: the split case. In this subsection, we suppose that p = pp© is
split in F. We shall identity H°(Q,) with (Dg* x Dg')/Q) with respect to p as in Remark First
we treat the case p f N~. Then Dy = M(Q,) and H°(Q,) = (GL(Q,) x GL2(Q,))/Q)¢. We have

o = mp W mye, where m, and m,e are admissible and irreducible representations of PGL2(Q,). Then
0 _

= f,? ® fgu, where fg and fgc are new vectors of m, and mpe. For m = m, or mpe and f9 = fg or fgc,
let B; : m @7 — C be the GL2(Q,)-invariant pairing such that B, (f?, f2) = 1. We thus have
By (a1 ® az, by @ ba) = Br, (a1,b1)Bx,. (a2, ba).
In the case p | N, we shall assume p¢ | 9. Thus mye >~ St ® (x2 o det) is a special representation
associated with a unramified quadratic character x» : Q,;f — {£1} and let ¢ € {£1} be the sign given by
1 if m, is spherical,
€=
epepe  if mp is special.
Here we recall that €, and e are the Atkin-Lehner eigenvalues of f° at p and p° in (4.4). Note that
X2(p) = —€pe (cf. [Sch02] Proposition 3.1.2]).
Proposition 6.3. Suppose that pt N~ is split in F. If pt NT, then
L(1,As™ (7))
Z, (0%, f1) =volU,) - ————2,
2 ) @6

and if p | NT

L(1,As™ (7))

. Il
GG BT

Z,(¢", f1) =volUy) -p~*(1 +¢) -
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ma= (") 1) (5 )@

Proof. For n,a € Z, put

Let
t=p
For m € Z, put
m O m
crtm) = 8o,y (N 3) 1A ealm) = B () ) s
It is well-known that for any € > 0, there exists a constant C, such that

(6.4) lc;(m)| < C. - tml(1/2=€) for + = 1,2

by the Ramanujan conjecture.
Case (i) pt Np: In this case, m, and mpe are both spherical. Let Ry = My(Z,). Then U, = (R x

Ry)/Z), ¢* is the characteristic function of Ry @ Ry and ff=r0= fJ @ fge is the fixed new vector. By

Cartan decomposition, the set
{hpnao|n+a>0n—a>0}
is a complete set of representatives of U,\ HY(Q,)/Uy. One can verify that

B (w(hn.a)@*, ) :t2(|n|+\a\)7
Ba(a(hn,a)foa fo) =ci(n +a)ca(n — a),

<« (p™ 0O % 1pxy )1 if m=0,
#(RO<0 1>RO/RO){t‘m|(1+t) if m # 0.

From (6.3) together with the above equations, we see that vol(U,) "t Z°(¢*, fT) equals

Z t2(|n‘+|a|)BU(U(hn,a)fo)’ fo)#(uphnaaup/up)

n+a>0,n—a>0
=14 >t (c1(2n) + c2(2n))t " (1 + 1)

n>1
+ Z 2120 (n 4 a)co(n — a)t 2" (1 4 )? + Z t2nt20c) (n — a)co(n 4 a)t =2 (1 + t)2.
n>a+1,a>0 n>a+1l,a>1

Here the above series converges absolutely by (6.4)). Suppose that m, = (1, ;) and mpe = (g, 15 ).

By Macdonald’s formula (cf. [Bum97, Theorem 4.6.6]), for i = 1,2 letting o; = p;(p) and B; = pi(p) ! =
~1

a; -, we have

[m]

6.5 i =—(a/™A; — B™'B,),
(6:5) ci(m) = 1 (a}" 4; ~ 5" B)
where

o al—ﬂlt ﬁz —O[it

Ai B1

o B o =B
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Note that |«;| = |5;| = 1. Therefore, we obtain
vol(Uy) ™' Z, (", )
=1+ Z 2" (" Ay — BBy + 3" As — 53" Ba)+

n>1
+ Z t"+3a(a?+2“a§A1A2 - agﬁ?JrzaAgBl - Oz?JrzaBgAlBQ + ﬂ?JrQaBgBlBQ)
n>1,a>0
+ Z tn+3a<a?ag+2aA1A2 _ ag+2aﬁ{LAgBl _ avlm ;L+2aAlB2 + /8?63+2a3132)
n>1l,a>1
L A0l BBE Al By
1—t3a2 1-1362  1—-t3a2 1-—t342
ArAzonagt _ A2 B1f1at B A1 By Bat By B3 5at
(1 - Ozlt?’)(l - 04204115) (1 - ﬂ%t3)(1 - Blagt) (1 - Oélt?’)(l - 0416225) (1 - ﬁ%t?’)(l - ﬁlﬁgt)
Ay Asaait? A9 By frast? A1 Boay B3t B1By 31 B5t4

+(1 — 21 —aqast)  (1—a263)(1 = Bragt) (1 —B263)(1 — arfBat) (1 — B23)(1 — B1fat)”
We use Mathematica to factor the above rational expression and find that
(1—tH(1—t?) L1,y ® mpe)
(1 — crant)(1 = Bragt)(1 — arfat) (1 — Bifat) — (p(2)¢p(4)

This completes the proof of the case (i).
Case (ii) p | NT: In this case, Tye = St @ (x2 o det) is special. Let Ry be the standard Eichler order of

level p in My(Z,) given by

VOl(up)_l (2 fT) =

iy ={seMa(z,) 1= (5 1) Gmod 12,

Then U, = HY(Q,) N (R XROX)/Z;, ©* is the characteristic function of Ry @ Ry and f! = f; ® fgc,
where

0 1 )
fp X2( ) WP((p >)fp lfpfm-i_ ~— peP,
£y ifp| Nt < pgP.
Here P is the set defined in ([.5). Let w € GL2(Q,), w1, ws in HY(Q,) be given by
-1
w= (1 ) , wyp = (w,12);  wy = (1, w).

Then one can verify directly that the set

(6.6) =

E:= {hn,aa wlhn,cm w2hn,a7 wlw2hn7a }man

is a complete set of representatives of U,\H{(Q,)/U,. For integers a, b, c,d, put

x a C
Sabed = {(Z i’}) € My(Z,) | & € p*Zyp,y € p'Zy, 2 € pZ, N p° Ly, w € pdz,,} .

A direct computation shows that

Beo(w(hn.a)p*, ©*) =vol(Samin,—a)? = t2m+2al+2,
B (w(wihy, 0y, ¢*) =vol(S1—pn,—aan)’ = {2An—zl+2la—jl+2
o Be(w(wahn )0, %) =vol(Sp.a—a1-n)? = t2In—2lH2lat 5142
By (w(wiwahn, o) p*, @) =vol(S_g1_nna)? = t2m-1+2al+2,
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Next we consider B, (0/(hno)fT, fT). For 7 =, or mpe and any f € 7, we put
O (g) =B (m(9)f. [) - #Upgly /Up).
For h = (g1,92) € HY(Q,), we have
Bo (o (h)f1, 1) - vol (U, hdy) = vol(Uy) - ® ;1 (g1) - @ o, (g2)-

If # = St ® () o det) is special, it is well known that

(635) e D= e (T ) =xom w= (0 o).
By the definition of fg in , it is straightforward to verify that
™ 0\, plml 0
cI’fs((o 1>>_q’f$<( 0 1))’
(6.9)

m

0 m-l g
oty = - a ()
Let o := x2(p). By and , we have
vol(Uy) ™ - Z)(¢", fT)

= > Y Buw(w?)ha)et, 0")@ s (0 <pn+a 1>)®f3(w62 <p" p“>)

61,626{0,1} n,a€Z

= ¥ X Bl et )~ Bl o) g 0 (P ] age

e1€{0,1} n,a€Z

+
= Z (t2|n‘+2‘a‘+2 — t2né|+2|a+é+2)@f1f(<pn a O))aga

n,a€Z 0 1
+a
2|n—21|42la—1|+2 _ ,2|n—1]|4+2|a|+2 p" 0 n—a
+ zejz(t : 342y )cpﬁ(w( 0 1 )es
n,a

Note that the absolute convergence of the above series follows from the Ramanujan conjecture. By ,
the first summation of the above equation is given by

i N n—+a
Z (t2\n|+2\a\+2 _ t2\n—§|—|-2|a-§—§H—2)(‘I)flT ( <p 0 (1)> )agfa

n,a€Z
—n+a
n+2a n+2a p 0 —n—a
_ Z (t2 +2a+2 _ 42n42 +4)¢,H(( 0 1))a2
n,a>0
2n+2a+2 2n+2a pnfa 0 n+a
n,a>1
—n—+a 0
=t2(1—t2) Z ag+at2n+2a®ff(<p 0 1))
0<n,a

n+a2nt2a 2
HH(7 = 1) Y apteent? <1>flf(( 1))

0<n,a

=t2(1 . 7JL2)2 Z ag+at2n+2a¢,ﬂ((p 1>)7

0<n,a
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and the second summation is given by

2 l142ja—21|+2 2|n—1|+2 2 pn+a -
S (e pnaiditinyg o (V7 )jog-e

1

n,a€Z
_ n+2a+2 _ 2n+2a+4 pnte Cn—a
= >« P ) (w ez
n>0,a>1
+ Z (t2n+2a+2_t2n+2a)q> (w p )Oén+a
" 1)/%
n>1,a>0

—n+a+1
:a2t4(1 _ t2) Z 0/2“H~¢1t27z-|-211,(I)flT (w (p 1))

n,a>0

+a t2(t2 _ 1) Z antap2ntlag (w pn—a+1 )
2 2 l 1

n,a>0
n+ay2nt2a P
=c-2(1—17)? Y aptent? q>f11(< 1)).
n,a>0
We thus conclude that
— * n—+a pn_a O
(6.10) vol(Uy) ™!+ Zp(@*, 1) = (1 +2) - 2(1 =32 > (at®)"" -@flf(< 0 1)).

n,a>0

To evaluate the last infinite series in the above equation, we will use the following elementary identity:

Lemma 6.4. For indeterminates T, X,Y , we have
XY +T
(1-X2)1-XYT)

Z X7z+ay\n—a|T|n—a—1| _

n,a>0
Suppose that m, = m(p1, puy ") is spherical with Satake parameters a; = u(p) and B = pi(p)~*. We
have #(U, <p0 ?) Uy jt4y) = =1 and

oy((% D)= B (y D - aml (T DN - aaml (5 )

=¢=Iml. (2c1(m) — ager(m + 1) — agey(m — 1)).
By Macdonald’s formula (6.5]), we thus find that the last inifnite series in (6.10) equals
2\n+a pnfa O

> ey (M)
n,a>0
= Z (at?)"Fa . t=In=al (2¢(n — a) — age(n —a + 1) — aze(n —a — 1))

n,a>0
=2 Z (agt?)"Fa . t=In=al (¢(n —a) — asc(n —a — 1))

n,a>0

2 1 1 1 1
—1 s O Gty {(ant ™A+ (Bt 8By — agt P th) A 4 (Buth) B

n,a>0
Applying Lemma [6.4] the above equation equals
24,
(14+8)(1 —t9(1 — ayasts
2B,
+ 3
(1 + t)(l — t4)(1 — 510[2755)

) {(1 + 0410421&%) — az(aat + Oélt%)}

{(1 + ﬂ10¢2tg) - Oég(azt + ﬁlt%)}
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241(1 —t)(1 — cyast?) 2B1(1 — t)(1 — Braat?)
I+ 61—t (1 —aragt?)  (141)(1—t4)(1 = Bragt?)
- 2(1 — t) {Al(l — ()(10[2t%) + Bl(l — 61012t%) }

(1+t)(1—t1) 1— oqast? 1— Bragt?

_20-8) (1= Bit)(L— arast®)(1 = Brast?) — (B — axt)(1 — Brast?)(1 — arast?)
(14)(1 —t4) (o —ﬂl)(l—alazt%)(l—ﬂlaﬂ%)

_ 20—t 14t—(on+B)astE (1 +83) + 2445

_(1+t)(1_t4) (1—a1a2t%>(1—ﬂ10{2t%)

2 (1 — Oélagt%)(l — ﬁlagt%)

(1+t)2 (1—a1a2t%)(1—51a2t%).
Therefore, (6.10]) yields

" £ 2 L(l, AS+(7T)) ) 4(1 — 0410521*,%)(1 — Blagt%)
Zp(gp ?f ) - VOl(up)t Cp(l)gp(2) 1 +t )

and we complete the proof in this case by noting that

B 1) = B, (. A =20 - a2 Bl (o D)8 =

2(1 — tzan(ay + B1))
1+t '

Suppose that m, = St ® (x1 o det) is special. Let oy = x1(p). Then € = epepe = ayan. We have

n+a e 0 n+a - 1+Ol0[t2
S L S e

_ 44 _ 2)°
n,a>0 n,a>0 (1 t )(1 a1a2t )

Recall that

L(s,As™ (7)) = L(1,mp @ mpe) = (1 — agant®) "1 (1 — agant®*) L
We find that

Zp(ﬁﬂ*’fT) = Vol(up) (1+¢) -t2(1 - tz)zw

L(1,As™ (7))
Gp(1)6p(2)
This finishes the proof of the case (ii). O

-L(1,As™ (7))

=volUy,)t* - (1 +¢) -

Proposition 6.5. If p | N—, then we have
L(1,As™ (7))
G(1G(2)

Proof. In this case, Dy, is the division quaternion algebra over Q, and U, = HY(Q,) N (R§ x Ry )/ZX
where Ry = {a € Dy | n(a) € Z,} is the maximal order of Dy. Note that ¢* is the characteristic function
on Ry® Ry and HY(Q,) = {(a,d) € H*(Q,) | n(a) = n(d)}, it follows that for h € HY(Q,), w(h)p* = ©*.
In addition, let w, € Doy with n(w,) = p. Then {(1,1), (wy,w,)} is a complete set of representatives
of the double coset space U,\HY(Q,)/U,. As fI = O is invariant by U, and is also an eigenvector of
(wp, wp) with eigenvalue eyepe, we find that

Z,(¢", 1) = vol(Uy) vol(Ro)* (1 + x1x2(p)) = volUy)p~? - (1 + epepe).
Now the proposition follows from the fact that

L(1L, AT (1)) = (1~ epepep™) (1~ cpepep ) O

Zp(p7, N = vol(Uy) - p (1 + epepe) -
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6.4. Local integrals at finite places: the non-split case. Let p be a prime inert or ramified in F.
Then F is a quadratic extension over Q,, D = My(F), H°(Q,) = (GL2(F) x Q})/F*, and 0 = m K 1,
where 7 is an admissible and irreducible representation of PGLy(F'). Let O = Op. For m € Z, we define

_p™ 0 m (0 -1 0
Proposition 6.6. Suppose that p is inert in F. If pt N, then
L(1, As™ (7))
Zy(", 1) =volUy) - o=,
: " G(2)6(4)
and if p | NT, then

Zp(¢%, fT) =vol(U,) -p_2(1 +ep) -

Proof. We let

t= p_2.
Case (i) pf Np: Then m = m(u,p~') is an unramified principal series. Let R = M3(0). Then U, =
HY(Qp) N (R* x QX)/F* and fT = f° The set {um | m € Z>o} is a complete set of representatives of

U,\H?(Q,)/U, by Cartan decomposition, and we have
B (w(um )p*, ©*) =t for m € Z.

Let a = u(p) and B = p(p)~'. Then |af,|B] < t'/°71/2 by the Ramanujaun bound in [LRS99]. By (6.3)
and Macdonald’s formula, vol(Uy,) 1 Z,(*, fT) equals

L+ Y Bu(@(um)@®, @) B (m(wm) £, fO)# Uptimly /Uy)

m>1
o — (Bt B—at, _
=14 > " " (o — B )t (14 1)
] a—f a—p

(a+pB)tz —t —t2
(1—at?)(1-ptz)
B (1-t3)(1—-1) ~ L(1,As™ (7))
(1 —atz)(1-pBt3)(1—1t)  G(2)¢G(4)
Case (ii) p | 9*: In this case, 7 = St ® x o det is the unramified special representation of GLy(F)
attached to a quadratic character x : F'* — {£1}. Let R be the Eichler order of p given by

R= {g eMy(0) |g= <(>; :) (mod pO)}.
Then U, = HY(Q,) N (R* x Z)/O*, and the set

{uma wum}mez

is a complete set of representatives of the double coset space U,\H?(Q,)/U,. Put

;,b{<5xz i‘%)|a:€(9,y€Zpﬁp“Zp,szZpOprp}.

Then we have

Buo(w(um)g*,¢*) = vol(S.,, ni1)? = M,
B, (w(wum)p*, ¢*) = Vol(S/l_mm)2 — ¢lm=1]+1
For h = (g,a) € H(](Qp), we put
(6.12) D jo(h) = Bo(o(h) £, 1) - #Uphlly/thy),

(6.11)
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For m € Z, we have

m

®yo(um) = x(p)"™;  Ppo(wum) = —x(p)
The above equations along with (6.3)) imply that

vol(Uy) 12, (¢*, f°) = ZB W(Um )™, )P po () + Blw(wum)@™, )P po (Wi, ).

meZ
By (6.11) and (6.12), we have
Z B um (P © )(I)fo (Um) = Z tm-i-l . X(p)m + Z tm-i-l . X(p)m

m

meZ m2>0 m>1
_t+x(t?
1—x(p )t’
Z B, (w(wim )™, 0" )P po(wuy,) = Z " x(p)™ Z t" 2 x(p)™
mez m>1 m>0
x(p)t +1°
S 1-x(pt’

We thus obtain

vol(up)flzp(¢*7 ) :t(l —x(p)(1 —1t)

—x(p)t
B 1 +p‘1x(p) (1-t)1-p")
== X0 T T+ )
2] — .M
= U= X)) =)
This completes the proof. O

Proposition 6.7. Suppose that p is ramified in F'. Then we have

Proof. 1In this case, (p, Nt N~) = 1, and hence 0 = 7X1, where m = 7(u, V) is a spherical representation
of PGLy(F). Let R = My(0O). Then U, = H(Qp) N (R* x Z5)/O* and {um},,cz., is a complete set
of representatives of Up\H?(Q,)/U,. Write O = Z, ® Z,0 and put § = § — °. Note that O is the
different of F/Q,. Let t = p~!. Since ¢* is the characteristic function of L, & L,, where

_ x Oy 1
Lp_{(éz x)|x€@y,z€2 Z}

we see that By, (w(um)e*, p*) = 2™ . |2_4(53)3|p. On the other hand, we have
® fo (ttm) =By (0 (um) [, [°) - # Upumlhy [Uy)
m Com
_Bﬂ'(’n—(<p0 1>)f0,f0)t ? (1+t)

Let @ be a uniformizer of O. Let o = u(w) and B = v(w). Then |af,|3] < t'/5~1/2 by [LRS99]. We
have ® o (ug) = 1, and for m > 0, by Macdonald’s formula

tfm

50" A1) — 577 (3~ at).

(I)fo (um) =
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and the above equations, we see that

248753 vol@y) ™ 20", £1) = 30 |2 A5% B (um) @™, ) o ).

m>0
tm
=1+ Z . (a2m+1 —a2mly ﬁ2m+1 +52m71t))
a—p
m>0
1 a3t — at? 3t — Bt?

=1+ g 2 2 g )

a—pf 1—a?t 1—p2%t

t(a? +1+ % -2t —?)
(1—a2t)(1— Bt?)
1+t—t2—¢3 1—=t)(1+t)(1—1¢)

(1—a2t)(1—p%)  (1—a2t)(1—t)(1— f2)
L(1,As™ (7))

AN TAE)

This proves the proposition. O
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