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Abstract. The purpose of this article is to prove Iwasawa main conjecture
for CM fields in certain cases through an extensive study on the divisibility re-
lation between p-adic L-functions for CM fields and Eisenstein ideals of unitary
groups of degree three.
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Introduction

The main conjecture for CM elliptic curves over totally real fields. Let
M be an imaginary quadratic field and let E be an elliptic curve over a totally
real field F with complex multiplication by the ring of integers OM of M. Let
p be an odd prime split in M. Let F∞ be the cyclotomic Zp-extension of F
and let ΛF := ZpJGal(F∞/F)K be an one-variable Iwasawa algebra. We study the
cyclotomic main conjecture of Iwasawa theory for E which relates the size of Selmer
groups to special values of p-adic L-function attached to E. Recall that the Selmer
group SelF∞(E) is defined by

SelF∞(E) = ker

{
H1(F∞, E[p∞])→

∏
v

H1(F∞,v, E)

}
,

where v runs over all places of F∞. It is well known that SelF∞(E) is a cofinitely
generated ΛF -module. Denote by charΛFSelF∞(E) the characteristic power series
of SelF∞(E), which is an element in ΛF unique up to a ΛF -unit. Let Wp be the

Date: February 20, 2024.
2010 Mathematics Subject Classification. Primary 11R23 Secondary 11F33, 11F70.

1



2 M.-L. HSIEH

p-adic completion of the ring of integers of the maximal unramified extension of Zp.
On the other hand, the specialization of a suitable twist of a Katz p-adic L-function
to the cyclotomic line yields a p-adic L-function Lp(E/F∞) ∈ ΛF,Wp

:= ΛF⊗ZpWp,
which roughly interpolates the algebraic part of central L-values L(E/F ⊗ ν, 1)

twisted by finite order characters ν : Gal(F∞/F)→ C× (See §8.6.2 for the precise
definition). The main conjecture of Mazur and Swinnerton-Dyer for E predicts the
following equality between ideals in ΛF,Wp

:

Conjecture 1 (The main conjecture for CM elliptic curves).

(charΛFSelF∞(E)) = (Lp(E/F∞)).

If F = Q and E has good ordinary reduction at p, the above conjecture is a
theorem of K. Rubin [Rub91, Thm. 12.3]. Using the main result in this article, we
obtain one-sided divisibility in the main conjecture for a class of CM elliptic curves
over totally real fields. To state our theorem, we need some notation. Let K = FM
and let DK/F be the relative discriminant of K/F . If L is a number field, let hL be
the class number of L and DL be the absolute discriminant of L. Let h−K = hK/hF
be the relative class number of K/F . One of our main results is as follows.

Theorem 1. Suppose that p - 6 · h−K ·DF and that E has good ordinary reduction
at all places above p. Then we have the inclusion between ideals in ΛF,Wp

(charΛFSelF∞(E)) ⊂ (Lp(E/F∞)).

From the above theorem and control theorems (cf. [Gre99, Thm. 1.2, Thm. 4.1]),
we can deduce the following consequence which provides evidence to Birch and
Swinnerton-Dyer conjecture.

Corollary 1. Suppose that p - 6 · h−K ·DF and that E has good ordinary reduction
at all places above p. Then

(a) If L(E/F , 1) = 0, then the p-primary Selmer group SelF (E) has positive
Zp-corank.

(b) If L(E/F , 1) 6= 0, then

lengthZp(SelF (E)) ≥ ordp(
L(E/F , 1)

ΩE
),

where ΩE is the period of a Néron differential of E over Z(p).

Remark. If W (E/F) = −1, part (a) is a consequence of the Selmer parity conjec-
ture proved by Nekovář [Nek06, Cor. 12.2.10]. Our different approach provides a
constructive proof of this fact.

Iwasawa main conjecture for CM fields. We prove Theorem 1 by establishing
a divisibility result towards Iwasawa main conjecture for CM fields, which we will
describe after introducing some notation. Let K be a totally imaginary quadratic
extension of F and assume that K is p-ordinary, namely every prime of F above p
splits in K. Let Σ be a p-ordinary CM-type of K (See §1.4). Let SKp be the set of
p-adic places of K. Fix an embedding ιp : Q ↪→ Cp. Then Σ and ιp give rise to
p-adic CM-type Σp, which is a subset of SKp such that Σp and its complex conjuga-
tion Σc

p give a partition of SKp . Let d = [F : Q]. Let K∞ be the compositum of the
cyclotomic Zp-extension and the anticyclotomic Zdp-extension of K. If we assumed
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Leopoldt’s conjecture for K, then K∞ would be the maximal Zd+1
p -extension of K.

Let ΓK be the Galois group Gal(K∞/K), which is a free Zp-module of rank d+ 1.
Let K′ ⊃ K(µp) be a finite abelian extension of K which is linear disjoint from K∞
and let ∆ = Gal(K′/K). Let ψ : ∆ → C×p be a character of ∆, which is called
a branch character. Let Wp[ψ] be the ring generated by the values of ψ over Wp.
Denote by Λ =Wp[ψ]JΓKK the (d+ 1)-variable Iwasawa algebra over Wp[ψ].

Let K′∞ = K′K∞ and let MΣ be the maximal p-abelian Σp-ramified extension of
K′∞ and let XΣ be the Galois group Gal(MΣ/K′∞). Then MΣ is also Galois over
K, and ∆ acts on XΣ by the usual conjugation action. Define the Iwasawa module
X

(ψ)
Σ to be the maximal ψ-isotypic quotient of XΣ . By [HT94, Thm. 1.2.2], X(ψ)

Σ

is a finitely generated and torsion Λ-module. Therefore, to X(ψ)
Σ we can attached

a characteristic power series Fψ,Σ ∈ Λ. On the other hand, it follows from Katz
[Kat78] and Hida-Tilouine [HT93, Thm. II] that to (ψ,Σ) we attach a primitive
(d + 1)-variable p-adic Hecke L-function Lψ,Σ ∈ Λ, which interpolates p-adically
the algebraic part of critical Hecke L-values for ψ twisted by characters of ΓK and
satisfies the functional equation. We can state the (d+ 1)-variable main conjecture
for CM fields as follows (cf. [HT94, Main conjecture, page 90]).

Conjecture 2 (Iwasawa main conjecture for CM fields). We have the following
equality between ideals in Λ

(Fψ,Σ) = (Lψ,Σ).

The significance of the main conjecture originates from the applications to the
Birch and Swinnerton-Dyer conjecture for CM elliptic curves (See [CG83] and
[Rub91] for the case F = Q). When F = Q, this conjecture is a theorem of
Rubin [Rub91] combined with Yager’s construction of p-adic L-functions for imagi-
nary quadratic fields [Yag82]. Rubin uses the technique of Euler system constructed
from elliptic units to bound the size of X(ψ)

Σ in terms of L-values. In other words,
he proves the divisibility (Fψ,Σ) ⊃ (Lψ,Σ), and then appeals to the class number
formula to conclude the equality. For general CM fields, the Euler system tech-
nique seems not applicable currently. In this article, instead of controlling the size
of X(ψ)

Σ we construct sufficiently many elements in X(ψ)
Σ in terms of L-values with

the technique of congruences among modular forms on the unitary group of degree
three. Namely, we prove the reverse divisibility relation (Fψ,Σ) ⊂ (Lψ,Σ). To state
our result precisely, we need to introduce some notation. Let mΛ be the maximal
ideal of Λ. For a number field L, we let GL = Gal(Q/L) and let ωL : GL → Z×p be
the Teichmüller character. Let DK/F be the relative discriminant of K/F and let
c(ψ) be the prime-to-p conductor of the branch character ψ. Let ψ+ : GabF → C×p
be the composition ψ ◦ V , where V : GabF → GabK is the Verschiebung map.

Theorem 1 is a consequence of the following divisibility result in the (d + 1)-
variable main conjecture for CM fields and the control theorems of Selmer groups
for CM elliptic curves due to Perrin-Riou [PR84].

Theorem 2. Suppose that

(1) p - 3 · h−K ·DF · ](∆),
(2) ψ is unramified at Σc

p, and ψω−aK is unramified at Σp for some integer
a 6≡ 2 (mod p− 1).
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Then we have the following inclusion between ideals of Λ

(Fψ,Σ) ⊂ (Lψ,Σ).

Remark. The assumption (2) is in particular used to make some twist of ψ unram-
ified at p, which is necessary for the application of results on the non-vanishing
modulo p of Hecke L-values in the proof of non-vanishing modulo p of Eisenstein
series. It is possible to weaken this assumption if [Hid04a, Prop. 2.8] could be
improved.

Thanks to the works of Hida and Rubin, Theorem 2 is sufficient to prove the main
conjecture when ψ is anticyclotomic or obtained from the restriction of a Galois
character of an imaginary quadratic field. By Hida’s solution to the aniticyclotomic
main conjecture in [Hid06] and [Hid09b], Theorem 2 implies the main conjecture
for certain anticyclotomic branch characters.

Corollary 2. Suppose that p - 3 · h−K ·DF · ](∆) and that

(H1) ψ is anticyclotomic,
(H2) the local character ψw is unramified and non-trivial for every w ∈ Σp,
(H3) ψ|GK(

√
p∗)
6= 1, p∗ = (−1)

p−1
2 p.

Then we have the following equality between ideals of Λ

(Fψ,Σ) = (Lψ,Σ).

Combined with Rubin’s two-variable main conjecture for imaginary quadratic
fields [Rub91], Theorem 2 yields the following main conjecture by the same argu-
ment in [Hid07, Thm. 5.7].

Corollary 3. In addition to the assumptions (1-2) in Theorem 2, suppose further
that

(R1) K = FM, whereM is an imaginary quadratic field in which p splits,
(R2) Σ is the p-ordinary CM-type of K obtained by extending the inclusion ι∞ :

M ↪→ C,
(R3) K′ is abelian overM and p - [K′ : M].

Then we have the following equality between ideals of Λ

(Fψ,Σ) = (Lψ,Σ).

The main conjecture from Greenberg’s point of view. We give a different
formulation of Conjecture 2 proposed by R. Greenberg in the context of Galois
representations ([Gre94]). Let Sψ be the set of places dividing c(ψ) and let S ⊃ Sψ
be a finite set of prime-to-p places in K. Let KS be the maximal algebraic extension
of K unramified outside S ∪ SKp . Define the tautological Λ-valued Galois character
εΛ by

εΛ : Gal(KS/K) −→ ΓK ↪→ Λ×

g −→ g|K∞ .

Let Ψ : Gal(KS/K) → Λ× be the deformation of ψ defined by Ψ(g) = ψ(g)εΛ(g).
Let Λ∗ = Homcont(Λ,Qp/Zp) be the Pontryagin dual of Λ. We make Λ∗ a discrete
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Λ-module by λs(x) = s(λx) for all λ, x ∈ Λ and s ∈ Λ∗. The Λ-adic Selmer group
associated to (Ψ,Σ) is defined by

SelK(Ψ,Σ) := ker{H1(KS/K, Ψ ⊗Λ Λ∗)→
∏

w∈S∪Σcp

H1(Iw, Ψ ⊗Λ Λ∗)},

where Iw is the inertia group in a local decomposition group of GK at w. Define
the S-imprimitive Selmer group by

SelSK(Ψ,Σ) := ker{H1(KS/K, Ψ ⊗Λ Λ∗)→
∏
w∈Σcp

H1(Iw, Ψ ⊗Λ Λ∗)}.

Let ht1(Λ) be the set of height one prime ideals in Λ. If S is a cotorsion and cofinitely
generated discrete Λ-module and P ∈ ht1(Λ), we denote by S∗P = (S∗) ⊗Λ ΛP the
localization of the Pontryagin dual of S at P and put

`P (S) := lengthΛP (S∗P ).

We write Lp(Ψ,Σ) for the Katz p-adic L-function Lψ,Σ . Conjecture 2 can be re-
formulated as the following main conjecture for the one dimensional Λ-adic Galois
representation Ψ .

Conjecture 3 (Main Conjecture). For every P ∈ ht1(Λ), we have the equality

`P (SelK(Ψ,Σ)) = ordP (Lp(Ψ,Σ)).

We shall consider the dual version of the above main conjecture, which has
the advantage of incorporating imprimitive p-adic L-functions and Selmer groups.
Define the S-imprimitive p-adic L-function LSp (Ψ,Σ) for S by

LSp (Ψ,Σ) = Lp(Ψ,Σ) ·
∏

w∈S−Sψ

(1− Ψ(Frobw)).

Here Frobw is the geometric Frobenius. Let ε be the p-adic cyclotomic character
of GK and let ΨD be the character defined by ΨD(g) = Ψ−1ε(g). The dual Selmer
group for (Ψ,Σ) is the Selmer group associated to (ΨD, Σc) defined by

SelSK(ΨD, Σc) := ker{H1(KS/K, ΨD ⊗Λ Λ∗)→
∏
w∈Σp

H1(Iw, Ψ
D ⊗Λ Λ∗)}.

We will prove the following theorem, which implies Theorem 2 by the functional
equation of Selmer groups for CM fields [Hsi10].

Theorem 3. With the same assumptions (1-2) in Theorem 2, for every P ∈ ht1(Λ)
we have the inequality

`P (SelSK(ΨD, Σc)) ≥ ordP (LSp (Ψ,Σ)).

Eisenstein congruence. Our main tool is the Eisenstein congruences on unitary
groups. The application of Eisenstein congruences to Iwasawa theory was first
introduced by Ribet in [Rib76], in which he uses the congruences between Eisen-
stein series and cusp forms on GL(2) over Q to obtain a proof of the converse of
Herbrand’s theorem. This approach was further exploited by Mazur and Wiles
[MW84] in their proof of classical Iwaswa main conjecture, and by Wiles [Wil90]
in his elegant proof of Iwasawa main conjecture for totally real fields through the
systematic use of Hida theory. Meanwhile, parallel to Eisenstein congruence, Hida
and Tilouine studied CM congruences for GL(2) over totaly real fields extensively,
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and in [HT94] they proved a divisibility result for the anti-cyclotomic main conjec-
ture for CM fields. In [Urb01] and [Urb06], E. Urban proved the main conjecture
for adjoint modular representation by Eisenstein congruences on GSp(4). In his
joint work with C. Skinner [SU14], they prove the main conjecture for GL(2) by
Eisenstein congruences on U(2, 2).

The proof of our Theorem 3 is based on a study of Eisenstein congruence on
U(2, 1) the quasi-split unitary group of degree three. The use of Eisenstein con-
gruence for U(2, 1) to study one-sided divisibility in the main conjecture for CM
fields was initiated by F. Mainardi in his thesis [Mai04] under the supervision of J.
Tilouine and E. Urban. In [Mai08] he defines the Eisenstein ideal of the cuspidal
ordinary topological Hecke algebra B, i.e. the Hecke algebra acting on the ordi-
nary cuspidal Betti cohomology groups, and proves the characteristic power series
of Selmer groups for CM fields is divisible by the Eisenstein ideal in B under some
technical assumptions. In this article, we introduce the ideal of Eisenstein congru-
ence Eis(Ψ, S) ⊂ Λ (Definition 7.19), which measures the congruence between Hida
families of Eisenstein series and cusp forms on U(2, 1), and we first prove Theorem 3
for every P ∈ ht1(Λ) which is not exceptional (Definition 8.13) by establishing the
following two inequalities:

(L|E) ordP (Eis(Ψ, S)) ≥ ordP (LSp (Ψ,Σ)),
(E|S) `P (SelSK(ΨD, Σc)) ≥ ordP (Eis(Ψ, S)).

Let us explain the strategy briefly. To show the first inequality (L|E), we have
to work with Hida families for unitary groups. The first step is to construct
a Λ-adic Hida family of Eisenstein series Eord (a p-adic measure with values in
the space of p-adic ordinary modular forms) on U(2, 1) with the optimal constant
term, namely a product of the Katz p-adic L-function LSp (Ψ,Σ) and a Tate twist
of the S-imprimitive Deligne-Ribet p-adic L-function LSDR associated to the char-
acter ψ+τK/Fω

−1
F (τK/F is the quadratic character of K/F). The idea of this

construction is based on our previous work [Hsi11], which we describe briefly as
follows. We begin with the construction of a good p-adic Siegel-Eisenstein series
E2,2 on U(2, 2). Applying the pull-back formula, we obtain an Eisenstein series
E on U(2, 1) by pulling back this Siegel-Eisenstein series to U(2, 1) via a suitable
embedding U(2, 1) × U(1) ↪→ U(2, 2). The desired ordinary Eisenstein series is
constructed by taking the ordinary projection Eord of E. The idea of using the
pull-back formula was suggested to the author by E. Urban, and has been used in
[Urb06] and [SU14] to construct a Hida family of Eisenstein series on GSp(4) and
U(2, 2) respectively.

The construction of our degree two Siegel-Eisenstein series E2,2 is inspired by the
construction of Harris, Li and Skinner [HLS06]. However, their Eisenstein series
does not quite fit for our purpose since the ordinary projection of the pull-back of
this Eisenstein series is zero. A heuristic reason is that the Fourier coefficients of
their Eisenstein series are only supported in the integral Hermitian matrices which
are non-degenerate modulo p. Therefore, we have to modify their construction to
meet the ordinary condition, which complicates the computation of the constant
term of the ordinary projection of of the pull-back of E2,2. To resolve this, we apply
the techniques in [Hsi11, §6].

Second, to make congruences between Hecke eigenvalues of Eisenstein series and
cusp forms for U(2, 1) modulo the constant term, we have to show that the Hida
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family of Eisenstein series Eord is co-prime to the constant term (or even non-
vanishing modulo mΛ). This is usually the most difficult step in the approach of
Eisenstein congruence. In the case of U(2, 2) [SU14], this is achieved by showing the
non-vanishing modulo p of a very clever linear combination of Fourier coefficients
of certain Klingen-Eisenstein series. In our situation, we show directly that some
Fourier-Jacobi coefficient of Eord is non-vanishing modulo mΛ, making heavy use
of the theory of Shintani on primitive Fourier-Jacobi coefficients of automorphic
forms on U(2, 1) [Shi79]. Our idea is to introduce an auxiliary Eisenstein series E◦,
whose Fourier-Jacobi coefficients are manageable, and show that the non-vanishing
modulo p of p-primitive Fourier-Jacobi coefficients of E◦ and Eord are equivalent
(See Proposition 7.8). The Fourier-Jacobi coefficients of E◦ are essentially a product
of two Hecke L-values for CM fields thanks to the works of Murase and Sugano
([MS00], [MS02]) generalizing Shintani’s theory and the calculation of Tonghai Yang
on period integrals of theta functions. The problem is thus reduced to the non-
vanishing modulo p of these Hecke L-values, which is addressed in [Hid04a] and our
previous work [Hsi12]. Using the non-vanishing of Eord (mod mΛ) combined with
Hida theory for unitary groups, we are able to construct a non-trivial Hida family
of cusp forms congruent to the Eisenstein series Eord modulo p-adic L-functions,
which leads to the inequality (L|E).

To show the second inequality (E|S), we need to construct sufficiently many
elements in the Selmer group in terms of the Eisenstein ideal. This can be done
by the technique of lattice construction due to E. Urban in [Urb01]. In our case, a
variant of the inequality (E|S) in the context of the topological cuspidal ordinary
Hecke algebra has been worked out by Mainardi [Mai08]. Working with the coherent
cuspidal ordinary Hecke algebra instead, we achieve the inequality (E|S).

There remains the case when P is exceptional. These are precisely common
divisors of the Katz p-adic L-function Lψ,Σ and the S-imprimitive Deligne-Ribet
p-adic L-function LSDR. We have trouble proving (E|S) for exceptional primes P
in general unless ordP (Lψ,Σ) ≤ 1. Nonetheless, if ∆ has order prime to p, then
results of Hida [Hid10] and the author [Hsi14] on the vanishing of the µ-invariant of
anticyclotomic p-adic L-functions for CM fields imply that there is no exceptional
prime unless ψ+ = τK/FωF andWΣ(ψ) ≡ −1 (mod mΛ), whereWΣ(ψ) ∈ Λ× is the
root number in the functional equation of the Katz p-adic function Lψ,Σ , and in
this particular case, the only possible exceptional prime is the pole Pe of LDR and
ordPe(Lψ,Σ) = 1 thanks to a recent result of A. Burungale [Bur14] on the vanishing
of µ-invariant of the cyclotomic derivative of Katz p-adic L-functions attached to
self-dual characters with root number −1.

Structure of this article. This paper is organized as follows.
In §1, we fix notation and definitions through this article. In §2 and §3, we review

the general theory of Shimura varieties associated to unitary groups over totally
real fields and the theory of Katz-Hida geometric modular forms. In §4, we ex-
tend Hida theory to include Eisenstein series on unitary groups U(r, 1) over totally
real fields. We prove the classicality and the control theorem for p-adic ordinary
modular forms. Hida theory provides the framework for the study of the con-
gruence among modular forms. In particular, the fundamental exact sequence in
Theorem 4.26 (cf. [Urb06, Thm. 2.4.19] and [SU14, Thm. 6.3.10]) is crucial to make
congruence between Eisenstein series and cusp forms modulo constant terms in §7.
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Hida developed his theory for cusp forms in great generality ([Hid02] and [Hid04b]),
and moreover he establishes an axiomatic control theorem for automorphic sheaves
on Shimura varieties of PEL-type using several standard results from the theory of
the minimal and toroidal compactifications of Shimura varities of PEL-type which
has been worked out by K.-W. Lan [Lan08] in full details. Hida theory for modular
forms on U(n, n)/Q has been carried out in [SU14], and the proofs therein work for
U(r, 1)/Q as well. However, due to the appearance of non-torsion units in O×F , one
requires a slight modification for the base change property in the totally real case
(See §4.1).

In §5 and §6, we construct the desired ordinary p-adic Eisenstein series on U(2, 1)
and make an explicit calculation on its constant terms (Proposition 6.6). In §7,
we show our ordinary p-adic Eisenstein series is non-vanishing modulo p (Proposi-
tion 7.13) and construct congruences between cusp forms and Eisenstein series on
U(2, 1), which leads to our first inequality (L|S) (Corollary 7.20).

Finally in §8, by the technique of lattice construction we prove the second in-
equality (E|S) (Theorem 8.14). A variant of Mainardi’s work in the context of the
coherent Hecke algebras is carried out in §8.3 and §8.4. The applications to the
main conjectures for CM elliptic curves and CM fields are given in §8.6.
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1. Notation and conventions

1.1. Throughout F is a totally real field of degree d over Q and K is a totally imag-
inary quadratic extension of F . Denote by c the complex conjugation, the unique
non-trivial element in Gal(K/F). Denote by a = Hom(F ,C) the set of archimedean
places of F and by h the set of finite places of F . Let DK/F (resp. DK/F ) be the
relative discriminant (resp. different) of K/F and SK/F =

{
v ∈ h | v|DK/F

}
.

Henceforth we fix an odd rational prime p which is unramified in F and assume
the following ordinary condition:

(ord) Every prime of F above p splits in K.



IWASAWA MAIN CONJECTURES FOR CM FIELDS 9

This condition implies that p is unramified in K. We denote by Sp the set of places
in F lying above p. We choose once and for all an embedding ι∞ : Q ↪→ C and an
isomorphism ι : C

∼→ Cp, where Cp is the completion of an algebraic closure of Qp.
Let ιp = ιι∞ : Q ↪→ Cp be their composition. Let Zp be the p-adic completion of
the ring Z of algebraic integers in Cp and let mp be the maximal ideal of Zp and
let m := ι−1(mp). Every number field L will be regarded as a subfield in C (resp.
Cp) via ι∞ (resp. ιp) and Hom(L,Q) = Hom(L,Cp).

If L is a finite extension of Qp or a number field, we denote by OL the ring of
integers of L. If L′ is a quadratic extension of L, denote by τL′/L the quadratic
character associated to L′/L. If L is number field, let GL = Gal(Q/L) be the
absolute Galois group. Let AL be the adele ring of L and AL,f be the finite part
of AL. For brevity, we shall write O = OF throughout this article.

We often write w for a place of K and v for a place of F . Write Kw (resp. Fv)
for the completion of K (resp. F) at w (resp. v) and Fp for F ⊗Q Qp. Denote by
$w (resp. $v) a uniformizer of Kw (resp. Fv). We also write Kv for K⊗F Fv and
Ov (resp. Op) for OFv (resp. O ⊗Z Zp).

Denote by Ẑ the finite completion of Z. If M is an abelian group, let M̂ =

M ⊗Z Ẑ. If L is a number field, L̂ = AL,f and ÔL =
∏
v<∞OLv .

1.2. For a finite set � of rational primes, we define Z(�) by

Z(�) =
{a
b
∈ Q | bZ + qZ = Z for all q ∈ �

}
.

By definition, Z(�) = Q if � is empty. If R is a Z-algebra, we let R(�) = R⊗ZZ(�) .
When � = {p}, we write R(�) as R(p). Denote by Z+ the set of positive integers.
Put

O(�),+ =
{
a ∈ O ⊗Z Z(�) | a is totally positive

}
.

If R is a ring, we denote by SCH/R the category of R-schemes and by SETS
the category of sets. If X is a scheme over F (resp. O), RF/QX (resp. RO/ZX) is
the restriction of scalar of X from F (resp. O) to Q (resp. Z).

If R is an O-algebra, the complex conjugation c induces an involution on R⊗OK
by r ⊗ x 7→ r ⊗ c(x). Define the n×n Hermitian matrices Hn(R) over R⊗O K by

Hn(R) = {g ∈Mn(R⊗O K) | g = g∗} ,

where g∗ = c(gt) and gt is the transpose of g. When n = 1 and g ∈ R ⊗O K, we
sometimes write g for g∗. If g ∈ GLn(R⊗OK), we write g−∗ and g−t for (g∗)−1 and
(gt)−1 respectively. We denote by Bn(R) the upper triangular subgroup of GLn(R).
Let Tn(R) be the diagonal torus of Bn(R) and let Nn(R) be the unipotent radical
of Bn(R).

1.3. Characters. Let IK = Hom(K,Q). For w ∈ SKp , we put

(1.1) Iw = {σp ∈ Hom(K,Cp) | σp induces w} = Hom(Kw,Cp).

We shall identity IK with twIw by σ 7→ σp := ιp ◦ σ.
Let χ : A×K/K× → C× be an arithmetic Hecke character of K×. We say that χ

has infinity type κ =
∑
σ∈IK

κσσ ∈ Z[IK] if

χ∞(α) = ι∞(ακ) :=
∏
σ∈IK

σ(α)κσ for all α ∈ K×.
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We can associate χ to a unique p-adic Hecke character χ̂ : A×K/K× → Z
×
p defined

by

χ̂(z) = ιp(χ(z)
∏
σ∈IK

z−κσσ )
∏
w|p

∏
σp∈Iw

σp(zw)κσ .

We call χ̂ the p-adic avatar of χ, whereas χ the complex avatar of χ̂.
Denote by recK : A×K/K× → GabK the geometrically normalized reciprocity map

which takes recK($w) = Frobw, where Frobw is the geometric Frobenius at w.
Throughout this article, every character of GK implicitly will be regarded as a
Hecke character of K× via recK.

1.4. CM-types. Let Σ be a CM-type of K, i.e. Σ is a subset of IK such that

Σ ∩Σc = ∅ and Σ tΣc = IK.

Denote by Σp the set of places of K above p induced by ιp ◦σ for σ ∈ Σ. We further
assume Σ is a p-ordinary CM-type. Namely,

Σp ∩Σpc = ∅ and Σp tΣpc = SKp .

The existence of a p-ordinary CM type is assured by the assumption (ord).
Henceforth, we simply write Σc = Σc and Σc

p = Σpc and identify the CM-type
Σ (resp. the p-adic CM-type Σp) with the set a of archimedean places of F (resp.
the set Sp of places of F above p).

1.5. Let Knc be the normal closure of K in Q. To every σ ∈ IK we can attach an
idempotent eσ ∈ OK ⊗Z OKnc such that aeσ = σ(a)eσ for a ∈ OK and

OK ⊗Z OKnc =
⊕
σ∈IK

OKnc · eσ.

For a subset J of IK, we put eJ =
∑
σ∈J eσ. Let e+ = eΣ and e− = eΣc . For

w ∈ SKp , let ew = eIw . Since p is unramified in K, ew belongs to OK ⊗Z Zp and

ew(OK ⊗Z Zp) = Ov,

where v is the place of F lying below w. By the definition of Σp, we have e+ =∑
w∈Σp ew (resp. e− =

∑
w∈Σcp

ew) and e+(OK ⊗ Zp) = e−(OK ⊗ Zp) = Op. If M
is an OK-module, we put Mp = M ⊗ Zp and

MΣ = e+(Mp) and MΣc = e−(Mp).

For σ ∈ IK, denote by C(σ) the K ⊗Q C-module whose underlying space is C
with K-action via ι∞σ. Put

C(J) =
⊕
σ∈J

C(σ).

Let Op(Σ) (resp. Op(Σ
c)) denote the OK ⊗Z Zp-module Op on which OK acts

through e+ (resp. e−).
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1.6. Unitary groups. Let r and s be two nonnegative integers such that r ≥ s ≥ 0.
Let (W,ϑ) be a skew-Hermitian K-space of dimension r− s with a skew-Hermitian
form ϑ. We fix a K-basis w1, . . . , wr−s of W and assume that ϑ(wi, wj) = aiδi,j .
We assume further that

√
−1 · σ(ai) > 0 and ιp(σ(ai)) are p-adic units for all i and

σ ∈ Σ. Let XK =
s⊕
i=1

Kxi and YK =
s⊕
i=1

Kyi be K-vector spaces of dimension s

and let (V, ϑr,s) be the skew-Hermitian space with the underlying K-vector space
V = YK ⊕W ⊕XK and ϑr,s the skew-Hermitian form on V defined by

ϑr,s =

 1s
−ϑ

−1s


with respect to the decomposition YK ⊕W ⊕XK. Let 〈 , 〉r,s : V×V → Q be the
alternating pairing defined by 〈v, v′〉r,s = TrK/Q(ϑr,s(v, v

′)).
Let G = GU(V ) be the group of unitary similitudes attached to the quadratic

space (V, ϑr,s). As an algebraic group over F , the R-points of G for a F-algebra R
are

G(R) = {g ∈ GLr+s(K ⊗F R) | gϑr,sg∗ = ν(g)ϑr,s for some ν(g) ∈ R×}.

The morphism ν : G → Gm/F is called the similitude map. The unitary group
U(V ) is defined by

U(V )(R) := {g ∈ GU(V )(R) | ν(g) = 1} .

We let GU(0, r − s) be the group of unitary similitudes attached to (W,−ϑ).
For g ∈ EndK V , we let g∨ denote the element in EndK V such that ϑr,s(vg, v′) =

ϑr,s(v, v
′g∨), v, v′ ∈ V . Then g∨ = g−1ν(g) if g ∈ G.

1.7. Standard basis. The basis
{
yi, xi

}
i=1,...,s

and
{
wi
}
i=1,...,r−s is called the

standard basis of V . The basis
{
ewy

i, eww
i, ewx

i
}
w∈SKp

(resp.
{
eσy

i.eσw
i, eσx

i
}
w∈IK

)
is called the standard p-adic (resp. complex) basis of V ⊗QQp (resp. V ⊗QC). We
identify GL(VΣ) (resp. GL(VΣc) with GLr+s(Fp) =

∏
v∈Sp GLr+s(Fv) with respect

to the standard p-adic basis of VΣ (resp. VΣc). Consider the following embedding:

RF/QG(Qp) =
∏
v∈Sp

G(Fv)→ GL(VΣ)×GL(VΣc)×F×p

g 7→ (g|VΣ , g|VΣc , ν(g)).

For each v ∈ Sp, the above embedding gives rises an identification

GU(V )(Fv) = G(Fv) '
{

(x, x′, ν) ∈ GLr+s(Fv)×GLr+s(Fv)×F×v | x′ = ϑtr,sx
−tϑ−tr,s · ν

}
.

If w is the place above p in Σp, then we have the identifications:

(1.2)
GU(Fv) = GLr+s(Fv)×F×v , g → (g|ewV , ν(g)),

U(V )(Fv) = GLr+s(Fv), g → g|ewV .

Thus, (g, ν) ∈ GU(Fv) has the similitude ν. Similarly, the standard complex basis
gives rise to the identification:

RF/QG(R) = GLr+s(C(Σ))×C×(Σ).

We shall fix these identifications throughout this article.
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1.8. Lattices and polarization. In what follows we make a choice of the lattice
M in V . Denote by dK the absolute different of K/Q. LetX∨ = d−1

K x1⊕· · · d−1
K xs =

(d−1
K )s and Y = OKy1⊕ · · ·OKys = OsK be the standard OK-lattices in XK and YK

respectively. We choose an OK-lattice L in W such that TrK/Q(ϑ(L,L)) ⊂ Z and
Lp = L⊗Z Zp =

∑r−s
i=1 (OK ⊗Z Zp)w

i = (OK ⊗Z Zp)
r−s. Define the OK-lattice M

in V by

(1.3) M := Y ⊕ L⊕X∨.

Then 〈M,M〉r,s ⊂ Z and Mp := M ⊗Z Zp is self-dual with respect to 〈 , 〉r,s as
p is unramified in K. A pair of sublattices Polp =

{
N−1, N0

}
of Mp is called an

ordered polarization ofMp if N−1 and N0 are maximal isotropic submodules inMp

and they are dual to each other with respect to 〈 , 〉r,s. Moreover, we require that

rankN−1
Σ = rankN0

Σc = r, rankN−1
Σc = rankN0

Σ = s.

We now endow M with the standard ordered polarization as follows. Put

M−1 = YΣ ⊕ LΣ ⊕ YΣc and M0 = X∨Σc ⊕ LΣc ⊕X∨Σ .

We call Pol0p =
{
M−1,M0

}
the standard (ordered) polarization of Mp. We make

the following identification according to the standard p-adic basis.

(1.4)
M0
Σ = X∨Σ = Op(Σ)s

M−1
Σ = YΣ ⊕ LΣ = Op(Σ)r

and
M−1
Σc = YΣc = Op(Σ

c)s

M0
Σc = X∨Σc ⊕ LΣc = Op(Σ

c)r.

1.9. Filtration. Let R be a ring and N be a free R-module of rank l with an or-
dered basis

{
v1, . . . , vl

}
, define the standard (decreasing) filtration Fil•st(N,

{
v1, . . . , vl

}
))

of N by Filnst(N,
{
v1, . . . , vl

}
) =

∑l−n+1
i=1 Rvi. We endow the Op-modules M0

Σ and
M0
Σc with the filtration defined by

(1.5)

FiliM0
Σ = Filist(X

∨
Σ ,
{
e+xs, . . . , e+x1

}
) if 1 ≤ i ≤ s,

FiliM0
Σc =

{
Fili−sst (LΣc ,

{
e−w1, . . . , e−wr−s

}
) if s+ 1 ≤ i ≤ r,

LΣc ⊕ Filist(X
∨
Σc ,
{
e−x1, . . . , e−xr

}
) if 1 ≤ i ≤ s.

Define the filtration Fil•MΣ of MΣ as follows.
(1.6)

FiliMΣ =


Fili−rst (X∨Σ ,

{
e+xs, . . . , e+x1

}
) if r + 1 ≤ i ≤ r + s,

Fili−sst (LΣ ,
{
e+wr−s, . . . , e+w1

}
)⊕M0

Σ if s+ 1 ≤ i ≤ r,
Filist(YΣ ,

{
e+ys, . . . , e+y1

}
)⊕ LΣ ⊕M0

Σ if 1 ≤ i ≤ s.

1.10. Open compact subgroups. For v ∈ h, put

(1.7) K0
v := {g ∈ G(Fv) | (M ⊗O Ov)g = M ⊗O Ov} .

and K0 =
∏
v∈hK

0
v . Let N0 ≥ 3 be a prime-to-p positive integer and fix an open

compact subgroup K such that Kv = K0
v for all v|p. We assume K is neat in the

following sense:

(neat)
K ⊂ {g ∈ G(AF,f ) |M(g − 1) ⊂ N0 ·M}
ν(K) ∩O×+ ⊂ (K ∩O×)2
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The first condition assures that K is torsion-free ([Shi97, Lemma 24.3 (2)]), and
the second one is possible by choosing sufficiently large N0 (cf. [Hid04b, page 136]
). Under the identification (1.2), we have

K0
v = GL(MΣ)×O×v

∼→ GLr+s(Ov)×O×v for v|p.

For gp = (g
(1)
p , ν(gp)) ∈ K0

p , we write g(1)
p =

(
A B
C D

)
according to the decomposi-

tion MΣ = M−1
Σ ⊕M0

Σ . For n ∈ Z+, put

I1(pn) =
{
g ∈ K0

p | gp ∈ Nr+s(Op)× {1} (mod pn)
}

and define

Kn =

{
g ∈ K | gp ≡

(
1r ∗
0 1s

)
× {1} mod pn

}
,

Kn
1 =

{
g ∈ K | g(1)

p |gr•MΣ
≡ 1 (mod pn), ν(gp) ≡ 1 (mod pn)

}
= K(p)I1(pn),

Kn
0 =

{
g ∈ K | g(1)

p ∈ Br+s(Op) (mod pn)
}
.

2. Shimura varieties for unitary groups

One approach to explore the arithmetic of modular forms on unitary groups is
to study the associated Shimura varieties and understand its structure as a moduli
space of certain abelian schemes with additional structures. We review these objects
in this section, following the exposition in [Hid04b, Chapter7]. In what follows, let
K be a finite extension of Knc(e2πi/N0) which is unramified at p and let p be the
prime ideal of K induced by ιp : K ↪→ Cp. Let O := OK,(p) be the localization
of OK at p and let Op be p-adic completion of O. We shall identify Op with the
p-adic closure of ιp(O) in Cp via ιp. An O-algebra R is called a base ring, and
similarly a scheme S over Spec O is called a base scheme.

2.1. Shimura varieties associated to GU(V ). Let � be a finite set of ra-
tional primes not dividing N0. Let U ⊂ K be an open compact subgroup in
RF/QG(AQ,f ).

Definition 2.1 (S-quadruple). Let S be a locally noetherian connected O-scheme
and let s̄ be a geometric point of S. A S-quadruple of level U (�) is a quadruple
A = (A, λ̄, ι, η̄(�))S consisting of the following data:

• A is an abelian scheme of dimension (r + s)d over S.
• ι : OK ↪→ EndS A⊗Z Z(�) .
• λ is a prime-to-� polarization of A over S and λ̄ is the O(�),+-orbit of λ.

Namely

λ̄ = O(�),+λ :=
{
λ′ ∈ Hom(A,At)⊗Z Z(�) | λ′ = λ ◦ a, a ∈ O(�),+

}
.

• η̄(�) = η(�)U is a π1(S, s̄)-invariant U -orbit of the isomorphism of OK-
modules η(�) : M ⊗ Ẑ(�) ∼→ T (�)(As̄) := H1(As̄, Ẑ

(�)). Here we define
η(�)g(x) = η(xg∨) for g ∈ U .

Furthermore, the quadruple (A, λ̄, ι, η(�)U)S satisfies the following conditions (K1)-
(K3):
(K1) Let t denote the Rosati involution induced by λ on EndS A⊗ Z(�) . Then

ι(b)t = ι(c(b)), ∀ b ∈ OK.
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(K2) Let eλ be the Weil pairing induced λ. Lifting the isomorphism Z/N0Z '
Z/N0Z(1) induced by e2πi/N0 to an isomorphism ζ : Ẑ ' Ẑ(1), we can re-
gard eλ as a skew-Hermitian form eλ : T (�)(As̄)×T (�)(As̄)→ d−1

K ⊗Z Ẑ
(�).

Let eη denote the skew-Hermitian form on T (�)(A) induced by eη(x, x′) =
ϑr,s(η(x), η(x′)). We require that

eλ = u · eη for some u ∈ A
(�)
F,f .

(K3) The determinant condition:

(2.1) det(X − ι(b)|LieA) =
∏
σ∈Σ

(X − (σc)(b))r(X − σ(b))s ∈ OS [X], ∀ b ∈ OK.

Define the fibered category C
(�)
U over SCHOK,(�)

as follows. Objects over S are
S-quadruples. For A = (A, λ̄, ι, η̄(�))S and A′ = (A′, λ̄′, ι′, η̄′(�))S , we define the
morphism by

Hom
C

(�)
U

(A,A′) =
{
φ ∈ HomOK(A,A′) | φ∗λ̄′ = λ̄, φ(η̄′(�)) = η̄(�)

}
.

We say A ' A′ if there exists an isomorphism in Hom
C

(�)
U

(A,A′).

If � = ∅ is the empty set, we define the functor SU : SCH/K → SETS by

SU (S) =
{
A = (A, λ̄, ι, ηU)S ∈ CU (S)

}
/ ' .

By the theory of Shimura-Deligne, SU is represented by a quasi-projective scheme
SG(U)/K over K. We call SG(U)/K the Shimura variety attached to G = GU(V )
over K.

2.2. Kottwitz model. Suppose that � = {p}. Let K be an open compact sub-
group such that Kp = K0

p . Define the functor S(p)
K : SCH/O → SETS by

S
(p)
K (S) =

{
A = (A, λ̄, ι, η̄(p))S ∈ C

(p)
K (S)

}
/ ' .

In [Kot92], Kottwitz shows that S
(p)
K is represented by a quasi-projective scheme

SG(K)/O over O if K is neat.

2.3. Igusa schemes associated to GU(V ). Let Polp =
{
N−1, N0

}
be a polar-

ization of Mp = M ⊗Z Zp, where M is the OK-lattice defined in (1.3).

Definition 2.2 (S-quintuples). Let n be a positive integer. Define the fibered
category C

(p)
K,n,Polp

whose objects over a base scheme S are S-quintuples (A, j)S =

(A, λ̄, ι, η̄(p), j)S of level Kn, where A ∈ C
(p)
K (S) is a S-quadruple and

j : µpn ⊗Z N
0 ↪→ A[pn]

is a monomorphism as OK-group schemes over S. We call j a level-pn structure of
A. Morphisms between S-quintuples are

Hom
C

(p)
K,n,Polp

((A, j), (A′, j′)) =
{
φ ∈ Hom

C
(p)
K

(A,A′) | φj = j′
}
.
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Define the functor I(p)
K,n,Polp

: SCH/O → SETS by

I
(p)
K,n,Polp

(S) =
{

(A, j) = (A, λ̄, ι, η̄(p), j)S ∈ C
(p)
K,n(S)

}
/ ' .

It is known that I
(p)
K,n,Polp

are relatively representable over SG(K)/O (cf. [HLS06,
Lemma(2.1.6.4)] and [SGA64, Prop. 3.12]), and thus it is represented by a scheme.
Denote by I0

G(Kn)/O the scheme that represents I
(p)

K,n,Pol0p
for the standard polar-

ization Pol0p =
{
M−1,M0

}
defined in (1.4). Let A be the universal quadruple of

level K(p) over SG(K). Then we have

I0
G(Kn) = InjOK

(µpn ⊗Z M
0,A).

In addition, I0
G(Kn) is a model of SG(Kn) over O in view of the following lemma.

Lemma 2.3. Let L ⊃ K(e2πi/pn) be a field. There is a non-canonical isomorphism
over SpecL.

I0
G(Kn)/L

∼→ SG(Kn)/L.

Proof. Since MΣ = M0
Σ ⊕M

−1
Σ , we have a natural exact sequence

0−→M0
Σ

i0−→MΣ
i−1

−→M−1
Σ −→0.

We fix an isomorphism ζpn : Zn ' µpn , which induces an isomorphism ζ−1
pn : µpn ⊗

M0
Σ ' Zn⊗M0

Σ . Let S be a scheme over L and A = (A, λ̄, η(p)K)S be a S-quadruple
of level K(p). A level-pn structure j of A is equivalent to a class ηp(j)K(pn), where
ηp(j) : M−1 ⊕M0 = Mp

∼→ Tp(A). We can define the isomorphism (dependent on
the choice of ζpn) I0

G(Kn)/L
∼→ SG(Kn)/L by[

(A, λ̄, ι, η̄(p), j)
]
→
[
(A, λ̄, ι, (η(p)×ηp(j))Kn)

]
. �

2.3.1. Change of the polarization. It is clear that the notion of level-pn structures
depends on the choice of the polarization of Mp. Choose γ ∈ K0

p such that N−1 =

M−1γ and N0 = M0γ. Then we see that j 7→ γj is an isomorphism from the level-
pn structures with respect to Polp to those of Pol0p. Therefore the map [(A, j)] →
[(A, γj)] induces an isomorphism between I

(p)
K,n,Polp

and I
(p)

K,n,Pol0p
.

2.3.2. p-adic one forms. Suppose p is nilpotent in R and pmR = 0 for some m ≥ 1.
Let (A, j) be a R-quintuple of level Kn, n ≥ m. Identify M0 = M−1

Σ ⊕M0
Σc with

the basis in (1.4). Then the level pn-structure j over R induces a trivialization of
LieA:

j+
∗ : M0

Σ ⊗R
∼→ e+ LieA[pn] = e+ LieA ; j−∗ : M0

Σc ⊗R
∼→ e− LieA[pn] = e− LieA.

Let ωA = Hom(LieA,R) be the R-module of invariant one forms of A. Taking
the duality HomOp(−, Op) of the identification in (1.4), we obtain an isomorphism
induced by j∗:
(2.2)
ω(j)+ = ω(j−) : Op(Σ)r ⊗R ∼→ e+ωA ; ω(j)− = ω(j+) : Op(Σ

c)s ⊗R ∼→ e−ωA.

2.4. Complex uniformization. Let U ⊂ K0 be an open compact subgroup in
G(AF,f ). We recall the description of the complex points SG(U)(C) following
[Shi98, Chap.VI].
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2.4.1. We begin with the Hermitian symmetric domain attached to unitary groups
with signature (r, s). We treat two cases r ≥ s > 0 and rs = 0 separately. If
r ≥ s > 0, we put

Xr,s = {τ =

[
x
y

]
| x ∈Ms(C

Σ), y ∈M(r−s)×s(C
Σ), i(x∗ − x) > −iy∗ϑ−1y}.

According to the standard basis of V , we can write α ∈ RF/QG(R) in the form

(2.3) α =

a b c
g e f
h l d


with a, d ∈ Mr(C

Σ) and e ∈ Mr−s(C
Σ). The action of α ∈ RF/QG(R)+ on Xr,s

is defined by

(2.4) α

[
x
y

]
=

[
ax+ by + c
gx+ ey + f

]
· (hx+ ly + d)−1.

If rs = 0, Xr,s consists of a single point written x0 with the trivial action of G.
Then X+ := Xr,s is the Hermitian symmetric domain associated to G. Put

MG(X+, U) := G(F)+\X+ ×G(AF,f )/U,

where G(F)+ = {g ∈ G(F) | ν(g) > 0}. Then MG(X+, U) is a complex manifold
when U is neat. Denote by [τ, g] ∈ MG(X+, U) the complex point represented
by (τ, g) ∈ X+×G(AF,f ). The group G = GU(r, s) satisfies the Hasse principle
([Hid04b, 7.1.5, page 319]). Hence we have

(2.5) MG(X+, U)
∼→ SG(U)(C).

2.4.2. Analytic construction of the universal abelian scheme over C. Let A(V )/C
be the universal quadruple of level U over SG(U)C. We shall recall a construction
of A(V )C after introducing some notation. Define the K ⊗Q C-module Cr,s by

(2.6) Cr,s = C(Σc)s ⊕C(Σc)r−s ⊕C(Σ)s.

Here Cr−s and Cs are regarded as spaces of row vectors. According to the above
decomposition (2.6), we define cr,s : Cr,s → Cr,s by

cr,s(u1, u2, u3) = (u1, u2, u3),

where umeans the complex conjugation of u ∈ C. We denote by z(1)
V (Σ), . . . , z

(r)
V (Σ)

the first r d-tuple complex coordinates of Cr,s, where z(i)
V (Σ) = (z

(i)
V,σ)σ∈Σ . Simi-

larly, we denote by z(r+1)
V (Σc), . . . , z

(r+s)
V (Σc) the rest of s d-tuple complex coordi-

nates. If s > 0, we put

B(τ) =

x∗ y∗ x
0 ϑ y
1s 0 1s

 ∈Mr+s(C
Σ).

If rs = 0, we put B(x0) = ϑ. The CM-type Σ induces an isomorphism Σ :

K⊗QR
∼→ CΣ , by which we regard V ⊗QR as a C-space of row vectors according

to the K-basis
{
yi, wi, xi

}
. For each τ ∈ X+, define the R-linear isomorphism

p(τ) : V ⊗Q R
∼→ Cr,s by p(τ)v = cr,s(vB(τ)). Then V acts on (τ, z) ∈ X+ ×Cr,s

by
v · (τ, z) = (τ, p(τ)v + z).
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We define a left action of G on V by

(2.7) g ∗ v := vg∨ = vg−1ν(g).

Put

(2.8) M[g] = g ∗M = Mg∨ and M[g](τ) = p(τ)(M[g]).

To each point (τ, g) ∈ X+×G(AF,f ), we can attach a C-quadruple A(V )g(τ) =

(A(V )g(τ), 〈 , 〉can, ιC, ηgKn) of level Kn defined by the following data

• The abelian variety: A(V )g(τ) := Cr,s/M[g](τ) with p(τ) : V ⊗QR/M[g]
∼→

Ag(τ),
• The polarization: 〈 , 〉can is the F+-orbit of the polarization induced by

the unique Riemann form 〈 , 〉can on Cr,s such that 〈p(τ)v, p(τ)v′〉can =
〈v, v′〉r,s for all v, v′ ∈ V .

• The endomorphism: ιC : OK → EndAg(τ)⊗Z Q is the OK-action induced
by the action on V via p(τ),

• The prime-to-p level structure: η(p)
g : M ⊗ Ẑp

∼→ M[g] = H1(Ag(τ), Ẑp) is
defined by

η(p)
g (x) = g ∗ x for x ∈M.

• The level structure at p: fix a primitive pn-th root ζ = e2πi/pn and let
ζ : Z/pnZ

∼→ µpn be the induced isomorphism. Define

jζ : M0 ⊗ µpn 'M0 ⊗ Z/pnZ ↪→ Ag(τ)[pn] = M[g] ⊗ Z/pnZ

by jζ(x0) = g ∗ x0 for x0 ∈M0.

Let ηg be the full level structure η(p)
g ×ηp(jζ). The isomorphism in (2.5) can be

described explicitly as follows

MG(X+,Kn)
∼→ SG(Kn)(C)

[τ, g]→ A(V )g(τ) :=
[
(A(V )g(τ), 〈 , 〉can, ιC, ηgK

n)
]
.(2.9)

By definition, we have

[τ, gu] =
[
(Ag(τ), 〈 , 〉can, ιC, η

(p)uKn, jζup)
]

(u ∈ K0).

We put
(2.10)
dzV (Σ) =

{
dz

(1)
V (Σ), . . . , dz

(r)
V (Σ)

}
and dzV (Σc) =

{
dz

(r+1)
V (Σc), . . . , dz

(r+s)
V (Σc)

}
.

Then dzV := (dzV (Σ), dzV (Σc)) form a basis of ΩAg(τ). We define a d-tuple r-form
ωV/C(Σ) and a d-tuple s-form ωV/C(Σc) by

(2.11) ωV/C(Σ) =

r∧
i=1

dz
(i)
V (Σ) ; ωV/C(Σc) =

r+s∧
i=r+1

dz
(i)
V (Σc).
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2.5. Igusa schemes associated to U(V ). For the future application, we have
to consider the Igusa schemes associated to the unitary group U(V ) as well. Let
Cl+F (K) be a set of representatives of the group F+\A×F,f/ν(K) in A

(p)
F,f . For each

c ∈ Cl+F (K), we consider the functor I(p)
K,n,Polp,c

: SCH/O → SETS

I
(p)
K,n,Polp,c

(S) =
{

(A, λ, ι, η̄(p), j)S | (A, λ̄, ι, η̄(p)) ∈ C
(p)
K,n(S), λ is a c-polarization

}
/ ' .

Here by c-polarization we mean that λ is a polarization in the class λ̄ such that

eλ = u · eη, u ∈ cν(K).

It is shown in [Hid04b, page 136] that the isomorphism class [(A, λ, ι, η(p)K, j)S ] is
independent of the choice of λ in λ̄ under the assumption (neat). Then I

(p)
K,n,Polp,c

is represented by a scheme over O, which is denoted by I0
U(V )(K

n, c)/O.

Pick gc ∈ G(A
(p)
F,f ) such that ν(gc) = c and let cKn = gcK

ng−1
c ∩ U(V )(AF,f ).

We have an isomorphism

MU(V )(X
+, cK)

∼→ I0
U(V )(K

n, c)/C.

As explained in [Hid04b, §4.2.1] for the Hilbert modular varieties, we have

tc∈Cl+F (K)I
0
U(V )(K

n, c)/O = I0
G(Kn)/O.

We write I0
U(V )(K

n) for I0
U(V )(K

n, c) if c = 1.

2.6. Morphisms between Igusa schemes. Let (W,ϑ,L) and (V, ϑr,s,M) be as
before. Put L−1 = LΣ := (L⊗Zp)Σ and L0 = LΣc := (L⊗Zp)Σc . Then

{
L−1, L0

}
is a polarization of Lp = L⊗ZZp. Recall the standard polarization of Mp in §1.8 is

M−1 =

s∑
i=1

(OK ⊗Z Zp)y
i + L−1 and M0 = L0 +

s∑
i=1

(OK ⊗Z Zp)x
i.

Let V = (V, ϑr,s,M,M−1 ⊕M0) and −W = (W,−ϑ,L, L0 ⊕ L−1). Let (W, ηr) =
(V⊕(−W ), ϑr,s⊕(−ϑ)). Let L := M⊕L be anOK-lattice inW and let

{
L−1,L0

}
={

M−1 ⊕ L0,M0 ⊕ L−1
}
be the direct product polarization of Lp. Put

W = V ⊕ (−W ) = (W, ηr,L,L
−1 ⊕ L0).

Let G1 = U(V ), G2 = U(W ) and G3 = U(W) be the associated unitary groups.
For open compact subgroups Ki ⊂ Gi(AQ,f ) such that K1 ×K2 ⊂ K3 and a fixed
c ∈ (Ap

F,f )×, we write I0
i (Ki(p

n)) for the Igusa schemes I0
Gi

(Ki(p
n), c) associated

to unitary groups with additional data. Then we have a natural morphism

iV,W : I0
1 (K1(pn))/O × I0

2 (K2(pn))/O −→ I0
3 (K3(pn))/O

defined by

(2.12)
iV,W

[
(A1, λ1, ι1, η

(p)
1 K1, j1)

]
,
[
(A2, λ2, ι2, η

(p)
2 K2, j2)

]
=
[
(A1 ×A2, λ1 × λ2, ι1 × ι2, (η(p)

1 × η(p)
2 )K3, j1 × j2)

]
.

Now we consider a different polarization of Lp. Let w+,i (resp. w−,i) be the
image of wi in W (resp. −W ) as a subspace in W. Define a basis

{
yi,xi

}r
i=1

of
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W by yi = yi, xi = xi if 1 ≤ i ≤ s and

(2.13)
yi =

1

2
w+,i−s − 1

2
w−,i−s,

xi = w+,i−sϑ−1 + w−,i−sϑ−1 if s < i ≤ r.

Put Y =
∑r
i=1(OK ⊗ Zp)y

i and X =
∑r
i=1(OK ⊗ Zp)x

i. Then {Y,X} is also a
polarization of Lp = Mp ⊕ (−Lp) and

LΣ = MΣ ⊕ (−L)Σ = YΣ ⊕XΣ .

We let Υ be the unique element in GL(WΣ) =
∏
v∈Σp GL2r(Fv) ' U(W)(Fp) such

that yiΥ = yi, xiΥ = xi if 1 ≤ i ≤ s and w+,i−s
Σ Υ = yiΣ and w−,i−sΣ Υ = xiΣ if

s < i ≤ r. Then L0
ΣΥ = XΣ and L−1

Σ Υ = YΣ . The matrix representation of Υ
according the basis

{
yiΣ ,x

i
Σ

}
is

(2.14) Υ =


1s

1
2 − 1

2

1s
ϑ−1 ϑ−1

 ∈ U(W)(Fp).

We give an explicit expression of the morphism iV,W in (2.12) in terms of the
complex coordinates defined in (2.9). Notation is as in §2.4.2. By the definition of
Cr,r we can decompose

Cr,r = Cs(Σc)⊕Cr−s(Σc)⊕Cs(Σ)⊕Cr−s(Σ) = Cr,s ⊕C0,r−s.

For τ =

[
x
y

]
∈ Xr,s, we let iτ ∈ GL(Cr,r) be the matrix such that according to the

above decomposition

iτ =


1s

1r−s
1s
ϑ−1y 1r−s


and put

(2.15) Zτ =

(
x 0
y −2−1ϑ

)
∈ Xr,r.

For g ∈ U(V ) and h ∈ U(W ), a straightforward computation shows that(
L(g,h)(Zτ )

)
iτ = M[g](τ)⊕ Lh(x0).

Hence, iτ induces an isomorphism
(2.16)

A(W)(g,h)(Zτ ) =
Cr,r

L[(g,h)](Zτ )

iτ
∼→ Cr,s

M[g](τ)

⊕ C0,r−s

L[h](x0)
= A(V )g(τ)×A(W )h(x0),

and

(2.17) i∗τ (ωV/C(Σ), ωV/C(Σc) ∧ ωW/C(Σc)) = (ωW/C(Σ),ωW/C(Σc)).

In view of (2.9) and (2.16), the morphism iV,W in (2.12) over C is given by

(2.18) iV,W ([τ, g], [x0, h]) = [Zτ , (g, h)Υ].
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Here the appearance of Υ ∈ U(W)(Fp) given in (2.14) is due to the change of
level structures at p obtained from the direct product polarization

{
L−1,L0

}
to the

standard polarization {Y,X} when GU(W) is regarded as the standard matrix
group GU(r, r).

2.7. Compactifications. We collect some basic facts in the theory of the toroidal
and minimal compactifications of unitary Shimura varieties. For details and proofs,
the reader is referred to [FC90], [Fuj89] and [Lan08]. We shall follow the exposition
in [SU14, §5] but restrict ourself to the simple case s = 1 (so dimXK = dimYK = 1
and G = GU(r, 1)/F ). Let P be the stabilizer of the flag {0} ⊂ XK ⊂ V in
G = GU(V ). Then P is the standard parabolic subgroup of G. Let NP be the
unipotent radical of P and let

MP := GL(XK)×GU(W ) ↪→ GU(V ), (a, g1) 7→ diag(a, g1, ν(g1)a−∗)

be the standard Levi subgroup of P . Let GP := GU(W ) ↪→ GU(V ), g1 7→
diag(1, g1, ν(g1)).

2.7.1. Cusps. The set of cusp labels for SG(K) is defined to be the double coset

C(K) := (GL(XK)×GP (AF,f ))NP (AF,f )\G(AF,f )/K.

SinceGP is a totally definite unitary group, the set C(K) is finite. For g ∈ G(AF,f ),
we denote by [g] the class in C(K). By the strong approximation and Iwaswa
decomposition G(AF,f ) = P (AF,f )K0, we can choose a convenient set C(K) of
representatives of C(K) in G(A

(p)
F,f ) such that g = pk0 for p ∈ P (A

(pN0)
F,f ) and

k0 ∈ K0 and with the similitude ν(g) ∈ Ô.

2.7.2. Toroidal compactifications. The existence of toroidal compactifications of
Siegel modular varieties has been established in [FC90]. For general Shimura vari-
eties of PEL-type, these are done in the works of [Fuj89] and [Lan08]. To a datum
of smooth rational cone decompositions

{
ξ[g]
}
g∈C(K)

of F+, we can attach the
toroidal compactification SG(K)/O of SG(K)/O, which is a proper smooth scheme
over O containing SG(K) as an open dense subscheme. The complement of SG(K)
is a relative Cartier divisor with normal crossings. In addition, there is a quadruple
G = (G, λ, ι, η) over SG(K), where G is a semi-abelian scheme with an OK-action by
ι and a homomorphism λ : G→ Gt such that G|SG(K) = A, the universal quadruple
over SG(K) and η is the level structure in the quadruple A.

2.7.3. The minimal compactification. Let ω := e∗ΩG/SG(K)
be the pullback of the

sheaf of the relative Kähler differentials ΩG/SG(K)
along the zero section e of G/SG(K).

Then ω is a locally free coherent OSG(K)-module. The minimal compactifcation
S∗G(K)/O of SG(K) is defined to be

S∗G(K) := Proj

∞⊕
k=0

Γ(SG(K),detωk).
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The O-schemes SG(K), SG(K) and S∗G(K) fit in the following diagram:

SG(K)

π

��
SG(K)

ī

::ttttttttt
i // S∗G(K),

where i and ī are open immersions, and π is a blow-down map. The following
results about the minimal compactification S∗G(K) is due to Kai-Wen Lan in his
Harvard thesis [Lan08].

Theorem 2.4.
(1) π∗ detω is an ample line bundle on S∗G(K) and S∗G(K) is a normal projec-

tive scheme of finite type over O.
(2) π∗OSG(K) = OS∗G(K). Hence π has geometrically connected fibres.
(3) S∗G(K)(C) is the classical Satake-Baily-Borel compactification.
(4) There is a natural stratification of ∂S∗G(K) := S∗G(K)\SG(K) indexed by

C(K):

∂S∗G(K) = tg∈C(K)SGP (Kg
P ), Kg

P = GP (AF,f ) ∩ gKg−1.

If Kp 6= K0
p , currently we only have toroidal compactifications SG(K)/K and

the minimal compactification S∗G(K)/K of SG(K)/K over K = O[1/p]. If we choose
compatible rational cone decompositions, then the maps SG(Kn

• )/K → SG(K)/K
extends to these compactifications over K.

2.7.4. Local charts and Mumford families. Let g ∈ G(AF,f ) with gp ∈ K0
p . We

write g∨ = kg∨i γ with k ∈ K, gi ∈ C(K) and γ ∈ G(F)+ (recall that g∨ = g−1ν(g)).
Let Yg = Y g∨i and X∨g = X∨g∨i . Then Yg = by1 and X∨g = a−1d−1

K x1 for some
fractional ideals a and b of OK. Let Xg =

{
y ∈ IY | 〈y,X∨g 〉r,1 ⊂ Z

}
= c(a)y1 be

the Z-dual of X∨g (c is the complex conjugation). With our choice of Y = OKy1,
X∨ = d−1

K x1 and gi ∈ C(K), 〈Yg, X∨g 〉 ⊂ Z, so b ⊂ c(a). Let i : Yg = by1 ↪→ Xg =

c(a)y1 be the inclusion map. Let Ig be the subgroup in Xg ⊗Z Yg generated by

i(y′)⊗ y − i(y)⊗ y′; xb⊗ y − x⊗ c(b)y (x ∈ Xg, y, y
′ ∈ Yg, b ∈ OK).

Let Sg = S(Xg⊗ZYg) be the maximal free quotient of the group Xg⊗ZYg/Ig. The
Z-dual S ∨[g] = HomZ(S[g],Z) is the space of Z-valued symmetric and Hermitian
bilinear forms on c(a)× b, so S ∨[g] is isomorphic to (abdK)−1 ∩ F , and S[g] is the
fractional ideal (abdK∩F)d−1

F of F . Let Hom(F ,Q) be the space of Q-linear maps
from F to Q and choose a set of d linear independent elements ξ = {l1, . . . , ld}
in Hom(F ,Q) such that li(F+) ⊂ Q+ for all i. Let N0 be the level of K as in
(neat). Set S ξ

[g] =
{
s ∈ N−1

0 S[g] | l(s) ≥ 0, l ∈ ξ
}
, S +

[g] =
{
s ∈ N−1

0 S[g] | s ∈ F+

}
and S 0

[g] = S +
[g] ∪ {0}.

Let S[g] := SGP (Kg
P ) and let B = (B, λ̄B, ιB, ηB) be the universal quadruple

over S[g]. Let P be the Poincaré line bundle over B×Bt. Define the group scheme
Z[g] over S[g] by

Z[g] = HomOK(Xg,B
t)×HomOK

(Yg,Bt)HomOK(Yg,B)

=
{

(c, ct) ∈ HomOK(Xg,B
t)×HomOK(Yg,B) | c(i(y)) = λ(ct(y)), y ∈ Yg

}
.
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Let Z◦[g] be the connected component of Z. Each β ∈ X ⊗ Y induces a tautological
map from c(β) : Z◦[g] → B × Bt. We let L(β) = c(β)∗P be the line bundle over
Z◦[g] obtained by the pull back of P via c(β). Because of the symmetry of the
polarization λ and the ampleness of P, L(β) only depends on the holomorphic
image of β in S[g].

For • = 0, 1 or ∅, we let Kg,n
P,• := gKn

• g
−1 ∩ GP (AF,f ) and let I[g](Kn

• ) :=

IGP (Kg,n
P,•) be the associated Igusa scheme over S[g]. In our simple situation, S[g]

and I[g](Kn
• ) are affine schemes of finite type over O. Let A[g] (resp. An[g]) be the

coordinate ring of S[g] (resp. I[g](K
n
1 )). For • = ξ, 0 or +, we write S •g,n for

p−nS •[g] and let R•[g],n be the An[g]JS
•
g,nK-algebra defined by

(2.19)

R•[g],n :=
∏

β∈S •g,n

H0(Z◦[g]/I[g](K
n
1 ),L(β))qβ

=
∏

β∈S •g,n

An[g] ⊗A[g]
H0(Z◦[g],L(β))qβ .

Write R•[g] = R•[g],0. Let J+ be the ideal of R•[g],n generated by
{
qβ
}
β∈S +

[g]

. By

Mumford’s construction ([Cha85] and [FC90]), there exists a semi-abelian scheme
(M[g], ιM) over SpecRξ[g] together with an OK-action ιM : OK → EndM ⊗Z Z(p)

such that M is an abelian scheme over SpecRξ[g][1/J+], and M̃ := M⊗ R
ξ
[g]/J+ is

the universal OK-Raynaud extension over Z◦[g] with the exact sequence

(2.20) 0−→X∨g ⊗Gm−→M̃−→B−→0.

The datum (λ̄B,K
g
P ηB) induces a polarization and a level structure (λ̄M, η̄

(p)
M ) of M

over Rξ[g] compatible with the degeneration (cf. [FC90, IV. 6.4, 6.5 and V. 2.5(5)]).

The Mumford quadruple M[g] at the cusp [g] is the R
ξ
[g]-quadruple of level K given

by

M[g] = (M[g], λ̄M, ιM, η̄
(p)
M )/Rξ

[g]
.

Moreover, there is a morphism ιξ[g] : SpecRξ[g] → SG(K) such that (ιξ[g])
∗G = M[g].

Let Γ[g] = GL(XK) ∩ giKg−1
i . Then the group Γ[g] ⊂ O×F acts on X∨g , and thus

induces an automorphism of M[g] by the functoriality of Mumford’s construction.
Let (B, jB) be the universal quintuple over I[g](Kn). Fixing a pn-level structure

jM on M[g] lifted from the tautological pn-level structure jB on B and the natural
one on X∨ ⊗Gm, we obtain the Mumford quintuple (M[g], jM) over Rξ[g],n.

2.7.5. The local structure of ∂S∗G(K). We have the following description of the
local structure of ∂S∗G(K) at a cusp [g]. It is similar to the Siegel case [FC90,
V.2.7] (cf. [SU14, Thm. 5.3]).
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Proposition 2.5 (Prop. 7.2.3.11 [Lan08]). The completion of the local ring of
OS∗G(K),x̄ at a geometric point x̄ in S[g] is given by

(2.21)

O∧S∗G(K),x̄ = (π∗OSG(K))
∧
x̄ = H0(Γ[g],R[g])

=


∑

β∈S 0
[g]

a(β)qβ ∈ R[g] | a(βε2) = a(β), ∀ε ∈ Γ[g]

 .

2.7.6. Igusa schemes over SG(K). Let n be a positive integer. The Igusa scheme
IG(Kn) over SG(K) is the scheme that represents the functor

IG(Kn) = InjOK
(µpn ⊗Z M

0,G).

For n′ ≥ n, let πn′,n : IG(Kn′)→ IG(Kn) be the natural morphism induced by the
inclusionM0⊗µpn ↪→M0⊗µpn′ . The forgetful morphism πn : IG(Kn) −→ SG(K)

defined by π : (A, j) 7→ A is étale . Hence IG(Kn) is smooth over SpecO. Let
H := GLOK(M0) = GLO(M0

Σ)×GLO(M0
Σc) and let H act on IG(Kn) over SG(K)

by h ·j(m0) = j(m0 ·h). Let N (resp. B) be the stabilizer of gr•M0 (resp. Fil•M0)
in H. Define

IG(Kn
1 ) := IG(Kn)/N and IG(K1

0 ) := IG(Kn)/B.

2.8. CM abelian varieties and periods. We briefly recall the notion of complex
and p-adic periods associated to CM fields. Consider the special case s = 0. Then
G = GU(W ) is a totally definite unitary group of degree one. It follows that SG(K)
is finite over O and SG(K)(C) is a finite set. Let B be the universal quadruple
over SG(K) with the structure morphism π : B → SG(K). Replacing O by a
finite flat unramified extension of O, we may further assume that SG(K)(O) =
G(F)+\G(AF,f )/K and B = t[h]∈SG(K)(O)Bh. By the complex uniformization
constructed in §2.4.2, we have

(2.22) Bh(C) =
C(Σc)

L[h]ϑ
for all h ∈ G(AF,f ).

Let (B, j) be the universal quintuple over SG(Kn)/C. Since Bh is an abelian va-
riety with CM by OK and the CM type Σ is p-ordinary, it follows that Bh ⊗O F̄p
is an ordinary abelian variety, and jζ descends to a level pn-structure over a fi-
nite unramified extension of O′. This in particular implies that IG(Kn)(Wp) =
G(F)+\G(AF,f )/Kn.

Let S = SG(K)/O and let HB := π∗(ΩB/S) be a free e+(OK ⊗Z OS)-module of
rank r. Then B/C carries the e+(OK⊗ZOS/C)-basis dzW = dzW (Σ) of HB⊗OS ,ι∞
OS/C introduced in (2.10). On the other hand, let (BI∞ , jI∞) be the universal quin-
tuple sitting over I∞ := lim←−n IG(Kn)/Wp

, and then the universal p∞-structure jI∞
of BI∞ gives rise to a e+(OK ⊗Z OI∞)-basis d×t of HB ⊗OS ,ιp OI∞ . It follows
from the fact that CM abelian schemes {(Bh, jh)}[h]∈I∞(Wp) are prime-to-p isoge-
nous to each other that there exist a e+(OK ⊗Z OS)-basis ωB of HB and a pair
(ΩG,∞,ΩG,p) ∈ GLr(e

+(OK⊗ZC))×GLr(e
+(OK⊗ZWp)) = GLr(C

Σ)×GLr(WΣ
p )

such that

(2.23) ΩG,∞dzW = ωB = ΩG,pd
×t.
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When r = 1 and G = K×, we let Ω∞ := ΩG,∞ ∈ (C×)Σ (resp. Ωp := ΩG,p ∈
(W×p )Σ) be the complex CM period (resp. p-adic CM period) of (K, Σ). We remark
that up to a p-adic unit, (Ω∞,Ωp) are precisely the periods defined in [HT93, (4.4
a,b) page 211] (cf. (Ω, c) in [Kat78, (5.1.46), (5.1.48)]).

3. Modular forms on unitary groups

3.1. Rational representations of GLr ×GLs. Let R be an O-algebra. For a
(r+s)-tuple k = (a1, · · · ar; b1, · · · bs) ∈ Zr+s, we consider the schematical induction
module Lk(R) given by

Lk(R) = {f ∈ R[GLr ×GLs] | f(tn+g) = k−1(t)f(g), t ∈ Tr×Ts, n+ ∈ Nr×N t
s},

where R[GLr ×GLs] denotes the polynomial functions on GLr ×GLs with coeffi-
cients in R and k is regarded as an algebraic character on Tr×Ts defined by

k(diag(t1, . . . , tr),diag(ts+1, . . . , tr+s)) = ta1
1 · · · tarr · t

b1
s+1 · · · t

bs
r+s.

Then Lk(R) is a freeR-module and is the algebraic representation of GLr(R)×GLs(R)
with the minimal weight −k with respect to Nr×N t

s .
Let H := RO/Z GLr ×RO/Z GLs. Let T = RO/ZTr×RO/ZTs be the diagonal

torus of H and let NH = RO/ZNr×RO/ZN
t
s be a unipotent subgroup. A weight

k of T is an algebraic character of T/O, which can be written as a (r + s)-tuple
k = (a1, a2, · · · , ar; b1, b2 · · · , bs) ∈ Z[Σ]r+s with ai =

∑
ai,σσ for i = 1, · · · , r

and bj =
∑
bj,σσ for j = 1, . . . , s. We say k is dominant with respect to NH if

a1,σ ≥ · · · ≥ ar,σ ≥ −b1,σ ≥ · · · ≥ −bs,σ for all σ ∈ Σ. Put

‖k‖ := a1 + · · ·+ ar + b1 + · · ·+ bs ∈ Z[Σ].

For n ∈ Z, we write n ·Σ =
∑
σ∈Σ nσ ∈ Z[Σ]. Let

I+ = (1 ·Σ, . . . , 1 ·Σ; 0, . . . , 0) and I− = (0, . . . , 0; 1 ·Σ, . . . , 1 ·Σ).

Define the algebraic representation of H(R) =
∏
σ∈Σ GLr(R)×GLs(R) of the min-

imal weight −k by

Lk(R) =
⊗
σ∈Σ

Lkσ (R) (k =
∑

kσσ).

We define the distinguished functional lk:

lk : Lk(R) → R

f → f(1).

Then lk is the vector of maximal weight k in L∗k(R) := Hom(Lk(R), R). The R-
module Lk(R) has a functorial decomposition into weight spaces of T (R):

(3.1) Lk(R) =
⊕
χ≥−k

Rvχ,

where vχ is of weight χ. Denote by v−k the vector of the minimal weight −k in
Lk(R) such that lk(v−k) = 1.

Remark 3.1 (Twisted action). Let X∗(T ) be the co-character group of T/O. Let
µ ∈ X∗(T ) such that 〈µ, χ〉 ≤ 0 for all positive roots χ (with respect to the unipotent
subgroup NH) and let α = µ(p). We define the twisted action ρ̃k(α−1) on Lk(R)
by

ρ̃k(α−1)vχ = p−〈µ,k+χ〉vχ.
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Note that this action preserves p-integrality since χ ≥ −k. In addition, if p is
invertible in R, we have

ρ̃k(α−1)vχ = α−k−χvχ = α−kρk(α−1)vχ.

3.2. Geometric modular forms. We recall the theory of classical modular forms
and p-adic modular forms on unitary groups from Katz-Hida’s point of view. Recall
that G = GU(V ) and ω = e∗ΩG/SG(K)/O

. Decompose ω = ⊕σ∈IKeσω and define

E+
V :=

⊕
σ∈Σ

Isom(Or
SG(K)

, eσω); E−V :=
⊕
σ∈Σc

Isom(Os
SG(K)

, eσω).

Then EV := E+
V ⊕ E

−
V is a H-torsor over SG(K) with the structure map π̄ : EV →

SG(K). A R-point in EV is a pair of (x,ω), where x is a R-point in SG(K) and
ω = (ω+,ω−) : e+(OK⊗Rr)⊕e−(OK⊗Rs) ' e+ωx⊕e−ωx is an OK⊗ZR-module
isomorphism. For h = (h+, h−) ∈ H(R) = GLr(R

Σ)×GLs(R
Σ), h acts on ω by

the rule h · ω(v+, v−) = (ω+(v+h+),ω−(v−h−)).

Definition 3.2 (Katz-Hida). Let k be a dominant weight such that ‖k‖ is parallel1.
Define the automorphic sheave of weight k by

ωk := (π̄∗EV )NH [k−1].

Then ωk is a locally free coherentOSG(K)-module. A section f of ωk can be regarded
as a function on EV such that

f(x, tn+ω) = k(t−1)f(x,ω).

Equivalently, we can define ωk = EV×HLk, and a section f of ωk is a morphism
f : EV → Lk such that

f(x, hω) = ρk(h)f(x,ω) for all h ∈ H.

Definition 3.3. Let R be a base ring flat over Z(p). Define the space of geometric
modular forms over R of wight k and level Kn

• by

Mk(Kn
• , R) := H0(IG(Kn

• )/R, ωk) (• = 0, 1, ∅).

If R is a field of characteristic zero and rs > 1 (or F 6= Q), then it follows from
Koecher principle (cf. [Shi97, A4.5, page 230]) that

Mk(Kn
• , R) = H0(SG(Kn

• )/R, ωk).

3.3. p-adic modular forms. Let Hp−1 ∈ H0(SG(K)/F̄p ,det(ω)p−1) be the Hasse
invariant. Since π∗ detω is ample, we can lift a power of the Hasse invariant
H

t

p−1 for some sufficiently large positive integer t to obtain a global section E ∈
H0(SG(K),det(ω)t(p−1)), and by Koecher principle, we have E ∈ H0(SG(K),det(ω)t(p−1)).
By our notation, det(ω)t(p−1) = ωkE is an automorphic sheave of weight kE =
t(p− 1)(I+ + I−). Let m be a positive integer. We let T0,m := SG(K)[1/E]/Om be
the ordinary locus of SG(K)/Om . Moreover, it is known that under the ordinary
condition (ord), T0,m is open and dense in SG(K)/Om ([Wed99]).

1Because AutG = O+∩ν(K) 6= {1}, our moduli problem for G is not rigid. We have to assume
‖k‖ is parallel to get a well-defined ωk.
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Let Vk(K,Om) := H0(T0,m, ωk). By definition, we have

(3.2) Vk(K,Om) = lim−→
n

H0(SG(K)/Om , ωk+nkE )

En
.

Set Tn,m := IG(Kn)/Om for n > 1. Then πn′,m : Tn′,m → Tn,m, n
′ ≥ n ≥ 0 is finite

étale . The Igusa tower T∞,m over Om is defined by

T∞,m := lim←−
n

Tn,m.

Then T∞,m is a Galois cover of T0,m with Galois group H = GLOK(M0). Hence-
forth, we identify H (resp. N) with the group H(Zp) (resp. N t

H(Zp)) with respect
to the p-adic basis fixed in (1.4).

Definition 3.4. Let R be a p-adic Op-algebra and let Rm := R/pmR for m ∈ Z+.
Define

Vn,m = H0(Tn,m,OTn,m),

Vk(Kn
1 , Rm) = H0(Tn,m/Rm , ωk)N.

Let V∞,m = lim−→n
Vn,m and let V∞,∞ = lim←−m V∞,m. We call Vp(G,K) := V N

∞,∞
the space of p-adic modular forms. Let T = T (Zp) ⊂ H and let ΛT := OpJTK.
The Galois action of T on V N

∞,m is given by [t].f(A, j) = f(A, tj) for t ∈ T and
f ∈ V N

∞,m. This action makes V N
∞,m a discrete ΛT-module.

Suppose that n ≥ m. In §2.3.2, to each Rm-quintuple (A, j) of level Kn we
can attach a canonical basis ω(j) of H0(A,ΩA). In other words, the Hodge-Tate
morphism Tn,m → EV /Om , (A, j) 7→ (A, j,ω(j)) defines a section of EV over Om
and induces the canonical isomorphism by the pull-back:

H0(Tn,m/Rm , ωk)
∼→ Vn,m ⊗O Lk(Rm)

f 7→ f̂(A, j) = f(A, j,ω(j)).

We shall call f̂ the p-adic avatar of f . Define the evaluation morphism

(3.3)
βk : Vk(Kn

1 ,Om)→ V N
n,m

f 7→ βk(f) := lk(f̂).

It follows from the definition that βk is T-equivariant in the sense that

(3.4) βk([t].f) = t−k · [t].βk(f) for all t ∈ T (Zp).

Proposition 3.5. Let Hn =
{
h ∈ H | h ≡ 1 (mod pnM0)

}
and let J ⊃ Hn be a

subgroup of H. Then we have

H0(Tn,m/Rm , ωk)J =
{
f ∈ Vn,m ⊗O Lk(Rm) | ρk(ht)f̂(A, hj) = f̂(A, j), h ∈ J

}
.

Proof. Let f ∈ H0(Tn,m/Rm , ωk). Then f belongs to H0(Tn,m/Rm , ωk)J if and
only if for all h ∈ J , we have

f(A, hj,ω(j)) = f(A, j,ω(j)) ⇐⇒ f(A, hj, htω(hj)) = f̂(A, j) (ω(hj) = (ht)−1ω(j))

⇐⇒ ρk(ht)f̂(A, hj) = f̂(A, j). �
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3.4. Complex modular forms and automorphic forms. Define the standard
cocycle J : RF/QG(R)+ ×X+ → GLr(C

Σ)×GLs(C
Σ) = H(C) by

αp(τ) = p(ατ)J(α, τ), ∀ (α, τ) ∈ G(R)+×X+.

We recall the explicit formula for J(α, τ) = (κ(α, τ), µ(α, τ)) when rs > 0 [Shi97,
(6.3.6) and (6.3.7)]. Writing α ∈ RF/QG(R)+ in the matrix form as in (2.3) and

τ =

[
x
y

]
, we have

(3.5) κ(α, τ) =

(
h̄xt + d̄ h̄yt + l̄ϑ̄

ϑ̄−1(ḡxt + f̄) ϑ̄−1ḡyt + ϑ̄−1ēϑ̄

)
; µ(α, τ) = hx+ ly + d.

If s = 0 and X+ = {x0}, we put J(α,x0) = ν(α)α−t ∈ GLr(C
Σ). Fix a base

point i ∈ X+ and let K0
∞ be the stabilizer of i in RF/QG(R). Then J : K0

∞ −→
H(C), k∞ 7→ J(k∞, i) defines an algebraic representation of K0

∞.
We define the algebraic representation Lk(C) of H(C) with the highest weight

k as follows. The underlying space of Lk(C) is Lk(C) and the group action is given
by

ρk(h) = ρk(h−t), h ∈ H(C).

Definition 3.6. Let U ⊂ G(AF,f ) be an open compact subgroup. A holomorphic
function f : X+ × G(AF,f ) → Lk(C) is called a holomorphic modular form of
weight k and level U if

(3.6) f(ατ, αgu) = ν(α)−‖k‖ρk(J(α, τ))f(τ, g) for all (α, u) ∈ G(F)+×U.
We denote by Man

k (U,C) the space of holomorphic modular forms of weight k and
level U .

The following lemma is a consequence of GAGA principle, which enables us to
identify geometric modular forms over C with holomorphic modular forms.

Lemma 3.7. Let dzV = (dzV (Σ), dzV (Σc)) be the OK ⊗Z C-basis of the space of
invariant one forms of A(V ) defined as in (2.10). Then we have the isomorphism:

H0(SG(U)/C, ωk) = Mk(U,C)
∼→Man

k (U,C),

f 7→ f(τ, g) := f(A(V )g(τ), 〈 , 〉can, ιC, ηgU, 2πidzV ).

For each weight k = (a1, · · · ar; bs, · · · , b1), we define |k| ∈ Z[IK] by

|k| =
∑
σ∈Σ

(b1,σ + · · ·+ bs,σ) · σ + (a1,σ + · · ·+ ar,σ) · σc.

Definition 3.8. Let χ be a Hecke character of K× with infinity type |k|. Let
Ak(G,U, χ) be the space of automorphic forms of weight k and level U with
central character χ. In other words, Ak(G,U, χ) consists of smooth and slowly
increasing functions F : G(AF ) → Lk(C) such that for every (α, k∞, u, z) ∈
G(F)×K0

∞×U×Z(AF ), we have

F (zαgk∞u) = ρk(J(k∞, i)
−1)F (g)χ−1(z).

We associate a Lk(C)-valued function AM(F ) on X+×G(AF,f ) to a function
F ∈ Ak(G,U, χ) defined by

(3.7) AM(F )(τ, g) := χf (ν(g))ρk(J(g∞, i))F ((g∞, g)),
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where g∞ ∈ RF/QG(R)+ such that g∞i = τ . Then AM(F ) is a well-defined Lk(C)-
valued function on X+ ×G(AF,f )/U . We put

Aholk (G,U, χ) =
{
F ∈ Ak(G,U, χ) | AM(F ) is holomorphic on X+

}
.

It is clear that AM induces an injective map

AM : Aholk (G,U, χ) ↪→Man
k (U,C).

3.5. Modular forms on totally definite unitary groups. Suppose that G =
GU(W ) is a totally definite unitary group (i.e. s = 0). We give a simple description
of complex and p-adic modular forms on G. Let U ⊂ G(AF,f ) be an open compact
subgroup. If R is a base ring such that R = R[1/p], then the space Mk(U,R) of
modular forms over R is the space consisting of functions f : G(AF,f ) → Lk(R)
such that

f(αgu) = ρk(α)f(g) for all (α, u) ∈ G(F)×U.

On the other hand, suppose that R is a p-adic Op-algebra. Let M̂k(U,R) be the
space of functions f : G(AF,f )→ Lk(R) such that

f(αgu) = ρk(u−1
p )fp(g) for all α ∈ G(F), u ∈ U.

Then M̂k(Kn
1 , Rm) = Vk(Kn

1 , Rm). In addition, if R = R[1/p], then we have a
natural isomorphism

(3.8)
Mk(U,R)

∼→ M̂k(U,R)

f 7→ f̂ , f̂(g) := ρk(g−1
p )f(g).

Proposition 3.9 (Base change). If U satisfies (neat), then M̂k(U,Op) ⊗Op
R =

M̂k(U,R).

Proof. Let h = ] (G(F)\G(AF,f )/U) and write

G(AF,f ) =

s⊔
i=1

G(F)tiU.

The assumption (neat) implies that U ∩ t−1
i G(AF,f )ti = U ∩ O×+ . In addition,

ρk(O×+) acts trivially since ‖k‖ is parallel. We thus find that for every Op-algebra
R,

M̂k(U,R) '
h⊕
i=1

Lk(R)ρk(U∩t−1
i G(AF,f )ti) =

h⊕
i=1

Lk(R).

The proposition follows imediately. �

3.6. Fourier-Jacobi expansion and Siegel operators. In this subsection, we
assume that s = 1 (so G = GU(r, 1)) and retain the notation in §2.7. We give a
brief account of Fourier-Jacobi expansion of modular forms on G.
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3.6.1. To begin with, we introduce some notation for the totally definite unitary
group GP = GU(W ). Let HP := RO/Z GLr−1. Let TP := RO/ZTr−1 be the
diagonal torus and let UP := RO/ZNr−1 be the upper triangular unipotent subgroup
of HP . We shall regard HP as a subgroup of H by x 7→ diag(1, x, 1). Let In[g] :=

I[g](K
n
1 ) for g ∈ G(A

(p)
F,f ). Recall that An[g] = H0(In[g],OIn[g]

) is the ring of regular
functions on In[g]. Then An[g] is nothing but the space of O-valued functions on
GP (F)\GP (AF,f )/Kg,n

P,1 . The space V[g] of p-adic modular forms for (GP ,K
g
P ) is

given by

V[g] := lim−→
n

An[g] ⊗O Op =
⋃
n

{
f : GP (F)\GP (AF,f )/Kn,g

P,1 → Op

}
.

Let TP := TP (Zp) and ΛP := OpJTP K. The action of TP on V[g] is given by
[t].f(g1) = f(g1t), where t ∈ TP ⊂ U(W )(Fp). This makes V[g] a compact ΛP -
module.

3.6.2. Fourier-Jacobi expansion. Each pair (g, h) ∈ C(K)×H can be regarded as a
p-adic cusp, i.e. cusps of the Igusa tower. Suppose that (g, h) is a p-adic cusp such
that h−1UP (Zp)h ⊂ N. Let B be the universal family over the Shimura variety S[g]

associated to GP with the structure morphism π : B → S[g]. The exact sequence
(2.20) induces the exact sequence of OK ⊗OS[g]

-modules

0−→ΩB−→ΩM−→ΩTg−→0, Tg := X∨g ⊗Gm.

Let ωB be the OK⊗ZOS[g]
-basis of π∗ΩB/S[g]

chosen in §2.8 for the totally definite
unitary group GP and let d×t be the canonical OK-basis of ΩTg . Let d×t− be a
canonical lifting of e−d×t in ΩM. Choose a lifting d×t′+ of e+d×t in ΩM and let
ωM := (d×t′+,ωB; d×t−). Then (M[g],ωM) gives rise to a point in EV (Rξ[g],n). Eval-
uating a modular form f ∈ H0(IG(Kn

1 )/R, ωk) over an O-algebraR at (M[g], h
−1jM,ωM),

we obtain the Fourier-Jacobi expansion of f at the cusp (g, h):

FJh[g](f) := f(M[g], h
−1jM,ωM) ∈ Lk(Rξ[g],n)⊗O R.

Let N1
H :=

{(
1 0
∗ 1r−1

)}
×{1} ⊂ H. Note that the N1

H -orbit N1
HωM does not

depend on the choice of the lifting d×t′+. Therefore, the image FJh[g](f)N1
H

of
FJh[g](f) in the N1

H -covariant module Lk(Rξ[g],n)N1
H
⊗OR only depends on the choice

of ωB. We thus obtain the expansion

(3.9)
FJh[g](f)N1

H
=

∑
β∈S 0

[g]

ah[g](β, f)qβ , where

ah[g](β, f) ∈ Lk(An[g] ⊗O R)N1
H
⊗A[g]

H0(Z◦[g],L(β)).

We consider the Fourier-Jacobi expansions of p-adic modular forms. Let R[g],∞ :=

lim−→n
R[g],n ⊗O Op. If f ∈ V N

∞,m, then the p-adic Fourier-Jacobi expansion ar the
cusp (g, h) is defined by

F̂ J
h

[g](f) := f(M[g], h
−1jM) =

∑
β∈S 0

[g]

âh[g](β, f)qβ ∈ R[g],∞ ⊗Op
Om.

If f ∈ Vk(Kn
1 ,Om), then we define F̂ J

h

[g](f) := F̂ J
h

[g](βk(f)).
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3.6.3. Siegel Φ-operators. Define the Siegel Φ-operator by

Φh[g] : H0(IG(Kn
1 )/R, ωk) −→ Lk(An[g] ⊗O R)N1

H

f 7→ Φh[g](f) := ah[g](0, f)N1
H
.

Remark 3.10. To each weight k = (a1, · · · ar; b1) of T , we associate a weight
k′ := (a1, a2, · · · , ar−1) of TP . Then −k′ is the minimal weight of the representation
(Lk)N1

H
|HP over a field. It follows that if R is a field and f ∈ Mk(Kn

1 , R), then
ah[g](0, f) belongs to Lk′(An[g] ⊗O R).

The p-adic Siegel Φ-operator Φ̂h[g] : V N
∞,m → V[g] ⊗O Om is defined by

f 7→ Φ̂h[g](f) = âh[g](0, f).

When h = 1, we drop the superscript and simply write FJ[g] (resp. Φ[g]) for FJ1
[g]

(resp. Φ1
[g]). Let

wr := diag(

(
0 1

1r−1 0

)
, 1) ∈ HP (Zp).

We have the following commutative diagram:

(3.10) Vk(Kn
1 ,Om)

βk

��

Φ[g] // Lk(An[g] ⊗O Om)N1
H

βk′

��
V N
∞,m

Φ̂wr
[g] // V[g] ⊗O Om.

3.6.4. The q-expansion principle. We put

RT
[g] =

∏
h∈T

R[g],∞ and RT
C =

∏
g∈C(K)

RT
[g].

Define the Fourier-Jacobi map:

F̂ J : V N
∞,m −→ RT

C ⊗Op
Om

f 7→ F̂ J(f) =
(
F̂ J

h

[g](f)
)

(g,h)∈C(K)×T
.

Thanks to the work of Ching-Li Chai and Hida (see [Cha08] for the case U(n, n) and
[Hid09a] for general unitary groups), it is known that the image of the monodromy
group of the ordinary locus (SG(K)⊗ F̄p)ord in AutOK(Aord[p∞]) is isomorphic to
(GLr(Op)×GLs(Op))

det=1. In particular, this implies that C(K)×T contains at
least one cusp at each connected component of IG(Kn

• )⊗F̄p and hence the following
q-expansion principle for p-adic modular forms:

Theorem 3.11 (The q-expansion principle). The Fourier-Jacobi expansion F̂ J :
V N
∞,m → RT

C ⊗Op
Om is injective.
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3.6.5. Analytic Fourier-Jacobi expansions. Let U ⊂ G(AF,f ) be an open compact
subgroup and let R ⊂ C be a base ring. Let f ∈Man

k (U,R) = Mk(U,R). Then f
can be viewed as function onXr,1×G(AF,f ). We have the Fourier-Jacobi expansion
of f at the standard maximal parabolic P :

f(

[
x
y

]
, g) = a0(g, f)+

∑
β∈F+

aβ(y, g, f) exp(2πiTrF/Q(βx)), (

[
x
y

]
, g) ∈ Xr,1×G(AF,f ).

Here the functions aβ(−, g, f) : (CΣ)r−1 → C are theta functions with complex
multiplication by K. We put

(3.11) FJP (g, f) = a0(g, f) +
∑
β∈F+

aβ(y, g, f)qβ .

The formal power series FJP (g, f) is called the analytic Fourier-Jacobi expansion
of f at g.

Let (g, h) ∈ C(K)×H. We have seen that In[g](C) = GP (F)\GP (AF,f )/Kn,g
P,1

in §2.4. For each g1 ∈ GP (AF,f ) let [g1] be the class of g1 in In[g](C) and let
ϕ[g1] : An[g] → C be the associatedC-algebra homomorphism. We have the following
important comparison between analytic and algebraic Fourier-Jacobi expansions
[Lan12].

(3.12)
FJP (g1hg, f)N1

H(C) =ϕ[g1]

(
f(M[g], h

−1jM, (d
×t′+, 2πidzW ; d×t−))

)
N1
H(C)

=ρk(diag(1, 2πiΩ−1
GP ,∞, 1))ϕ[g1](FJ

h
[g](f))N1

H(C),

where we identify H with a subgroup of U(V )(Fp) by

h = (h+, h−) ∈ GLr(Op)×GL1(Op)→ diag(h−1
+ , h−) ∈ GLr+s(Fp) = U(V )(Fp).

3.6.6. Analytic Siegel operator. For g ∈ G(AF,f ), the analytic Siegel operator ΦP,g
sends f to a function ΦP,g(f) on GP (AF,f ) defined by

ΦP,g(f)(g1) := lim
t→+∞

f(ti0, g1g) = a0(g1g, f) (i0 = (

[√
−1
0

]
)σ∈Σ ∈ Xr,1).

Then ΦP,g(f) has the following integral expression

ΦP,g(f)(g1) =

∫
NP (F)\NP (AF )

f(n · (i0, g1g))dn,(3.13)

where dn is the normalized Haar measure ofN(AF ) so that vol(N(F)\N(AF ), dn) =
1.

Lemma 3.12. The function ΦP,g(f) takes value in Lk′(C). Moreover, ΦP,g(f) ∈
Mk′(U

g,C) is a modular form on GP of weight k′ (Recall that k′ = (a1, . . . , ar−1)
if k = (a1, . . . , ar; b1)).

Proof. By [Har84, page 71 (2.2.2.6)], ΦP,g(f) indeed takes value in Lk(C)N
1
H(C).

Viewing Lk(C)N
1
H(C) as the representation of MP (C) = (K ⊗ C)××HP (C) '

C×(Σ)×C×(Σc)×GLr−1(C(Σ)), we have

Lk(C)N
1
H(C)|MP (C) = Lk(C)N1

H(C)|MP (C) = Lar (C)⊗ Lb1(C)⊗ Lk′(C)
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(cf. [Jan87, II, Prop. 2.11] and Remark 3.10). In particular, Lk(C)N
1
H(C)|GP (C) =

Lk′(C). It is straightforward to verify that ΦP,g(f) belongs to Mk′(U
g,C), using

formulas in (3.5) and (3.6), �

By [Har84, Prop. 2.4.4] and the above lemma, we obtain an exact sequence

0→M0
k(U,C) −→Mk(U,C)

ΦP=⊕ΦP,g−→
⊕

[g]∈C(U)

Mk′(U
g,C),

where M0
k(U,C) is the space of cusp forms of weight k and level U and C(U) is the

set of cusps of SG(U)(C).
If U = Kn

1 and h ∈ H with h−1UP (Zp)h ⊂ N, then by (3.12) we have

(3.14) ΦP,hg(f) = ρk′(2πiΩ
−1
GP ,∞)Φh[g](f) ∈Mk′(K

g,n
P,1 ,C).

3.7. Hecke correspondence and Hecke operators. In this subsection, we re-
view the interpretation of the action of Hecke operators as algebrac correspondences
on the sheaf ωk over various base rings.

3.7.1. Hecke correspondence outside p. Let ` be a prime. For each non-negative
integer n, let O`,n = O[e2πi/pn , 1

` ]. We consider the Hecke correspondence at `
for IG(Kn

• )/O`,n with • = 0, 1. We let IG(K0
•) = SG(K) if n = 0. Let α ∈

RF/QG(Q`)∩End(M⊗Z`) and α∨ be the dual of α under the Weil paring induced
by the polarization. Then α∨ = α−1ν(α). An `-isogeny of type α is the isomorphism
class of a triple z = (x

ϕ→ xα), consisting of points x = (A, j̄) and xα = (Aα, j̄α) of
IG(Kn

• )/On,` and an `-isogeny ϕ such that

M ⊗ Ẑ(�)

α∨

��

∼
Kn
• η // H1(A, Ẑ(�))

ϕ

��
M ⊗ Ẑ(�)

∼
Kn
• ηα // H1(Aα, Ẑ

(�))

with ϕ∗λ̄ = ν(α)λ̄α. Here � = ∅ if ` = p and � = {p} if ` 6= p.
Consider the scheme Zα classifying `-isogeny of type α and the following corre-

spondence:

(x
ϕ→ xα) ∈ Zα/On,`

p2

))RRR
RRR

RRR
RRR

RR
p1

vvllll
lll

lll
lll

l

x ∈ IG(Kn
• )/On,` xα ∈ IG(Kn

• )/On,` .

It is well known that p1 and p2 are Galois covering maps ([Kot92, §6] and [FC90,
ChapterVII, §3]), so Zα induces the algebraic correspondence [Kn

• αK
n
• ] on IG(Kn

• )/On,` .

3.7.2. Hecke operators on modular forms. Since ` is invertible in On,`, the isogeny
ϕ is étale and induces an isomorphism ϕ∗ : H0(Aα,ΩAα/R) ∼= H0(A,ΩA/R).

Definition 3.13. For f ∈ ωk, define the Hecke operator f | [Kn
• αK

n
• ] by

f | [Kn
• αK

n
• ] := (p1)∗ ◦ (ϕ∗)−1 ◦ p∗2 f.

If K` = K0
` , we write T (α) = |[Kn

• αK
n
• ]. If ` = p and K = Kn

• for n > 0, we write
U(α) for |[Kn

• αK
n
• ].
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3.7.3. Hecke correspondence at p. We also consider the correspondence over Igusa
schemes IG(Kn

• )/R for n > 0, where R can be K, O or Om. Let X∗(T )+ =
{µ ∈ X∗(T ) | 〈χ, µ〉 < 0 for all positive roots χ} and ∆p = {µ(p) ∈ T (Qp) | µ ∈
X∗(T )+}. Then ∆p is a semi-group generated by α1, α2, . . . , αr+s, where

αi+s = (

(
1r−i

p · 1i

)
,1s), i = 1, · · · , r and αj = (1r,

(
p · 1s−j

1j

)
), j = 1, · · · , s.

Let α = αi for some i = 1, · · · , r + s. We regard α = (a, d, p) as an element in
End(M−1

Σ )×End(M−1
Σc )×F×p . Under the identification in (1.4), we further view α

as an element in End(Mp) ∩ RF/QG(Qp) with ν(α) = p and write

α = (a, d∨, d, a∨) ∈ End(M−1
Σ )× End(M0

Σ)× End(M−1
Σc )× End(M0

Σc).

On the other hand, the action of α on VΣc is given by α′, and a simple computation
shows a∨ = a−1p and d∨ = d−1p. Under the identification GLr+s(Fp)×F×p =

GL(VΣ)×F×p = RF/QG(Qp), we find that

α = (

(
a

d−1p

)
, p) ∈ GLr+s(Fp)×F×p .

We consider the scheme Zαp /R classifying a triple (x
ϕ→ xα) as in previous sub-

section, but now ϕ is p-isogeny of type α. We have ϕ∗λα = ν(p)λ and the following
commutative diagram

(3.15) µpn ⊗Zp (M0
Σ ⊕M0

Σc)

(a,d)

��

� � j̄ // A[pn]

ϕ

��
µpn ⊗Zp (M0

Σ ⊕M0
Σc)
� � j̄α // Aα[pn].

We shall call x the source and xα the target of (x
ϕ→ xα) respectively. Consider the

correspondence:

(x
ϕ→ xα) ∈ Zαp /R

p2

((RR
RRR

RRR
RRR

RRR
p1

vvmmm
mmm

mmm
mmm

m

x ∈ IG(Kn
• )/R xα ∈ IG(Kn

• )/R.

The deformation theory of ordinary abelian varieties shows that p1 and p2 are indeed
finite and flat (cf. [Hid04b, §8.3.1, page 358-359] and [FC90, ChapterVII, Prop. 4.1])
and thus obtain the algebraic correspondence [Kn

• αK
n
• ] on IG(Kn

• )/R induced by
Zαp . In addition, if R = O[1/p], then Zαp /R[e2πi/pn ] = Zα/On,p , and the two corre-
spondences coincide.

3.8. Hecke operators on p-adic modular forms. Let R = O and Om. We
recall Hida’s definition of normalized Up-operators on the sheaf ωk over IG(Kn

• )/R
with n ≥ m.
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3.8.1. We begin with some notation. Let α ∈ ∆p and let R be a R-algebra. Let
x : SpecR → IG(Kn

• )/R be a R-point. Let (A, j̄) be the R-quintuple over x. We
consider the fiber product

Zαp,x := Zαp ×IG(Kn
• ) SpecR //

��

Zαp /R

p1

��
SpecR

x // IG(Kn
• )/R.

Then Zαp,x is an affine scheme which is finite and flat over SpecR. Let Rα be
the affine coordinate ring of Zαp,x and let (x

ϕ→ xα) be the tautological triple with
the target xα = (Aα, jα) in Zαp . Note that Rα is not étale over R, but it can be
decomposed as

Rα =
⊕

u∈NH(Zp)α\NH(Zp)

Rαu0 ,

where NH(Zp)
α = α−1NH(Zp)α ∩ NH(Zp) and Rαu0 is the coordinate ring of the

local deformation space of (A, utj) with respect to p-isogeny of type α. If R is
local artinian, we can determine the ring Rαu0 explicitly in terms of Serre-Tate
coordinates (See §3.8.2).

We first consider the |k U(α)-operator on IG(Kn
1 ) over R = Om. This definition

is due to Hida [Hid04b, 8.3.1]. Since p is nilpotent in Om, the p-isogeny ϕ : x→ xα
is not étale in general. The naive definition of Hecke operators U(α) as algebraic
correspondence in Definition 3.13 does not work over Om. To define |k U(α) on the
sections of the sheaf ωk, we identify ωk with the N-invariant subspace of OTn,m⊗Om

Lk(Om) (n ≥ m) and fix a set Nα
H of representatives of NH(Zp)

α\NH(Zp) in
NH(Zp). For each section f of ωk, we define the section f |k U(α) by the formulae

(3.16) f |k U(α)(A, j̄) =
∑
u∈NαH

TrRαu0 /R(ρk(u)ρ̃k(α−1)f(Aαu, jαu)),

where (Aαu, jαu) is the target of the tautological triple over Rαu with the source
(A, j̄) and ρ̃k(α−1) is the twisted action defined as in Remark 3.1.

Now we assume R = O. Let R be a flat O-algebra. We rephrase the definition
in Definition 3.13 in terms of Lk-valued functions on EV . For (x,ω) ∈ EV (R), let
ωα = (ϕ∗)−1(ω). Then we have

(3.17) f | U(α)(x,ω) = TrRα/R(f(xα,ωα)) ∈ Lk(R

[
1

p

]
).

Define the twisted operator |k U(α) by

(3.18) f(x,ω) |k U(α) := k(α−1) · f | U(α)(x,ω).

We examine the p-integrality of |k U(α). Let Rm = R/pmR. Then we have
Rα/pmRα = (Rm)α. Recall that ω(j) = (ω(j)+,ω(j)−) := (ω(j−),ω(j+)). From
the diagram (3.15) and Remark 3.1, over Rαm we have

ϕ∗(ω(j)α) = ω(j) and ϕ∗ω(jα) = α · ω(j),

which implies ω(jα) = α · ω(j)α over Rαm. In other words, we have

ω(jα)+ = d · ω(j+)α and ω(jα)+ = a · ω(j−)α.
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Let f be a local section of the stalk (ωk)x and choose a lifting ω of ω(j) over Rα.
Form the above discussion and the fact that Rα has no p-torsion, we conclude that

f(xα, α · ωα) = ρk(α)f(xα,ωα) ∈ Lk(Rα)

and its reduction modulo pm is f(xα,ω(jα)). For each v ∈ Lk(Rα), we know
k(α−1)ρk(α−1)v is still in Lk(Rα) for every α ∈ ∆p. Thus k(α−1)f(xα, ωα) ∈
Lk(Rα), and

k(α−1)f(xα, ωα) ≡ k(α−1)ρk(α−1)f(xα,ω(jα)) (mod pm)

= ρ̃k(α−1)f(xα,ω(jα)).

Hence, the definition (3.18) is p-integral and is compatible with its reduction modulo
pm as defined in (3.16).

3.8.2. Serre-Tate coordinate. Following [Hid04b, §8.3.1], we explain briefly how to
optimize the p-integrality of this twisted Hecke action by Serre-Tate theory on the
deformation of ordinary abelian varieties [Kat81]. Let R be a p-adic local ring with
the residue field F̄p. Let x = [(A, λ, ι, η̄(p), j)] be a F̄p-point of the unitary Igusa
tower lim←−n I

0
U(V )(K

n) ↪→ lim←−n I
0
G(Kn). The level p∞-structure j0 induces an exact

sequence

0−→M0 ⊗ µp∞−→A[p∞]−→M−1 ⊗ Qp

Zp
−→0.

Let qx : M−1×M−1 → Ĝm be the Serre-Tate coordinate of x. In our unitary case,
qx is determined by its restriction on M−1

Σ ×M
−1
Σc . Thus the coordinate ring of the

local deformation space of x is given by R̃ = RJtijK with tij = qx(ei, fj).
We compute the Serre-Tate coordinate qxα of xα = [(Aα, jα)] for α = αj = (a, d)

for 1 ≤ j ≤ r + s. From the diagram (3.15), the isogeny ϕ induces

M−1
Σ ⊕M−1

Σc

(a∨,d∨)

��

∼
j // Tp(A)

ϕ

��
M−1
Σ ⊕M−1

Σc ∼
jα // Tp(Aα)

.

From the equation qxα(ϕu, ϕv) = qx(u, v)p, we see that

qxα(u, v) = qx(ua, vd)1/p on M−1
Σ ×M−1

Σc .

Therefore, the local deformation ring of xα is R̃α = RJtαijK with coordinates

tαij = qx(eia, fjd)1/p =

{
t

1
p

ij l ≤ s and i > s− l or l > s and j ≥ r + s− l,
tij otherwise,

and the trace map from R̃α to R̃ has multiplicity

χr,s(α) := (det a)−s(det d∨)r.
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3.8.3. Hida’s Up-operators. It follows from the discussion in the previous section
that the operator |k U(α) is divisible by χr,s(α). We recall the definition of Hida’s
normalized p-integral Up(α)-operators on the space of modular forms.

Definition 3.14. Let R = O or Om and n ≥ m be a positive integer. For f ∈
H0(IG(Kn

• )/R, ωk), define

Up(α).f :=
1

χr,s(α)
f |k U(α);

Up =

r+s∏
j=1

Up(αj).

We still need to consider the case Kn
• = K, the correspondence [KαwK1

0 ] defined
by the p-isogeny of type αw, where w runs over the Weyl group of GL(VΣ) =
GLr+s(Fp) associated with T . In general, the correspondence [KαwK1

0 ] can be
only defined over K, and the T (α)-operator is a sum of these [KαwK1

0 ]. However,
we can show easily that the normalized definition of [KαwK1

0 ] in (3.18) over K (sum
over αw) still preserves the p-integrality. In other words, for f ∈ H0(SG(K)/O, ωk),
we define Up(αw).f by the rule

Up(α
w).f(A,ω) :=

k(α−1)

χr,s(α)
f | [KαwK1

0 ](A,ω) =
k(α−1)

χr,s(α)
TrRαw/R(f(Aαw ,ωαw)).

If s = 1 and k = (a1, . . . , ar; b1), there exists an integer B(a) depending on a =
(a1, . . . , ar) such that Up(αw) are p-integral if b1 > B(a)Σ. In general, it can be
shown that Up(αw) are p-integral operators if k − χr,s is sufficiently regular. We
put

(3.19) Tp(α).f = Up(α).f +
∑

w:αw 6=α

Up(α
w).f ; Tp =

r+s−1∏
j=1

Tp(αj).

3.9. Hecke algebras. Let S be the finite of places whereKv 6= K0
v . For v 6∈ S∪Sp,

let Hv(G,K) := C∞c (K0
v\G(Fv)/K0

v ,Z) be the local spherical Hecke algebra under
convolution. Then Hv(G,K) acts on f ∈Mk(Kn

1 ,C) by the formulae

f ∗ φ(τ, g) =

∫
G(Fv)

f(τ, gx−1)φ(x)dx, φ ∈ Hv.

Define the global Hecke algebra HS(G,K) =
⊗′

v 6∈S∪Sp Hv(G,K) to be the re-
stricted tensor product of Hv(G,K) with respect to the spherical function IK0

v
.

Using the identification between holomorphic modular forms and geometric mod-
ular forms in Lemma 3.7, we find that if f ∈ Mk(U,C) and α ∈ G(Fv) with
v 6∈ S ∪ Sp, then

(3.20) f | T (α)(τ, g) = f ∗ IKαK(τ, g) =
∑

u∈K/K∩α−1Kα

f(τ, guα−1).

If F ∈ Aholk (G,U, χ), we define

(3.21) F | T (α)(g) =
∑

u∈K/K∩α−1Kα

F (guα∨) (α∨ = α−1ν(α)).
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It is easy to verify that the inclusion AM : Aholk (G,U, χ) ↪→Man
k (U,C) defined in

Definition 3.7 is T`(α)-equivariant.
Similarly, we have the following formulas of the normalized Hecke operators at

p for holomorphic modular forms.

Proposition 3.15. Let v ∈ Sp. For α = αj , j = 1, . . . , r + s, let

αv := (

(
1r+s−i 0

0 p · 1i

)
, p) ∈ GLr+s(Fv)×F×v = G(Fv).

For f ∈Man
k (Kn

1 ,C), we define

Uv(α).f(τ, g) :=
k(α−1

v )

χr,s(αv)
·

∑
u∈Nr+s(Ov)/α−1

v Nr+s(Ov)αv

f(τ, guα−1
v ),

For f ∈Man
k (K,C), we define

Tv(α).f(τ, g) :=
k(α−1

v )

χr,s(αv)
· f | T (αv)(τ, g).

Put

Uv =

r+s∏
j=1

Uv(αj) ; Tv =

r+s∏
j=1

Tp(αj).

Then Up =
∏
v∈Sp Uv and Tp =

∏
v∈Sp Tv.

4. Hida theory for unitary groups

In this section, we develop Hida theory for modular forms on U(r, 1) following
Hida’s approach for cusp forms ([Hid02], [Hid04b]). Suppose that s = 1 and G
is the group of unitary similitudes associated to (V, ϑr,1). Let S = SG(K)/Op

be the associated unitary Shimura variety over Op. Let S∗ = S∗G(K)/Op
and

S = SG(K)/Op
be the minimal and toroidal compactifications with the struc-

ture morphism π : S → S∗. Let n ≥ m be two positive integers and write
Om = Op/p

mOp. Let I = IG(Kn
1 )/Op

be the Igusa scheme of level Kn
1 over S.

Let S = S[1/E] (resp. IS = I[1/E]) and Sm = S/Om (resp. Im = I/Om), where E
is a lifting of a power of Hasse invariant chosen in §3.3.

4.1. A base change property. As observed by Hida, the base change property
(Hp1) for ωk in [Hid04b, page 335] is a key ingredient in his theory. For the cuspdial
part ω0

k of ωk, this property is proved by Hida as a consequence of the description
the formal completion of π∗ωk at cusps. In the case of U(r, 1), the base change
property does not hold for ωk unless F = Q. Nonetheless, the base change holds
for a subsheaf ω[k which we describe as follows.

Let D = S − S. The semi-abelian scheme G over S degenerates to the Ray-
naud extension G̃ over D, and the restriction ω|D = Ω

G̃
of ω to D has the de-

creasing filtration
{

Fili ω|D
}
i=1,0,−1

defined by Fil1 ω|D = {0}, Fil0 ω|D = ωB

and Fil−1 ω|D = ωD with graded pieces gr0 ω|D = ωB and gr−1 ω|D = ΩTX .
Let k = (a1, a2, . . . , ar; b1) be a dominant weight and let k′′ := (a1 − ar, a2 −
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ar, . . . , ar−1 − ar) ∈ Z[Σ]r−1. Let ωB,k′′ be the automorphic sheave of weight k′′

associated to B. Define an OD-submodule FD of ωk|D by

FD := det(e+ω|D)−ar ⊗ ωB,k′′ ⊗ (e−ω|D)−b1 .

Let ω[k :=
{
s ∈ ωk | s|D ∈ FD

}
be a subsheaf of ωk. By definition, ω[k fits into the

exact sequence:

0−→ω[k−→ωk−→(ωk|D)/FD−→0.

Recall that the cuspidal subsheaf of ωk is given by ω0
k =

{
s ∈ ωk | s|D = 0

}
⊂ ω[k.

Lemma 4.1. Let q ∈ {0, [}. Suppose that ar + b1 is parallel, i.e. ar + b1 = k1Σ
for some k1 ∈ Z. Then we have an isomorphism

π∗ω
q
k ⊗ Om ' π∗(ωqk ⊗ Om).

Proof. This is proved by Hida for the cuspidal subsheaf ω0
k. We treat the sheaf

ω[k following Hida’s argument. Let r : π∗ω
[
k ⊗Om → π∗(ω

[
k ⊗Om) be the reduction

morphism. Since π : S → S∗ is an isomorphism outside S − S, it suffices to show
r induces an isomorphism between the completion (π∗ω

[
k)∧x̄ ⊗ Om ' π∗(ω[k ⊗ Om)∧x̄

at any geometric point x̄ ∈ S∗ − S = ∂S∗G(K). Then x̄ lies in the stratum S[g] for
some cusp [g]. By the definition of ω[k, we have a non-canonical identification

(π∗ω
[
k)∧x̄ =

 ∑
β∈S 0

g

a(β) | a(0) ∈ A[g],x̄ ⊗FD and a(β) ∈ H0(Z◦[g],L (β))⊗ Lk(R)


Γ[g]

.

The constant term a(0) ∈ FD is fixed by Γ[g] and thus satisfies the relation:

ρk(ε)a(0) = ε−(ar+b1)a(0) = a(0), ε ∈ Γ[g].

Since ar + b1 is parallel, we find that εar+b1 = NF/Q(ε)k1 = 1, and hence

π∗(ω
[
k⊗R)x̄ =

a(0) +
∑
β∈S +

g

a(β) | ρk(ε)a(β) = a(βε2) for all ε ∈ Γ[g] and β ∈ S +
g

 .

Since Γ[g] acts freely on S +
g and H1(Z◦[g],L(β)) = 0 for the ample line bundle

L(β), the formation of π∗(ω[k ⊗ R)x̄ commutes with base change. Therefore r :

π∗(ω
[
k ⊗ Om)→ π∗ω

[
k ⊗ Om is an isomorphism. �

Lemma 4.2. Let q ∈ {0, [} and let V qk (Kn
1 ,Om) := H0(Tn,m, ω

q
k)N ⊂ Vk(Kn

1 ,Om).
If ar + b1 is parallel, then we have

H0(IS , ωqk)⊗Op
Om =V qk (Kn

1 ,Om).

Proof. Since n ≥ m > 0, the lifting E of a power of Hasse invariant is nowhere
vanishing on I/Om = IG(Kn

1 )/Om . Therefore, IS/Om = I/Om , and H0(IS , ωqk ⊗
Om) = H0(I, ωqk ⊗ Om) = V qk (Kn

1 ,Om). The lemma is equivalent to H0(IS , ωqk)⊗
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Om = H0(IS , ωqk ⊗ Om). Consider the following diagram:

IS
p

��

i // Ĩ

a
~~~~
~~
~~
~~
~

π′

��@
@@

@@
@@

@

S

π

  A
AA

AA
AA

A Ĩ∗

a′~~}}
}}
}}
}}

S∗ ,

where Ĩ is the normalization of IS above S and Ĩ∗ = Spec (π ◦ a)∗OI . Since S is
smooth over Zp, it is normal. Since IS is étale over S, by [SGA71, Prop. 10.1], i
is an open immersion and a is a finite étale covering. In addition, a′ is also finite
étale since π∗OS = OS∗ . The morphism π′ factors through S ×S∗ Ĩ∗ and induces

Ĩ

��

b // S ×S∗ Ĩ∗

a′′

{{ww
ww
ww
ww
ww

S .

The morphism b is also finite and étale since a and a′′ are finite and étale . We
claim that b in fact is an isomorphism. To prove the claim, it suffices to check
if d := deg a and d′ := deg a′′ = deg a′ are equal. Take a geometric point y in
S∗. Since π has geometrically connected fibres, the map (π ◦ a)−1(y) is a degree d
étale cover of π−1(y), and each connected component is isomorphic to π−1(y). On
the other hand, π′ is the Stein factorization of π ◦ a, so π′ also has geometrically
connected fibres. It follows that (π ◦ a)−1(y) = (a′ ◦ π′)−1(y) has d′ components.
Hence d = d′. This proves the claim.

Since a′ is étale and b is an isomorphism, we conclude that (a′)∗π∗F = π′∗a
∗F

for any quasi-coherent sheaf F of S and also that this formation commutes with
base change. In particular, we have (a′)∗π∗ω

[
k = π′∗a

∗ω[k and (a′)∗π∗(ω
q
k ⊗ Om) =

π′∗a
∗(ωqk ⊗ Om). Now we consider the following diagram:

H0(Ĩ, ωqk)⊗ Om
r̃ //

res

��

H0(Ĩ, ωqk ⊗ Om)

resm

��
H0(IS , ωqk)⊗ Om

r̄ // H0(IS , ωqk ⊗ Om).

Then we have

H0(Ĩ, ωqk)⊗ Om = H0(Ĩ∗, π′∗a∗ω
q
k)⊗ Om = H0(Ĩ∗, (a′)∗π∗ωqk ⊗ Om) (Ĩ∗ is affine.)

= H0(Ĩ∗, (a′)∗π∗(ωqk ⊗ Om)) (by Lemma 4.1)

= H0(Ĩ∗, π′∗a∗(ω
q
k ⊗ Om) = H0(Ĩ, ωqk ⊗ Om).

This shows that r̃ is an isomorphism. Since Im = IS ⊗ Om is finite étale over
Sm, im is a closed immersion and hence Im is a connected component of Ĩm. This
implies that resm is surjective and then r̄ is an isomorphism. �
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Let V 0
n,m be the cuspidal part of Vn,m. Let V 0

∞,m = lim−→n
V 0
n,m and V 0

p (G,K) =

lim←−m V
0
∞,m. Let q = 0 or ∅. Applying Lemma 4.2 to the special case k = 0 (so

ω[k = ωk), we obtain the following exact sequence

0 −→ (V q∞,m)N
p−→ (V q∞,m+1)N

pm−→ (V q∞,m+1)N.

We thus proved the following proposition.

Proposition 4.3. Let

Vq := lim−→
m

(V q∞,m)N ' V qp (G,K)⊗Qp/Zp.

Then Vq is a discrete p-divisible Zp-module.

4.2. Elementary properties of the Up-operator. In this subsection, we review
some important properties of the Up-operator that are established by Hida. For
the sake of completeness, we reproduce some details.

Recall that T = T (Zp) = (O×p )r×O×p . Let XT := Homcont(T,C
×
p ). Throughout

this section, let k = (a1, . . . , ar; b1) be a dominant weight and let ζ = (ζ1, . . . , ζr; ζr+1) ∈
XT be a finite character. Suppose that ζ has level pn, i.e. n ∈ Z+ and ζ fac-
tors through T (Z/pnZ). We further assume that Op = Op[ζ]. Regarding k as a
p-adic character on T (Zp) by the composition k : T (Zp)→ Z

× ιp−→ Z
×
p , we denote

by kζ ∈ XT the locally algebraic character kζ(t) = k(t)ζ(t). We put

Vkζ (K
n
0 ,Om) :=

{
f ∈ Vk(Kn

1 ,Om) | [t].f = ζ(t)f
}
.

Proposition 4.4 (Contraction). We have

Up.Vkζ (K
n+1
0 ,Om) ⊂ Vkζ (K

n
0 ,Om).

Proof. Since αN t
H(pnZp)α

−1 ⊂ N t
H(pn+1Zp) for every α ∈ ∆p, the proposition

follows from the following commutative diagram:

Vkζ (K
n
0 ,Om)

res //

Up(α)

��

Vkζ (K
n+1
0 ,Om)

[Kn+1
0 αKn0 ]wwnnn

nnn
nnn

nnn
Up(α)

��
Vkζ (K

n
0 ,Om)

res // Vkζ (K
n+1
0 ,Om).

�

Proposition 4.5 (Commutativity with the Hasse invariant). Let E be a lifting of
the t-th power of the Hasse invariant H

t

p fixed in §3.3. For each f ∈ Vk(Kn
1 ,Om),

we have
Up.(E

lf) = El · Up.f
for a sufficiently large p-power l.

Proof. We may assume n ≥ m and identify (Vn,m ⊗ Lk(Om))N ' Vk(Kn
1 ,Om).

Let Ê be the p-adic avatar of E. For a test object (A, j̄) in Im, we have

Ê(A, j̄) = E(A, j̄,ω(j)) ≡ Ht

p−1(A, j̄,ω(j)) = 1 (mod p)

as the p-th operation has trivial action on Lieµpn . It follows that there exists a
sufficiently large p-power l such that for each f ∈ (Vn,m ⊗ Lk(Om))N with n ≥ m,
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we have fÊl = f ⊗ v−kl , where kl = lkE is the weight of El. Since E is of scalar
weight, we find that

Up.(E
lf) = Up.f ⊗ v−kl = ElUp.f. �

The following lemma is based on an observation of Hida in [Hid04b, page 360].

Lemma 4.6. There is a nonnegative integer a(k) dependent on the weight k such
that if f ∈ Vk(K1

0 ,Om) and βk(f) = 0, then f ≡ 0 (mod pm−a(k)). Furthermore,
there exists B(a) ∈ Z+ depending on a := (a1, . . . , ar) such that if b1 > B(a)Σ and
m > a(k), then for every f ∈ H0(S, ωk ⊗Om) and a sufficiently large p-power l we
have

T lp.f ≡ U lp.f (mod p).

Proof. The first assertion is similar to the proof of [Hid04b, Prop. 8.2]. We leave
the details to the reader. The second one follows from the observation that there
exists B(a) such that if b1 > B(a)Σ, then we have βk(T lp.f) = βk(U lp.f) (mod p)
for a sufficiently large p-power l. �

Proposition 4.7. If n ≥ m > 0, then the morphism

βk : Vk(Kn
1 ,Om)→ V N

n,m

defined in (3.3) is Up-equivariant, and there exists a T-equivariant homomorphism
sk : V N

n,m → Vk(Kn
1 ,Om) such that βk ◦ sk = Ump and sk ◦βk = Ump . In particular,

the kernel and cokernel of βk are annihilated by Ump .

Proof. Let f ∈ (Vn,m ⊗ Lk(Om))N = Vk(Kn
1 ,Om). According to the decom-

position in (3.1), we write f =
∑
χ≥−k gχ ⊗ vχ with gχ ∈ Vn,m. By definition,

βk(f) = g−k. Recall that for each α ∈ ∆p and µ ∈ X∗(T )+ such that µ(p) = α,
the twisted action on vχ is given by

ρ̃k(α−1)vχ = p−〈µ,k+χ〉vχ.

We shall use the notation from §3.8.1. We define the linear map sk(α) : V N
n,m →

Vn,m ⊗ Lk(Om) by the rule

sk(α)(f)(A, j̄) :=
∑
u∈NαH

1

χr,1(α)
· TrRα0 /R(f(Aαu, jαu))ρk(u)v−k

for a test object (A, j̄) over an Om-algebra R. In view of (3.16), we find that
βk ◦ sk(α) = Up(α) on V N

n,m and that
(4.1)
Up(α).f(A, j̄) = χr,1(α)−1f |k U(α)(A, j̄)

=
∑
χ≥−k

∑
u∈NαH

1

χr,1(α)
TrRαu0 /R(gχ(Aαu, jαu))⊗ ρk(u)ρ̃k(α−1)vχ

=sk(α)(g−k)(A, j̄) +
∑

χ>−k,u∈NαH

p−〈µ,k+χ〉 · 1

χr,1(α)
TrRαu0 /R(gχ(Aαu, jαu))⊗ ρk(u)vχ.

This shows that βk(Up(α).f) = Up(α).βk(f). Let α̃ :=
∏r+s
i=1 αi and let szk :=

sk(α̃z) for z ∈ Z+. Then Up(α̃
z) = Uzp , and βk ◦ szk = Uzp . If z ≥ m, then

szk(V N
n,m) ⊂ Vk(Kn

1 ,Om) and szk◦βk = Uzp from (4.1). In addition, it is to verify that
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sk is T-equivariant in the sense that sk([t].f) = tk[t].sk(f). Therefore, sk := smk is
the desired homomorphism. �

4.3. Construction of the ordinary projector. We shall follow the definition of
the ordinary projector in [Mau04, §5.3.1]. Let R be an Op-algebra and let T be the
set of ideals I in R such that R/I is finite over Op. Then it is clear that T forms a
fundamental system of neighborhood of 0 in R and makes R a topological ring. Let
R† be the completion of R with respect to T . Then R† is a product of local rings
(possibly infinitely many). To each u ∈ R we can associate a unique idempotent eu
in R† such that euu is invertible in euR† while (1− eu)u is topologically nilpotent
in (1− eu)R†. Then by definition a discrete R†-module is nothing but a R-module
in which every element is annihilated by some I ∈ T . Now we consider the case
R = Op[X] and T = {(p,X)m}m∈Z+

.

Definition 4.8. A complete p-adic X-admissible module is an Op[X]-module M
such that

(1) M = lim←−mM/pmM,
(2) M/pmM = lim−→j

Mm,j , whereMm,j are discrete Op[Xpj ]†-modules.

Let eXpj be the idempotent in Op[Xpj ]† attached to Xpj . Note that eXpj is equal
to the holomorphic image of eXpj+1 under the natural map Op[Xpj+1

]† → Op[Xpj ]†.
Therefore, we obtain a well-defined idempotent eX ∈ EndM for each X-admissible
complete p-adic moduleM. We shall call eX the ordinary projector attached to X
(Hida’s idempotent).

We sketch the existence of the ordinary projectors on the various spaces of modu-
lar forms under consideration. The Op[Tp]-module H0(S, ωk) (resp. H0(S/Om , ωk))
is finitely generated over Op (resp. Om) and hence is a discrete Op[Tp]

†-module.
From (3.2), Proposition 4.5 and Lemma 4.6 we deduce that Vk(K,Om) for m� 0

are discrete Op[T p
j

p ]† = Op[Up
j

p ]†-modules for j � 0. Since the cuspidal part
(V 0
n,m)N of V N

n,m is a Up-admissible module ([Hid02, Thm. 7.1 (2)]) and the quotient
V N
n,m/(V

0
n,m)N is a finitely generated Op-module, we find that V N

n,m is Up-admissible.
This in turn shows that Vk(Kn

1 ,Om) are Up-admissible for all n ≥ m > 0 by Propo-
sition 4.3 and Proposition 4.7. We thus obtain the ordinary projectors e := eUp
and e◦ := eTp attached to Up and Tp on these modules.

Proposition 4.9. If n ≥ m > 0, then

βk : e.Vkζ (K
n
0 ,Om)

∼→ e.V N
n,m[kζ ].

Proof. This follows from Proposition 4.7 combined with (3.4) immediately. �

Lemma 4.10 (cf. Lemma 6.8 [SU14]). If n ≥ m, then e.V [k (Kn
1 ,Om) = e.Vk(Kn

1 ,Om).

Proof. We give a proof of the lemma for r = 2 (i.e. G = GU(2, 1)), which is
the only case we need in the later application. The general case can be treated in
the same way. Let f ∈ e.Vk(Kn

1 ,Om). We need to show the restriction f(M, jM)|D
to D = S − S belongs to FD ⊗ OM/J+. Here (M, jM) is the Mumford quintuple

introduced in §2.7.4. Let w2 = (

(
0 1
1 0

)
, 1) ∈ H = GL2(Op)×O×p be the longest

Weyl element. The level p-structure jM gives rise to an isomorphism ω(jM) :



IWASAWA MAIN CONJECTURES FOR CM FIELDS 43

M−1 ⊗ OM ' ωM, and the restriction ω(jM)|D identifies FD ⊗OD OM/J+ ⊂
ωk ⊗OD OM/J+ with OM/J+ · v−w2k ⊂ Lk(OM/J+), the rank one module of the
highest weight −w2k = (−a2,−a1). Therefore, it suffices to show that the constant
term ah[g](0, f) is of highest weight for all h ∈ H and g ∈ C(K). We will prove this by
induction on the p-depth of h ([TU99, Def. 4.1]). Using [TU99, Lemma4.2] and the
induction hypothesis, we find that ah[g](0, f) is a sum of ρk(u)ρ̃k(α−1)awt[gi]

(0, f) for
(u, α) ∈ NH(Zp)×∆p, gi ∈ C(K), w a Weyl element and t ∈ T . Since the highest
weight vector is an eigenfunction of ρ̃k(α−1) and is fixed by NH(Zp), we are reduced
to showing that awt[g](0, f) are of highest weight for all Weyl elements w in H and
t ∈ T. If w 6= w2, then there exists v ∈ Sp such that awt[g](0, U

z
v .f) = pzu · a[g](0, f)

for some u ∈ Zp, and hence awt[g](0, f) = awt[g](0, e.f) = 0. If w = w2, then we can
deduce from (4.1) that

aw2t
[g] (0, Uzp .f) = t−kaw2t

[g] (0, Uzp .βk(f))v−w2k for z ≥ m.

We thus conclude that aw2t
[g] (0, f) = t−kaw2t

[g] (0,βk(f))v−w2k. This completes the
proof for r = 2. �

Proposition 4.11. Let e.Vk(Kn
1 ) := lim−→m

e.Vk(Kn
1 ,Om). Suppose that ar + b1 is

parallel. Then the discrete Zp-module e.Vk(Kn
1 ) is p-divisible and

e.Vk(Kn
1 )[pm] =e.Vk(Kn

1 ,Om) = e.H0(IS , ωk)⊗ Om.

Proof. Recall that IS = IG(Kn
1 )[1/E]/Op

with E a scalar-valued modular form
of weight kE obtained by lifitng of a power of the Hasse invariant. By either Re-
mark 3.10 or Lemma 3.12, H0(IS/Cp , ω[k) = lim−→s

H0(IG(Kn
1 )/Cp , ω

[
k+skE

)[1/Es] =

H0(IS/Cp , ωk), and by the flatness of Cp over Op, H0(IS , ω[k) = H0(IS , ωk) ∩
H0(IS/Cp , ω[k) = H0(IS , ωk). Hence, from Lemma 4.2 and Lemma 4.10, we deduce
that e.H0(IS , ωk)⊗ Om = e.V [k (Kn

1 ,Om) = e.Vk(Kn
1 ,Om) and the exact sequence

0 −→ e.Vk(Kn
1 ,Om)

p−→ e.Vk(Kn
1 ,Om+1)

pm−→ e.Vk(Kn
1 ,Om+1).

It is clear that the proposition follows. �

Definition 4.12. Let q = 0 or ∅. Put Mq
k(Kn

1 ,Op) := H0(I, ωqk). For a base ring
R flat over Op, define

e.Mq
k(Kn

1 , R) := e.Mq
k(Kn

1 ,Op)⊗Op
R.

Then e.Mq
k(Kn

1 , R) has a natural T (Zp)-action. Put

e.Mq
kζ

(Kn
0 , R) :=

{
f ∈ e.Mq

k(Kn
1 , R) | [t] · f = ζ(t)f

}
.

Recall that we have fixed an isomorphism ι : C
∼→ Cp. If f ∈Mk(Kn

1 ,C), then
we say f is an ordinary eigenform if f is an eigenvector of Up-operator and

Up.f = ap(f) · f with ι(ap(f)) ∈ Z
×
p .

Then e.Mk(Kn
1 ,C) = e.Mk(Kn

1 ,Op)⊗ι−1(Op) C is the C-vector space spanned by
ordinary eigenforms of weight k.



44 M.-L. HSIEH

4.4. A topological control theorem. In this subsection, we prove a weak control
theorem for ordinary modular forms over C. Thanks to the control theorem of Hida
for ordinary cusp forms, the remaining task is to study the control of the constant
terms of ordinary modular forms.

4.4.1. Control theorems for definite unitary groups. We begin with a brief account
of control theorems for the totally definite unitary group GP = GU(W ). We
retain the notation for GU(W ) in §3.5 and §3.6.1. Let k′ = (a1, . . . , ar−1) be
the dominant weight of TP associated to k. Suppose that ‖k′‖ is parallel. Let R

be a p-adic Op-algebra. Let j ∈ {1, . . . , r − 1} and let αj =

(
1r−1−j 0

0 p · 1j

)
∈

GLr−1(Fp) = GP (Fp). For each α = αj , we fix Nα a set of representatives of
Nr−1(Op)/α

−1Nr−1(Op)α, and for M̂k′(R) := lim−→U⊂GP (AF,f )
M̂k′(U,R), we define

Up(α) ∈ End M̂k′(R) by the rule
(4.2)
Up(α).f(g1) =

∑
u∈Nα

ρk′(u)ρ̃k′(α
−1)f(g1uα

−1) (f ∈ M̂k′(R), g1 ∈ GP (AF,f )).

The fact that Up(α).f ∈ M̂k′(R) follows from the p-integrality of the twisted ac-
tion ρ̃k′(α

−1) = k′(α−1)ρk′(α
−1). Let Up :=

∏r−1
j=1 Up(αj) and Ug := Kg,n

P,1 =

gKn
1 g
−1 ∩ GP (AF,f ) for g ∈ C(K). Then we have Up ∈ End M̂k′(Ug, R). Using

the isomorphism (3.8), we obtain an operator Up ∈ EndMk′(Ug,C), and this Up
agrees with the one in Proposition 3.15 for the special case s = 0.

Proposition 4.13. Let e := lim
n→∞

Un!
p . Then

(1) dim e.Mk′(Ug,C) is uniformly bounded independent of the weight k′.
(2) e.M̂k′(K

g,1
P,0,Op) = e.V[g][k

′].

Proof. For each m ≤ n, consider the Up-equivariant morphism

βk′,m : M̂k′(Ug,Op/(p
m))→ An[g] ⊗ Op/(p

m), f 7→ βk′(f)(g1) = lk′(f(g1)).

We define sk′,m : An[g] ⊗ Op/(p
m)→ M̂k′(Ug,Op/(p

m)) by

sk′(f)(g1) =
∑
u∈Nα

f(g1uα
−1)⊗ ρk′(u)v−k′ (α :=

r−1∏
j=1

αj).

From the definition of Up-operator, one verifies that

βk′,m ◦ sk′ = Up ; sk′ ◦ βk′,m = Up.

Therefore βk′,m induces an isomorphism:

e.M̂k′(Ug,Op/(p
m))

∼→ e.An[g] ⊗ Op/(p
m).

In particular, by the base change (Proposition 3.9) we have

dimC e.Mk′(Ug,C) = dimOp/(p) e.A
n
[g] ⊗ Op/(p) ≤ ](GP (F)\GP (AF,f )/Ug),
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and part (1) follows. Moreover, we obtain the isomorphism

lim←−
m

βk′,m : e.M̂k′(K
g,1
P,0,Op) = lim←−

m

e.M̂k′(K
g,m
P,0 ,Op/(p

m))

∼→ lim←−
m

e.Am[g][k
′]⊗ Op/(p

m) = e.V[g][k
′].

Here the first and last equalities are due to the contraction properties of Up-
operators (cf. Proposition 4.4). This proves part (2). �

4.4.2. To study the constant terms of ordinary modular forms, we need to in-
troduce some notation. Let v ∈ Sp be a place above p and let F = Fv. For
n ∈ Z+, let Wn be the Weyl group with respect to the diagonal torus Tn(F )
in GLn(F ) generated by permutations of the standard basis of Fn. Denote by
`(w) the length of w ∈ Wr+1. Recall that we have U(W )(F ) = GLr−1(F ) in
U(V )(F ) = GLr+1(F ) with respect to the standard basis {e1, . . . , er+1} fixed
in §1.8 and regard U(W )(F ) as a subgroup of U(V )(F ) via x 7→ diag(1, x, 1).

We embed Wr in Wr+1 ⊂ U(V )(F ) by x 7→
(
x

1

)
. For z ∈ Z+, let Iz :=

{g ∈ GLr+1(F ) | g (mod p) ∈ Br+1(OF /pzOF )}. For w ∈ Wr+1 and g ∈ G(A
(p)
F,f ),

put
Cgw(z) := wIz · P (A

(p)
F,f )g ⊂ G(AF,f ).

Recall that

wr =

 1
1r−1

1

 ∈ GLr+1(F ⊗Q Qp) = U(V )(F ⊗Q Qp).

Lemma 4.14. Let f ∈ e.Mkζ
(Kn

0 , R) and R ⊂ C. For each g ∈ G(A
(p)
F,f ), we have

(1) ΦP,wg(f) = 0 if w ∈Wr and e1w 6= er.
(2) Φwr[g] (f) ∈ e.Mk′ζ

(Kg,n
P,0 , R) is an ordinary modular form on GP .

Proof. Wemay assumeR is a p-adic ring inCp. LetW ′v := {w ∈Wr | erw = er}.
To show part (1), it suffices to show ΦP,wg(f) = 0 for all w ∈ W ′v. A direct com-
putation shows that for w ∈W ′v,

ΦP,gw(Up(α2).f) = upar−1−ar+1 · Up(α1).ΦP,g′w(f)

for some u ∈ Z
×
p and g′ ∈ G(A

(p)
F,f ). Here Up(α1) on the right hand side is the

p-integral operator in (4.2). This implies that ΦP,gw(f) = 0 as f is p-ordinary and
ar−1 ≥ ar.

We proceed to prove part (2). Note that ΦP,wrg(f) ∈Mk′ζ
(Kg,n

P,0 , R) as w−1
r Kg,n

P,0wr ⊂
Kn

0 . Let Uv be the operator defined in Proposition 3.15. Using [TU99, Lemma 4.2],
the strong approximation theorem (for GP ) and part (1), for each y ∈ Cgw(z) we
can write

ΦP,y(Uv.f) =
∑
γ

cγ · ρk(βγ)ΦP,γ(f) (cγ ∈ Q(ζ), βγ ∈ P (Q)),

where γ runs over a finite set in Cgw′(z
′), w′ ∈W ′v such that either w′ = w and z′ > z

or `(w′) < `(w). Applying Uv successively, for a sufficiently large m we find that
ΦP,y(Umv .f) is a linear combination of ΦP,w′g′(f) for w′ ∈ W ′v and g′ ∈ G(A

(p)
F,f ).

By part (1), we conclude that ΦP,y(f) = 0 for all y ∈ Cgw(z) and w ∈ W ′v. From
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the explicit formulas of the normalized Up-operators for G and GP we can deduce
that for j = 1, . . . , r − 2

ΦP,wrg(Up(αj+2).f) =Up(αj).ΦP,wrg(f) +
∑
v∈Sp

(constant terms at y ∈ Cgw′(1) for w′ ∈W ′v)

=Up(αj).ΦP,wrg(f).

This shows that Φwr[g] (f) is ordinary in virtue of (3.14). �

In fact, the use of [TU99, Lemma 4.2] in the proof of the above lemma yields
the following consequence:

Lemma 4.15 (Lemma 4.3 [TU99]). Let g ∈ G(A
(p)
F,f ). If f ∈ e.Mkζ

(Kn
0 ,C) and

ΦP,w′g(f) = 0 for all w′ such that w′ = w or `(w′) < `(w), then ΦP,y(f) = 0 for
all y ∈ Cgw(1).

Theorem 4.16. Suppose that ar > rΣ (i.e. ar − rΣ ∈ Z+[Σ]). Then we have the
following exact sequence

0→ e.M0
kζ

(Kn
0 ,C) −→ e.Mkζ

(Kn
0 ,C)

Φ=⊕ΦP,wrg−→
⊕

g∈C(K)

e.Mk′ζ
(Kg,n

P,0 ,C).

Proof. Let f ∈ e.Mkζ
(Kn

0 ,C) such that ΦP,wrg(f) = 0 for all g ∈ C(K). Let

g ∈ C(K) ⊂ G(A
(p)
F,f ). To prove f is a cusp form, by Bruhat decomposition, we

need to show that ΦP,y(f) = 0 for all y ∈ Cgw(1) and w ∈Wr+1. By Lemma 4.15 it
suffices to prove that ΦP,wg(f) = 0 for all w in a set of representatives ofWr−1\Wr+1

in Wr+1. By Lemma 4.14 (1) and Lemma 4.15, we have ΦP,y(f) = 0 for all
y ∈ Cgw(1) and w ∈ Wr. Let w ∈ Wr+1 −Wr such that erw 6= e1. We further
assume erw = er+1, replacing w with a suitable element in Wr−1w. Applying
[TU99, Lemma 4.2], a direct computation shows that up to the multiplication by a
p-adic unit, we have the equality

ΦP,wg(Up(α1).f) =
par−1

p(r−1)Σ
· Up(α1).ΦP,wg(f) +

∑
γ

c′γ · ρk(β′γ)ΦP,γ(f)

(γ ∈ Cgw′(1), w′ ∈Wr, `(w
′) < `(w), c′γ ∈ Q(ζ), β′γ ∈ P (Q))

=
par−1

p(r−1)Σ
· Up(α1).ΦP,wg(f).

Since ar−1 ≥ ar > rΣ, taking into account the p-adic counterpart of the above
equation, we deduce that ΦP,wg(f) = 0 from the p-ordinary property of f . By
Lemma 4.15, we thus proved that ΦP,y(f) = 0 for all y ∈ Cgw(1) and w ∈ Wr+1

whenever e1w 6= er+1.
Now suppose that e1w = er+1. Then up to a p-adic unit, we have

ΦP,wg(Up(α1).f) =
par

prΣ
· ΦP,wg′(f) +

∑
γ

c′′γ · ρk(β′γ)ΦP,γ(f)

(g′ ∈ C(K), γ ∈ Cgw′′(1), `(w′′) < `(w), c′′γ ∈ Q(ζ), β′′γ ∈ P (Q)).

By the induction on the length of w, we find that ΦP,wg(f) = 0 as ar > rΣ. This
completes the proof. �
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Proposition 4.17. Let B(a) be as in Lemma 4.6. If b1 > B(a)Σ, then we have
the isomorphism:

e. : e◦.Mk(K,C)
∼→ e.Mk(K1

0 ,C).

Moreover, for g ∈ C(K) we have the following commutative diagram

e.Mk(K1
0 ,C)

Φwr
[g] // e.Mk′(K

g,1
P,0,C)

e◦.Mk(K,C)

o e.

OO

Φ[g] // e◦.Mk′(K
g,1
P,0,C).

o e.

OO

Proof. Note that Lemma 4.6 implies that we have the inclusion e. : e◦.Mk(K,C)→
e.Mk(K1

0 ,C). Let f ∈ e.Mk(K1
0 ,C) and let π = πf be the automorphic rep-

resentation generated by f . By the multiplicity one theorem of ordinary vectors
[Hid04b, Thm. 5.3], we can decompose π ' π(p) ⊗v|p πv as a representation of
G(A

(p)
F )×

∏
v|pG(Fv). In addition, since f is ordinary and k is dominant, πv must

be a unramified and regular (i.e. the p-adic valuations of Satake parameters of πv
are distinct) principal series for each v|p (cf. [Hid98, §5]). It follows that f = e.f◦

for some f◦ unramified at p. This proves the first assertion.
The second assertion follows from Lemma 4.14 (2) and the commutativity be-

tween Up-operators and the Φ[g]-operator (cf. (3.10)). �

Define the space of admissible weights XadmT ⊂ XT by

XadmT = {k = (a1, . . . , ar; b1) | ‖k‖ and ar + b1 are parallel and ar−1 > ar} .

Proposition 4.18. The dimension of e.Mk(Kn
1 ,C) is uniformly bounded for all

k ∈ XadmT .

Proof. Let E be a lifting of the t-th power of the Hasse invariant for a sufficiently
large integer t (cf. §3.3). Then E is a modular form of weight kE := t(p− 1)(I+ +
I−) and level K. Using Proposition 4.5, we can show that the map f 7→ e.(fE)
induces an injection e.Mk(Kn

1 ,C) ↪→ e.Mk+kE (Kn
1 ,C), so it suffices to show the

uniform boundedness of dimC e.Mk(Kn
1 ,C) for k ∈ XadmT with ar > rΣ. By

the injectivity of a generalized Eichler-Shimura map (cf. [Hid04b, §5.3]) and the
topological control theorem [Hid95] (cf. [Mau04, Lemma 6.4.1]), the dimension of
the space e.M0

k(Kn
1 ,C) of ordinary cusp forms is uniformly bounded for k ∈ XadmT .

The proposition thus follows immediately from Proposition 4.13 and Theorem 4.16.
�

4.5. Control theorem for ordinary modular forms.

Theorem 4.19 (Classicity). For each weight k = (a1, . . . , ar; b1) ∈ XadmT , there is
a positive integer A(a, n) ≥ B(a) depending on a = (a1, . . . , ar) and the p-level n
such that if b1 > A(a, n)Σ, then the natural restriction map:

res : e.Mk(Kn
1 ,Op)⊗Qp/Zp

∼→ e.Vk(Kn
1 )

is an isomorphism. In particular, if b1 > A(a, 1)Σ, then

e◦.Mk(K,Op)⊗Qp/Zp ' e.Vk(K1
0 ) := lim−→

m

e.Vk(K1
0 ,Om).
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Proof. Let E be the modular form of weight kE = t(p−1)(I+ +I−) in Proposi-
tion 4.18. We may further assume that t is large enough such that there exists a un-
ramified everywhere Hecke character χ of K× with infinity type t(p−1)Σ. Then the
function χ̃ : X+×G(AF,f ) → C defined by χ̃(τ, gf ) := χ−1(det gf ) |ν(gf )|rt(p−1)

AF

gives rise to a nowhere-vanishing modular form of weight t(p−1)(−I+ + I−). Thus
E1 := E · χ̃ is a modular form of weight k1 := 2t(p− 1)I− = (0, . . . , 0; 2t(p− 1)Σ)
such that the multiplication by E1 commutes with Hida’s idempotent e.

Since ar + b1 is parallel, by Lemma 4.2 and Proposition 4.11 the restriction map
res gives rise to the morphism for m ∈ Z+:

res : e.H0(I, ωk)⊗ Om → e.H0(IS , ωk)⊗ Om = e.Vk(Kn
1 ,Om) = e.Vk(Kn

1 )[pm].

We need to show res is actually an isomorphism. It is injective because IS/Om is
open dense in I/Om . We shall show the surjectivity by a standard argument. Given
f ∈ e.H0(IS , ω[k) ⊗ Om for a lift f ∈ e.H0(IS , ωk), there exists a sufficiently large
p-power l such that El1f ∈ H0(I, ωk+lk1). Thus e.(El1f) ∈ e.H0(I, ωk+lk1) and
e.(El1f) ≡ El1f ≡ (El1f) (mod pm). Let Kp be the fractional field of Op. It follows
from Proposition 4.18 that there exists A depending on (a1, . . . , ar) such that if
b1 > AΣ, the multiplication E1 : e.H0(I, ωk) ⊗Kp → e.H0(I, ωk+k1

) ⊗Kp by E1

is an isomorphism. Therefore, there exist g ∈ e.H0(I, ωk) and u ∈ Z+ such that
pue.(El1f) = El1g. Note that pu(El1f) ≡ pue.(El1f) ≡ El1g (mod pm+u), so puf ≡
g (mod pm+u). We thus conclude that g ∈ pu ·e.H0(I, ωk) and f ≡ p−ug (mod pm).
This completes the proof of the first assertion.

To show the second assertion, note that IG(K1
1 )/Op

is a étale covering over
IG(K1

0 )/Op
with the Galois group of prime-to-p order. Hence, we can take the

Galois invariant part of the isomorphism for Vk(K1
1 ) and obtain

Vk(K1
0 ) ' e.Mk(K1

0 ,Op)⊗Qp/Zp = e◦.Mk(K,Op)⊗Qp/Zp.

Here the last equality follows from Proposition 4.17. �

The above theorem leads us to the following definition of classical weights. Put

O×F,N0
=
{
u ∈ O×F | u ≡ 1 (mod N0)

}
.

We define an embedding:

j : (O×F,N0
)2 −→ T = (O×p )r ×O×p

(x, y) 7→ j(x, y) = diag(x, . . . , x, y, y).

Let Tgl be the p-adic closure of the image j((O×F,N0
)2) in T and let XT/Tgl :=

Homcont(T/T
gl,C×p ) ⊂ XT. Define the space of classical weights XclsT/Tgl by

(4.3)
XclsT/Tgl =

{
kζ ∈ XT/Tgl | k = (a1, . . . , ar; b1) ∈ XadmT , ζ has level pn, b1 > A(a, n)Σ

}
.

It is clear that XclsT/Tgl is Zariski-dense in XT/Tgl . Let Λ̃ := OpJT/TglK be a quotient

ring of ΛT = OpJTK. For kζ ∈ XclsT/Tgl ⊂ Spec Λ̃(Cp), let Pkζ be the corresponding

prime ideal of Λ̃.

Definition 4.20. For q = 0 or ∅, we let V qord := Homcont(e.Vq,Qp/Zp)⊗ΛT
Λ̃ and

Mq
ord(K, Λ̃) := HomΛ̃(V qord, Λ̃).
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Theorem 4.21 (The control theorem). Let q = 0 or ∅. Then
(1) V qord is a free Λ̃-module of finite rank.
(2) For every k ∈ XclsT/Tgl , we have

Mq
ord(K, Λ̃)⊗ Λ̃/Pk

∼→ e◦.Mq
k(K,Op).

Proof. This theorem is proved by Hida for q = 0 ([Hid04b, Thm. 8.13]). We
reproduce the argument of Hida to prove the case q = ∅. It follows from Proposi-
tion 4.4, Proposition 4.9 and Theorem 4.19 that for every k ∈ XclsT/Tgl , we have

e.V[k] = lim−→
m

lim−→
n

e.Vk(Kn
0 ,Om) = lim−→

m

e.Vk(K1
0 ,Om)

= e.Vk(K1
0 ) = e◦.Mk(K,Op)⊗Qp/Zp.

Taking Pontryagin dual on both sides, we find that

(4.4)
Vord

PkVord
= Hom(e◦.Mk(K,Op)⊗Qp/Zp,Qp/Zp) = Hom(e◦.Mk(K,Op),Op).

Now Vord is a compact Λ̃-module such that Vord/PkVord is a free Λ̃/PkΛ̃-module of
finite rank for all k ∈ XclsT/Tgl . Then Vord is a free Λ̃-module of finite rank in virtue
of the following well-known lemma.

Lemma 4.22. Let R be a complete Noetherian local ring and Ii are ideals of R
such that ∩iIi = 0. Suppose M is a compact R-module such that M/IiM are free
R/Ii-module of finite rank, then M is a free R-module of finite rank.

This completes the proof of part (1). The specialization property in part (2)
follows from (4.4) and the Λ̃-freeness of Vord. �

We also have the control theorem for modular forms of higher levels at p.

Corollary 4.23. Let Λ̃ζ := Λ̃ ⊗Op
Op[ζ] and let pnζ be the minimal level of ζ. If

kζ ∈ XclsT/Tgl , then we have

Mord(K, Λ̃)⊗ Λ̃ζ/Pkζ
∼→ e.Mkζ

(K
nζ
0 ,Op[ζ]).

Proof. Let R = Op[ζ]. Put M = e.Mkζ
(K

nζ
0 , R) and

Mm = lim−→
n

e, Vkζ (K
n
0 , R⊗ Om) = e.Vkζ (K

nζ
0 , R⊗ Om) (by Proposition 4.4).

Let Cm be the cokernel of the embedding im : M ⊗ Om ↪→ Mm and let C :=
lim−→m

Cm. Here the transition map Cm → Cm+1 is the multiplication by p. We
have the exact sequence:

0−→M ⊗ Qp

Zp
−→lim−→

m

Mm−→C−→0.

Let C∗ be the Pontryagin dual of C. Taking Pontryagin dual of the above exact
sequence, by Proposition 4.9 we obtain

0−→C∗−→Vord/PkζVord−→HomR(M,R)−→0.

We are going to show C∗ = 0. By Theorem 4.21, Mord(K, Λ̃) is a free Λ̃-module,
so Vord/PkζVord is a free R-module, and C∗ is a free Zp-module. On the other
hand, we claim that C is killed by ](T (Z/pnZ)). Indeed, let fm ∈ Mm[ζ] ⊂ Mm.
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There exists g ∈ M such that g ≡ fm (mod pm) by Theorem 4.19 (and flat base
change). Let xζ :=

∑
t∈T (Z/pnZ) ζ

−1(t)[t] be the ζ-isotypic projector. Then we have
](T (Z/pnZ)) ·fm = xζ .g (mod pm) ∈M [ζ]⊗Rm. In particular, this shows that the
C∗ of C is a torsion Zp-module, and hence C∗ = 0. This finishes the proof. �

4.6. Λ̃-adic modular forms.

4.6.1. Λ̃-adic Fourier-Jacobi expansion. Let (g, h) ∈ C(K)×H be a p-adic cusp
such that h−1UP (Zp)h ⊂ N. We consider the Fourier-Jacobi expansion of e.V:

F̂ J
h

[g] : e.V −→ R[g],∞ ⊗Qp/Zp.

Let R[g](Λ̃) := R[g],∞ ⊗Op
Λ̃. Taking Pontryagin dual of the above equation, we

obtain a morphism

HomΛ̃(R[g](Λ̃), Λ̃) = HomOp
(R[g],∞,Op) −→ e.V∗ = Vord.

Taking Λ̃-dual, we obtain the Λ̃-adic Fourier-Jacobi expansion,

(4.5) FJh[g] :Mord(K, Λ̃) −→ R[g](Λ̃).

The following the following commutative diagram is clear from the construction of
Mord(K, Λ̃)

Mord(K, Λ̃)⊗ Λ̃/Pkζ

o
��

F̂ J
h

[g] // R[g](Λ̃)⊗Λ̃ Λ̃/Pkζ

o
��

e.Mkζ
(Kn

0 ,Op[ζ])
FJh[g] // R[g],∞ ⊗Op

Op[ζ].

We consider the Λ̃-adic Φ̂wr[g] -operator. Let V[g],ord be the Pontryagin dual of the
p-divisible ΛP -module e.V[g] ⊗Qp/Zp and let

Mord(Kg,ΛP ) := HomΛP (V[g],ord,ΛP ).

By Hida theory for the totally definite unitary group GP (Proposition 4.13 (2)),
the ΛP -moduleMord(Kg,ΛP ) is free of finite rank. We regard ΛP as a subring of
ΛT by the embedding TP ↪→ T, x 7→ diag(x, 1, 1) so that then the bottom map
Φ̂wr[g] : V N

∞,m → V[g] ⊗ Om in (3.10) is a ΛP -module morphism. By Lemma 4.14 (2),

the Λ̃-adic Fourier-Jacobi expansion (4.5) gives rise to the Λ̃-adic constant term
map:

Φ̂wr[g] :Mord(K, Λ̃) −→Mord(Kg
P , Λ̃) :=Mord(Kg,ΛP )⊗ΛP Λ̃.

4.6.2. Fundamental exact sequence.

Definition 4.24 (Λ̃-adic modular forms). Let RT
C(Λ̃) = RT

C⊗Op
Λ̃. LetMp-adic

ord (K,T)

be the space consisting of elements F ∈ RT
C(Λ̃) such that there exists a Zariski-dense

subspace XF ⊂ XclsT/Tgl and for all kζ ∈ XF

F (mod Pkζ ) = FJ(fkζ ) for some fkζ ∈ e.Mkζ
(Kn

0 ,Op[ζ]).

The space Mp-adic
ord (K,T) is called the space of Λ̃-adic modular forms. The q-

expansion principle allows us to regardMp-adic
ord (K,T) as the space of p-adic measures

of T with values in p-adic ordinary modular forms.
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The following theorem enables us to construct Λ̃-adic modular forms by means
of the p-adic interpolation of Fourier-Jacobi coefficients of modular forms.

Theorem 4.25. We have an Λ̃-module isomorphism

Mord(K, Λ̃) =Mp-adic
ord (K,T).

Proof. We follow the argument in [Hid93, Thm. 7.2]. By choosing a Op-basis of
V[g] ⊗O H

0(Z◦[g]/Op
,L(β)) for all g ∈ C(K) and β ∈ S 0

[g], we get an identification:
R[g](Λ̃)

∼→
∏
γ∈J Λ̃eγ for some index set J . Hence we can regard the Fourier-Jacobi

map as a collection of Λ̃-linear functionals on Mord(K, Λ̃) via {`γ}γ∈J , the γ-th
projection map `γ : R[g](Λ̃)→ Λ̃.

Let f1, . . . , fl ∈ Mp-adic
ord (K,T) be linearly independent elements over Λ̃. Let K

be the fraction field of Λ̃ and let V be the K-vector space spanned by f1, . . . , fl.
Then there exist `i = `γi for some γi ∈ J , i = 1, 2, . . . , l such that {`i}li=1 is a
basis of the K-dual space of V . In particular, det(`i(fj)) is a nonzero element in
Λ̃. It follows that there exists kζ ∈ XclsT/Tgl such that det(`i(fj))(Pkζ ) ∈ K×, and
hence the specializations f1(Pkζ ), . . . , fl(Pkζ ) are linearly independent over Op[ζ] in
e.Mkζ

(K,Op[ζ]). By the control theorem Corollary 4.23, we thus conclude that

dimKMp-adic
ord (K,T)⊗Λ̃ K ≤ rankOp[ζ] e.Mkζ

(K,Op[ζ]) = dimKMord(K, Λ̃)⊗Λ̃ K.

On the other hand, the q-expansion principle implies that the mapMord(K, Λ̃)→
Mp-adic

ord (K,T) given by the Fourier-Jacobi expansion is injective, so we have

Mp-adic
ord (K,T)⊗Λ̃ K =Mord(K, Λ̃)⊗Λ̃ K.

Let F1, . . . , Ft be a Λ̃-basis ofMord(K, Λ̃) and {`i = `βi}
t
i=1 be a K-basis of the

dual space ofMord(K, Λ̃)⊗K. For each F ∈Mp-adic
ord (K,T), we have det(`i(Fj)) ·

F ∈ Mord(K, Λ̃). It follows that Mp-adic
ord (K,T) is also a free Λ̃-module of finite

type and that
M′′ :=Mp-adic

ord (K,T)/Mord(K, Λ̃)

is Λ̃-torsion. Let m be a maximal ideal of Λ̃ and let k = Λ̃/m. By the Λ̃-freeness of
Mp-adic

ord (K,T), we deduce the exact sequence sequence

0 // Tor(M′′,k) // e.Mk(K,k)
FJ⊗k //Mp-adic

ord (K,T)⊗ k //M′′ ⊗ k // 0.

The Fourier-Jacbobi map FJ ⊗ k is injective by the q-expansion principle, so we
conclude that Tor(M′′, Λ̃/m) = 0 for every maximal ideal m of Λ̃. This implies that
M′′ is Λ̃-flat. On the other handM′′ is Λ̃-torsion, so we conclude thatM′′ = 0. �

The following theorem is a key ingredient in the proof of Theorem 7.18.

Theorem 4.26 (Fundamental exact sequence).

0−→M0
ord(K, Λ̃)−→Mord(K, Λ̃)

Φ̂wr=⊕Φ̂wr
[g]−→

⊕
g∈C(K)

Mord(Kg
P , Λ̃)−→0.

Proof. In virtue of Theorem 4.16 and the control theorem, it remains to show
the Siegel operator Φ := Φ̂wr is surjective. Note that Λ̃ is a semi-local ring with
maximal ideals parametrized by the characters of T (Fp). For a character ξ of T (Fp),
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let mξ be the corresponding maximal ideal with the residue field k. By Nakayama’s
lemma, it suffices to show that Φ (mod mξ) = Φ⊗k is surjective for all ξ. For each
ξ, we can choose an algebraic character k ∈ XclsT/Tgl such that k ≡ ξ (mod p). From
Theorem 4.19 and Theorem 4.21, we deduce that

Mord(K, Λ̃)⊗ Λ̃/mξ = e◦.H0(S, ωk)⊗ k = e.H0(S[1/E], ωk ⊗ k) (e ≡ e◦ (mod p))

= e.H0(S∗, π∗(ωk ⊗ k))

and⊕
g∈C(K)

Mord(Kg
P , Λ̃)⊗ Λ̃/mξ = e.H0(∂S∗, π∗(ωk))⊗ k = e.H0(∂S∗, π∗(ωk ⊗ k)).

From the fact that the Φ-operator is simply the restriction map f → f |∂S∗ and S∗
is an affine scheme, it follows that the map

e.H0(S∗, π∗(ωk ⊗ k))
Φ⊗k−→ e.H0(∂S∗, π∗(ωk ⊗ k))

is surjective. �

5. Ordinary p-adic Eisenstein series on U(2, 1)

In this section, we construct a special Λ-adic Eisenstein series Eord(Ψ |1, n) on
U(2, 1). Following the method in [Hsi11], we first construct a p-adic Eisenstein
series E2,2 for GU(2, 2) via the p-adic interpolation of Fourier coefficients (Theo-
rem 5.8), and the desired Λ-adic Eisenstein series is obtained by applying the pull
back formula and the ordinary projector to E2,2. The main result is Corollary 5.15.

5.1. Notation and conventions.

5.1.1. Throughout we let W = (W,ϑ,L, L−1 ⊕ L0), V = (V, ϑ2,1,M,M−1 ⊕M0)
and W = (W,η2,L,L

−1 ⊕L0) be the quadruples introduced in §2.6 for r = 2 and
s = 1. Here L = OKw1 is the standard OK-lattice in W and ϑ := ϑ(w1, w1) is an
element in K such that

(h1) ϑ = −ϑ,
(h2)

√
−1σ(ϑ) > 0 and ιp(σ(ϑ)) is a p-adic unit for each σ ∈ Σ,

Fix a prime-to-p integral ideal c of OK. We introduce an auxiliary prime-to-p proper
ideal n of OF of the form

(a1) n = (sccDK/F )m0 , m0 > 4[F : Q],

where s is a product of primes split in K. Let bϑ := OF ∩ ϑD−1
K/F . In addition to

(h1) and (h2), we further assume ϑ satisfies

(h3) bϑ,v = OFv for each v|n.

The latticeM = OKy1⊕OKw1⊕D−1
K/Fϑx

1 is a OF -maximal OK-lattice with respect
to the Hermitian form ϑ−1ϑ2,1 (cf. [Shi97, Lemma 4.9 (2)]). In the remainder of
this article, we shall write A = AF and Af = AF,f for brevity.
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5.1.2. Measures. Let F be a local field. If F is non-archimedean, the Haar measure
dx (resp. d×x) on F (resp. F×) is normalized so that vol(OF , dx) = 1 (resp.
vol(O×F , d×x) = 1). If F = R, then dx is the Lebesgue measure on R. If F = C,
then dx is twice the Lebesgue measure. The absolute value |·|F on F is normalized
so that d(ax) = |a|F dx for a ∈ F . We often drop the subscript F from the notation
when it is clear from the context.

For a place v of F , H2(Fv) is the set of the 2×2 Hermitian matrices inM2(Kv) de-
fined in §1.2. The Haar measure dXv onH2(Fv) is normalized so that vol(H2(Ov), dXv) =
1, and the Haar measure dX on H2(A) = H2(AF ) is normalized so that the quo-
tient measure vol(H2(A)/H2(F), dX) = 1. It is well known that

dX = c2(K) · ⊗vdXv, where c2(K) = 2[F :Q] |DF |−1
R |DK|

−1/2
R

(cf. [Shi97, page 153 (18.9.3)]).

5.1.3. Let ψQ =
∏
ψp be the standard additive character of AQ/Q such that

ψ∞(x∞) = exp(2πix∞) (x∞ ∈ R). Define the additive character ψ =
∏
ψv of

A/F by
ψ := ψQ ◦ TrF/Q .

For β ∈ H2(F), define the additive character ψβ : H2(A) → C by ψβ(X) :=
ψ(Tr(βX)). If L is a lattice in H2(Fv), define the dual lattice L∨ by

(5.1) L∨ = {x ∈ H2(Fv) | ψv(Tr(xy)) = 1 for all y ∈ L} .

5.1.4. In this section, we also write r for OK and d for DK/F especially when
they appear in the entry of matrices. If R is a ring and a is a subset in R, for
x ∈Mn×m(R), we write

(5.2) x ≺ a ⇐⇒ xij ∈ a, ∀i, j.

If x =

(
a b
c d

)
∈ M4(R) with a, b, c, d ∈ M2(R), we write ax = a, bx = b, cx = c

and dx = d.
We use the notation IT to denote the characteristic function of a set T .

5.2. Siegel-Eisenstein series on GU(2, 2).

5.2.1. Let G = GU(W) denote the groups of unitary F-similitude associated to
W. The matrix of η2 = ϑ2,1⊕(−ϑ) with respect to the basis

{
yi,xi

}
i=1,2

in (2.13)

is
(

−12

12

)
. For a F-algebra R, we identify G(R) with the matrix group

G(R) =

{
g ∈M4(R⊗F K) | g

(
−12

12

)
g∗ = ν(g)

(
−12

12

)}
.

Thus G is the standard quasi-split group of unitary F-similitude of degree two. Let
Q be the stbalizer of the flag {0} ⊂

∑
i=1,2Kxi ⊂W in G. The unipotent radical

NQ of Q and the standard Levi subgroup MQ are given by

NQ = {n(X) :=

(
12 X

12

)
| X ∈ H2(F)}
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and

MQ =

{
m(A, ν) :=

(
νA−∗

A

)
| A ∈ GL2(K), ν ∈ F×

}
.

The Hermitian symmetric domain associated to G is X2,2 defined in §2.4.1. We
choose a distinguished point i = (iσ)σ∈Σ in X2,2, where

iσ =

(√
−1

−σ(ϑ)
2

)
.

Put
K0
∞ = {g ∈ G(F ⊗Q R) | gi = g} .

Let Lst be the OK-lattice
∑
i=1,2OKyi ⊕D

−1
K/Fϑx

i. For v ∈ h, let K0
v (resp. Kst

v )
be the stabilizer of Lv (resp. Lstv ) in G(Fv) and put

DW[nv] =

{
x ∈ GL4(Kv) | detx ∈ r×, x ≺

(
r× r
nv r×

)}
and DW(nv) = DW[nv] ∩G(Fv). Define an open compact subgroup K of G(Af )
by

(5.3) K =
∏
v|n

DW(nv)×
∏
v-n

K0
v.

5.2.2. Let χ : A×K → C× be a Hecke character of K× of infinity type kΣ and let
χ+ := χ|A× be the restriction of χ to A×. We suppose that k > 4 and c is divisible
by the prime-to-p conductor c(χ) of χ. For each place v of F and s ∈ C, let Iv(χ, s)
denote the space of smooth and K0

v-finite functions φ : G(Fv)→ C such that

φ(n(X)m(A, ν) g) = χ−1
v (detA)|ν−n det(A∗A)|−sφ(g).

Let I(χ, s) = ⊗′vIv(χ, s). Conventionally, functions in I(χ, s) are called sections.
The adelic Siegel-Eisenstein series EA(g, φ) associated to a section φ ∈ I(χ, s) is
defined by

EA(g, φ) =
∑

γ∈Q(F)\G(F)

φ(γg).

It is known that the series EA(g, φ) converges absolutely if Re s is large enough.

5.2.3. Fourier coefficients. Then Siegel-Eisenstein series EA = EA(g, φ) has the
Fourier expansion

EA(g, φ) =
∑

β∈H2(F)

Wβ(g,EA),

where Wβ(g,EA) is the β-th Fourier coefficient of EA given by

Wβ(g,EA) =

∫
H2(F)\H2(A)

EA(n(X)g)ψ−β(X)dX.

Let wl =

(
−12

12

)
. It is well known that if φ = ⊗vφv and suppφv0

⊂

Q(Fv0)wlQ(Fv0) for some v0, the β-th Fourier coefficientWβ(g,EA) for g ∈ G(A(v0))
is decomposed into a product of local Whittaker integralsWβ(gv, φv) (For example,
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see the proof of [Shi97, (18.10.3)] based on Lemma 18.8 loc.cit. ). In other words,
we have

Wβ(g,EA) = c2(K) ·
∏
v

Wβ(gv, φv), where

Wβ(gv, φv) =

∫
H2(Fv)

φv(wln(Xv)gv)ψβ(Xv)dXv.

5.3. The choice of local sections. To define the desired Eisentein series with
nice p-adic properties, we need to make a special choice of local sections in Iv(χ, s)
at each place v. In this subsection, we give the recipe of choices of these local
sections. Let

S = {v ∈ h | v | n} be a non-empty set.

Then χ and K/F are unramified outside S ∪ Sp.

5.3.1. The local sections at archimedean places. For g = (gσ)σ∈a ∈ G(F ⊗Q R) =∏
σ∈a G(R) and Z = (Zσ)σ∈a ∈ X2,2, we define two standard automorphy factors

J(g, Z) and J′(g, Z) by

J(g, Z) =
∏
σ∈a

Jσ(g, Z) and J′(g, Z) =
∏
σ∈a

det(gσ)−1Jσ(g, Z)ν(gσ)2,

where Jσ(g, Z) = det(cgσZσ + dgσ ). Denote by J(µ,λ)(g, Z) the automorphy factor
of weight (µ, λ) ∈ Z2 given by

J(µ,λ)(g, Z) = J′(g, Z)µJ(g, Z)λ.

We define the section φk,∞ of minimal K∞-type (0, k) in I∞(χ, 0) by

φk,∞(g) = J(0,k)(g, Z) = J(g, i)−k

and set

φk,s,∞(g) = φk,∞(g) ·
∣∣∣J(g, i)J(g, i)

∣∣∣−s · |det g|s ∈ I∞(χ, s).

5.3.2. The local sections at unramifid places. Fix ξ = (ξv) ∈ U(W)(Af ) such that
Lvξv = Lstv if v 6∈ S and ξv = 1 if v ∈ S. Since the lattices Lv and Lstv are
OFv -maximal OKv -lattice with respect to ϑ−1η2 for each finite place v - DK/F , the
existence of ξ follows from [Shi97, Lemma 5.9]. If v 6∈ S is a finite place where χv
is unramified, we let fstχ,s,v be the section in Iv(χ, s) such that fstχ,0,v(Kst

v ) = 1 and
let

f0
χ,s,v(g) := fstχ,s,v(gξv).

5.3.3. The local sections at v ∈ S. For v ∈ S, we let fn,v be the unique section in
Iv(χ, s) such that

(5.4) supp fn,v = Q(Fv)DW(nv) and fn,v(u) = χ−1
v (du), u ∈ DW(nv).

Let u =

(
−1

−ϑ2

)
. Put

f1
n,v(g) := fn,v(gw

′
l), w

′
l =

(
u

−u−∗
)
∈ G(Fv).
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Define Lv = H2(Fv) ∩ (uM2(nv)u
∗) to be a lattice in H2(Fv). One checks imme-

diately that f1
n,v is the unique section such that

(5.5)
supp f1

n,v =Q(Fv)wln(Lv) ⊂ Q(Fv)wlNQ(Fv),

f1
n,v(wln(Xv)) =χ−1

v (detu) |det(uū)|−s for all Xv ∈ Lv.

In particular, f1
n,v is supported in the big cell.

5.3.4. The local sections at v ∈ Sp. We begin with some notation. Write v = ww
with w ∈ Σp and χv = (χw, χw) = (χ1, χ2). Let F = Fv. With the identification
G(F )

∼→ GL4(F )×F× in (1.2), we obtain an isomorphism Iv(χ, s) ' I(χ2, χ
−1
1 )

sending f to its restriction to U(W)(F ) ' GL4(F ), where I(χ1, χ
−1
2 ) consists of

smooth functions f : GL4(F )→ C such that

f(

(
A B
0 D

)
g) = χ2(detA)χ−1

1 (detD)
∣∣detAdetD−1

∣∣s f(g).

Fix a uniformizer $ = $v of O = OF . If µ : F× → C× is a character of F×, we
let ϕµ be the Bruhat-Schwartz function on F given by ϕµ(x) = µ(x)IO×(x) and let
ϕ̂µ be the Fourier transform of ϕµ. Let ($a(µ)) be the conductor of µ. A direct
computation shows that

ϕ̂µ(x) =

{
IO(x)− |$| I$−1O(x) if µ is unramified,
µ−1(x)Ic−1O×(x) · g(µ) if µ is ramified,

where g(µ) is the Gauss sum defined by

g(µ) =

∫
O×

µ(
x

$a(µ)
)ψv(

x

$a(µ)
)dx.

Definition 5.1 (Modified p-Euler factor). Put

Eul(s, µ) :=Z(s, µ, ϕ̂µ) =

∫
F

µ(x) |x|s ϕ̂µ(x)d×x.

By Tate’s local functional equation, we find that

Eul(s, µ) =
L(s, µ)

L(1− s, µ−1)ε(s, µ)
,(5.6)

where ε(s, µ) is Tate’s epsilon factor with respect to the additive character x 7→
ψv(−x).

We introduce two special Bruhat-Schwartz functions Φw and Φw on M2(F ) as
follows. Put

µ2 = χ−1
2 , ν1 = χ1χ2, ν2 = χ1

and define two subsets P1,v and P2,v of M2(F ) by

P1,v =

(
$O O
$O× O×

)
and P2,v =

(
O× $mvO
O O×

)
, mv = max {1, a(χ1), a(χ2)} .

We set

Φw(X) =IP1,v
(X)ϕµ2

($−1X3) (X =

(
X1 X2

X3 X4

)
),

Φw(X) =IP2,v
(X)ϕν1

(X1)ϕν2
(X4).
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Define the Bruhat-Schwartz function Φv on M2×4(F ) by

(5.7) Φv(X,Y ) = Φw(X)⊗ Φ̂w(Y ) (X,Y ∈M2(F )),

where Φ̂w is the Fourier transformation of Φw defined by

Φ̂w(Y ) =

∫
M2(F )

Φw(Z)ψv(Tr(ZtY ))dZ.

We let GL4(F ) act on Φv by g.Φv(X,Y ) = Φv((X,Y )g).

Lemma 5.2. The functions Φv, Φw and Φw enjoy the following properties:

(1) For t =

(
t1

t2

)
∈ T2(O), Φw(Xt) = χ−1

2 (t1)Φw(X) and Φ̂w(Xt) =

χ−1
1 χ−1

2 (t1)χ−1
1 (t2)Φ̂w(X).

(2) Φv is N4(O)-invariant.

Proof. Part (1) immediately follows from the definitions of Φw and Φw. Part
(2) can be deduced easily from the following observations:

(i) For A ∈ N2(O), P1,vA = P1,v, Φw(XA) = Φw(X) and Φw(Y At) = Φw(Y ).
(ii) Φ̂w(Y +M2(O)) = Φ̂w(Y ). �

We define the local section at v|p to be the Godement-Jacquet section fΦv,v

associated to Φv. Namely

(5.8) fΦv,v(g) := χ2(det g) |det g|s
∫

GL2(F )

Φv((0, Z)g)χ1χ2(detZ) |detZ|2s d×Z,

where d×Z is the Haar measure with vol(GL2(O), d×Z) = 1. It is easy to verify
that fΦv,v converges absolutely for Re s > 1−k

2 and fΦv,v ∈ I(χ2, χ
−1
1 ) = Iv(χ, s).

For t = diag(t1, t2, t3, t4) ∈ T4(O) and f ∈ Iv(χ, s), we define

(5.9) [t].f(g) = f(g · diag(t1, t2, t
−1
3 , t−1

4 )).

Lemma 5.3. We have
(1) [t].fΦv,v = (1, χ2, χ1, χ1χ

−1
2 )(t) · fΦv,v for t ∈ T4(O).

(2) fΦv,v is right invariant by the open compact subgroup

I1(pn)v =
{

(g, a) ∈ GL4(O)×O× | g ∈ N4(O) (mod pn), a ≡ 1 (mod pn)
}

for sufficiently large n > max {a(χ1), a(χ2)}
Proof. This is a consequence of the observation fΦv,v(hg) = χ2(det g) |det g|s ·
fg.Φv,v(h) combined with Lemma 5.2. �

5.3.5. Local Whittaker integrals. In the following proposition, we summarize the
formulas of local Whittaker integrals of our sections.

Proposition 5.4. Let β ∈ H2(F).
(1) If σ ∈ Σ be an archimedean place, put

Λ2,σ(s, χ) = 2−1(−1)kΓC(s+ k)ΓC(s+ k − 1) (ΓC(s) = 2(2π)−sΓ(s)),

and we have

Jσ(gσ, iσ)kWβ(gσ, φχ,s,σ)|s=0

=

{
Λ2,σ(0, χ)−1 · (detσ(β))k−2 · e2πiTr(σ(β)Zσ) (Zσ = gσiσ) , σ(β) ≥ 0,

0 , otherwise.
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(2) If v 6∈ S ∪ Sp is a finite place and detβ 6= 0, put

Λ2,v(s, χ) = L(2s, χ+,v)L(2s− 1, χ+,vτKv/Fv ),

and we have

Wβ(ξ−1
v , f0

χ,s,v) = Wβ(1, fstχ,s,v)

= |bϑ|2s+4
v Λ2,v(s, χ)−1Rβ,v(χ+,v($v) |$v|2s)IH2(bϑ,v)∨(β),

where Rβ,v(T ) ∈ Z[T ] is a polynomial which only depends on β and equals
to 1 for all but finitely many v.

(3) If v ∈ S, then

Wβ(1, f1
n,v) = χ−1(detu) |detuū|−2s

v IL∨v (β) vol(Lv, dXv),

where L∨v is the dual lattice defined in (5.1).
(4) If v ∈ Sp, then

Wβ(1, fΦv,v) =

{
vol(P2,v)χ+,v(detβ) |detβ|2s−2

v Φw(β) , detβ 6= 0,

0 , detβ = 0.

(5) If v ∈ Sp, detβ 6= 0 and χv is unramified, then

Wβ(1, fstχ,s,v) = Λ2,v(s, χ)−1 ·R∗β,v(χ+,v|·|
2s−2

($v))IM2(OFv )(β),

where R∗β,v(T ) ∈ Z[T ] is a polynomial of degree no greater than v(detβ)

and only depends on the coset GL2(OFv )βGL2(OFv ).

Proof. The formulas (1) and (2) of local Whittaker integrals at archimedean and
unramified places are due to Shimura. For (2), it is proved in [Shi97, Prop. 18.14,
Prop. 19.2]. For (1), we recall that if Zσ = X + iY , then

Jσ(gσ, iσ)kWβ(gσ, φχ,s,σ) = (detY )2−k−s det(−iϑ/2)s exp(−Tr(σ(β)X))·ξ(1, Y β, k+s, s),

where ξ is the four variable function defined in [Shi83, (3.18) page 432] (cf. [Hsi11,
page 1016]). Then (1) follows from the evaluation formulas of ξ in [Shi83, page
457 (7.11), (7.12)]. The equation (3) follows from (5.5) and a straightforward
computation

Wβ(1, f1
n,v) =

∫
H2(Fv)

f1
n,v(wln(Xv))ψ−β(Xv)dXv

=χ−1(detu) |detuū|−2s
v

∫
H2(Fv)

IL(Xv)ψ−β(Xv)dXv

=χ−1(detu) |detuū|−2s
v IL∨v (β) vol(Lv, dXv).

We proceed to prove (4). Let v ∈ Sp. Let F = Fv, O = OFv and $ = $v. By
definition,

Wβ(1, fΦv,v) =

∫
M2(F )

∫
GL2(F )

Φv((0, Z)

(
0 −1
1 X

)
)χ+,v(detZ) |detZ|2s d×Zψ−β(X)dX

=

∫
GL2(F )

Φw(Z)Φw(tZ−1tβ)χ+,v(detZ) |detZ|2s−2
d×Z.
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Recall that χ+,v = χwχw. Since Φw is supported in non-degenerate matrices,
Wβ(1, fΦv,v) = 0 if detβ = 0. Suppose that detβ 6= 0. Making a change of variable
Z 7→ Zβ, we find that

Wβ(1, fΦv,v) =χ+,v(detβ) |detβ|2s−2
∫

GL2(F )

Φw(Zβ)Φw(tZ−1)χ+,v(detZ)|detZ|2sd×Z

=χ+,v(detβ) |detβ|2s−2
∫
P2,v

Φw(Zβ)Φw(tZ−1)χ+,v(detZ)d×Z

= vol(P2,v)χ+,v(detβ) |detβ|2s−2
Φw(β).

This completes the proof of (4). To prove (5), we introduce the spherical Godement
section

fΦ0,v(g) := χ2(det g) |det g|s
∫

GL2(F )

Φ0 ⊗ Φ0((0, Z)g)χ1χ2(detZ) |detZ|2s d×Z,

where Φ0 is the characteristic function of M2(O). Then fΦ0,v is a spherical vector,
and it is known that

fΦ0,v = L(2s, χ+,v)L(2s− 1, χ+,v) · fstχ,s,v = Λ2,v(s, χ) · fstχ,s,v.

It suffices to compute Wβ(1, fΦ0,v). Let K = GL2(O). For (a1, a2) ∈ Z2, define the
coset

C(a1, a2) := ty∈O/($a2 )K

(
$a1 y

0 $a2

)
.

We have Φ̂0 = Φ0 and

Wβ(1, fΦ0,v) =

∫
GL2(F )

Φ0(Z)Φ̂0(tZ−1tβ)χ+,v(detZ) |detZ|2s−2
d×Z

=
∑

(a1,a2)∈Z2
≥0

χ+,v|·|2s−2
($a1+a2)

∫
C(a1,a2)

Φ0(βZ−1)d×Z.

Hence Wβ(1, fΦ0,v) = 0 unless β 6∈ M2(O). Suppose that β ∈ C(b1, b2). Note that

if Z ∈ K
(
x1 y
0 x2

)
with Z ∈M2(O) and

(
$b1 0

0 $b2

)
Z−1 ∈M2(O), then

x1, x2, y ∈ O ; β1x
−1
1 , $b1x−1

1 x−1
2 , $b2x−1

2 ∈ O.

We find that∫
C(a1,a2)

Φ0(βZ−1)d×Z =

∫
C(a1,a2)

Φ0(

(
$b1 0

0 $b2

)
Z−1)d×Z = ]

(
$a2+a1−b1O ∩O/$a2O

)
.

Therefore, Wβ(1, fΦ0,v) = R∗β,v(χ+,v|·|2s−2
($)), where

R∗β,v(T ) =
∑

0≤a1≤b1, 0≤a2≤b2

]
(
$a2+a1−b1O ∩O/$a2O

)
· T a1+a2 .

This completes the proof of (5). �

Remark 5.5. Note that Shimura considers Eisenstein series constructed by sec-
tions attached to unitary Hecke characters (See [Shi97, (18.4.6)]). At archimedean
and unramified places, our local sections restricted to U(2, 2) are indeed Shimura’s
sections attached to χ∗ := χ|·|−

k
2

AK
[Shi97, (18.6.3)] multiplied by the function ε−

k
2
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defined in [Shi97, §18.4], and Shimura’s section evaluated at k/2 is the same with
ours evaluated at 0.

5.4. Normalized Siegel-Eisenstein series.

Definition 5.6. Define the section φχ,s = ⊗φχ,s,v ∈ I(χ, s) by

φχ,s = φk,s,∞
⊗

v 6∈S∪Sp

f0
χ,s,v

⊗
v∈S

f1
n,v

⊗
v∈Sp

1

vol(P2,v)
· fΦv,v.

Define the normalized section φ∗χ,s := Λ
S∪Sp
2 (χ, s) · φχ,s, where

Λ
S∪Sp
2 (χ, s) :=

∏
v 6∈S∪Sp

Λ2,v(s, χ) = LS∪Sp(2s, χ+) · LS∪Sp(2s− 1, χ+τK/F ).

The adelic Siegel-Eisenstein series EA(g, φχ,s) converges absolutely for Re s >
2 − k

2 . Since k > 4, we can define the C-valued function E(χ, n) on X2,2×G(Af )
by

(5.10)
E(χ, n)(Z, gf ) : = χ3(ν(gf ))J(0,k)(g∞, i)EA((g∞, gf ), φ∗χ,s)|s=0

(g∞ ∈ G(F ⊗Q R)+, g∞i = Z).

Then E(χ, n) is a holomorphic Siegel-Eisenstein series on GU(2, 2) of weight k
(cf. [Shi97, Thm. 19.7]). We claim that E(χ, n) is right invariant byKn

1 = K(p)
∏
v|p I1(pn)v

for some n. Indeed, it suffices to verify the right invariance by Kn
1 of the local sec-

tion φχ,s,v at all finite places. If v 6∈ Sp, it is clear by the definition of local sections
at these places. If v ∈ Sp, it follows from Lemma 5.3 (2).

Now we calculate the Fourier expansion of E(χ, n) at special cusps. For each
β ∈ H2(Af ) with detβ 6= 0, we put

(5.11)

aβ(χ, n) := χp(detβ) |detβ|−2
p

∏
v∈S

χv(detu−1)

×
∏

v 6∈S∪Sp,
v(det β)>0

Rβ,v(χv($v)) · cS(K,L) · IΞ(β),

where cS(K,L) ∈ Z
×
(p) is a p-adic unit given by

cS(K,L) = c2(K) · |bϑ|4Af
·
∏
v∈S

vol(Lv, dXv),

and Ξ is the compact subset in H2(AK,f ) given by

Ξ =
∏
v∈S

L∨v ×
∏
v∈Sp

P1,v ×
∏

v 6∈S∪Sp

H2(bϑ,v)
∨

Note that Ξ is independent of χ.

Proposition 5.7. Let A ∈ GL2(A
S∪Sp
f )×GL2(OK⊗ZZp) and gA := m(A, 1) ξ−1 ∈

G(AS
f ). Then E(χ, n)(Z, gA) has the Fourier expansion∑

β∈H2(F),
σ(β)>0 for all σ∈Σ

aβ(gA, E(χ, n))qβ ,
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where qβ = exp(2πi
∑
σ Tr(σ(β)Zσ)) and

aβ(gA, E(χ, n)) = χ−1(detA) |detA|2AK · aA∗βA(χ, n)(detβ)(k−2)Σ .

Proof. Since the local sections φχ,s,v for v ∈ S are supported in the big cell, we
have

aβ(g,E(χ, n)) =
∏
v

Wβ,v(φχ,s,v, gv) for each g ∈ G(AS).

The proposition follows from the above factorization and Proposition 5.4. �

5.5. A p-adic measure of Siegel-Eisenstein series. Let Kcpn be the ray-class
field of K of conductor cpn (n = 1, 2, . . .) and let Kcp∞ = ∪nKcpn . Let Gc =

Gal(Kcp∞/K). Let C(Gc,Zp) be the space of continuous Zp-valued functions on
Gc. Henceforth, functions in C(Gc,Zp) will be implicitly regarded as continuous
functions on A×K/K× by the geometrically normalized reciprocity map as in §1.3.
Define a subset X+

Gc
of locally algebraic p-adic Galois characters by

X+
Gc

=
{
χ̂ ∈ Homcont(Gc,Z

×
p ) | χ has infinity type of kΣ, k > 4

}
.

Note that X+
Gc

is Zariski-dense in C(Gc,Zp).

Theorem 5.8. There exists a unique p-adic measure E2,2 with value in Vp(G,K)
such that for χ̂ ∈ X+

Gc
, we have∫

Gc

χ̂dE2,2 = Ê(χ, n),

where Ê(χ, n) is the p-adic avatar of E(χ, n).

Proof. Let χ̂ ∈ X+
Gc

and let χ be the corresponding Hecke character of infinity
type kΣ. Let g1 = m(A1, 1) ξ−1 ∈ G(A

S∪Sp
f ) and

(a1, a2) ∈ AutOF (L0
Σ)×AutOF (L0

Σc) = GL2(O ⊗Z Zp).

At the p-adic cusp ([g1], (a1, a2)), the p-adic Eisenstein series Ê(χ, n) has the Fourier
expansion

(5.12)
∑

β∈H2(F),
σ(β)>0 for all σ∈Σ

a
(a1,a2)
[g1] (β, Ê(χ, n))qβ .

Set A := A1×(a1, a2) ∈ GL2(Af ) and

Iβ(A, χ̂) := ιp

[
aA∗βA(χ, n) detβ(k−2)Σ

]
det(a1a2)kΣp .

Then we find that a(a1,a2)
[g1] (β, Ê(χ, n)) equals

det a
kΣp
2 · ιp

(
aβ(m(A, 1) ξ−1, E(χ, n))

)
= det a

kΣp
2 · ιp

[
χ−1
Σp

(det a1)χ−1
Σcp

(det a2) |det a2a1|2p aA∗βA(χ, n)(detβ)(k−2)Σ
]

=Iβ(A, χ̂) · χ̂−1
Σp

(det a1)χ̂−1
Σcp

(det a2).
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By (5.11),

Iβ(A, χ̂) = χ̂(detA−1 detβ) ·
∏

v 6∈S∪Sp,
v(detA∗βA)>0

Rβ,v(χ̂+,v($v)) ·
∏
v∈S

χ̂v(detu−1)

× |detβ|−2
p (detβ)−2Σ · IΞ(A∗βA) · |detA1|2A(p)

K
· cS(K,L),

so we find by inspection that there exist some bi ∈ O ⊂ Z(p) and ci ∈ A×K,f only
depending on A and β such that

a
(a1,a2)
[g1] (β, Ê(χ, n)) =

∑
i

bi · χ̂(ci).

Therefore, it follows from the Zariski density of X+
Gc

in C(Gc,Zp) and the abstract
Kummer congruences ([Kat78, (4.0.6)]) that (5.12) gives rise to a p-adic measure
E2,2 on Gc with value in the space of formal q-expansions. Moreover, by the q-
expansion principle for p-adic modular forms on unitary Shimura varieties, we con-
clude that E2,2 descends to the desired Vp(G,K)-valued Eisenstein measure. �

5.6. Pull-backs of Siegel Eisenstein series.

5.6.1. Let G = GU(V ) and let P be the stabilizer of the flag {0} ⊂ Kx1 ⊂ V in
G. The group GP := GU(W ) of unitary F-similitudes is the algebraic group K×
over F such that K×(F) = K× and the unitary U(W ) is the norm-one subgroup
K1 of K×. The unipotent radical NP and the standard levi subgroup MP of P are
given by

NP =

n(w, x) :=

1 w∗ϑ−1 x+ 1
2wϑ

−1w∗

1 w
1

 | w ∈ K, x ∈ F


and

MP =

m(a, h) :=

ν(h)a−∗

h
a

 | a ∈ K×, h ∈ GP
 .

The Hermitian symmetric domain associated to G is X2,1. Put

K0
∞ = {g ∈ G(F ⊗Q R) | gi0 = i0} (i0 := (

[√
−1
0

]
)σ∈Σ ∈ X2,1).

Recall that K0
v is the stabilizer of M ⊗OK OKv if v ∈ h.

We introduce some special open compact subgroups. For an integral ideal a of
OK, put

U(a) =
∏
v∈h

U(a)v, where U(a)v := (1 + av)
×

and define a subgroup DW (a) of U(W )(Af ) by

(5.13) DW (a) = U(a) ∩ U(W )(Af ) = U(a) ∩ K1
Af
.

Set
KP (n) := DW (dn).
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Let XW (n) be a set of representatives of the finite set U(W )(F)\U(W )(Af )/KP (n)

in U(W )(A
(p)
f ). In addition to (a1), we further assume the auxiliary ideal n is

sufficient small such that

(a2) hKP (n)h−1 ∩ U(W )(F) = {1} for all h ∈ XW (n).

For v ∈ S, define an open compact monoid D1
V (nv) of U(V )(Fv) by

(5.14) D1
V (nv) =

g ∈ K0
v ∩ U(V )(Fv) | g ∈

1 + nv rv rv
dvnv rv dvrv
nv nv 1 + nv

 .

It will be verified in Lemma 6.2 that D1
V (nv) is indeed a subgroup of U(V )(Fv).

Let DV (nv) be the open compact subgroup of G(Fv) given by

DV (nv) = w−1
l U(n)vD

1
V (nv)wl, wl =

 −1
−1

1

 .

Here U(n)v = (1 + nv)
× is regarded as a subgroup of the center of G(Fv). Define

an open compact subgroup K in G(Af ) by

(5.15) K =
∏
v 6∈S

K0
v×
∏
v∈S

DV (nv).

5.6.2. Pull-back formula. Let χ be the Hecke character of K× as in the previous
section. Assume that χ has infinity type kΣ, k > 4. For each place v of F
and s ∈ C, let Iv(χ,1, s) denote the space of smooth and K0

v -finite functions
f : G(Fv)→ C such that

f(m(a, h)ng) = χ−1
v (a)

∣∣ν(h)−1āa
∣∣−s f(g) (n ∈ NP (Fv))

and let I(χ,1, s) = ⊗′vIv(χ,1, s) be the restrict tensor product with respect to the
spherical sections f0

χ,1,s,v ∈ Iv(χ,1, s) with f0
χ,1,s,v(K

0
v ) = 1. Consider the diagonal

embedding

i : U(V )× U(W ) ⊂−→U(W), i(g, h) := (g, h) ∈ GL(V ⊕W ) = GL(W).

As an embedding between matrix groups, i can be written as

(5.16) i(g, h) = ∆−1

(
g

h

)
∆, ∆ :=


1

1 ϑ
2

1
−1 ϑ

2

 ∈ GL4(K).

For each place v of F and φv ∈ Iv(χ, s), define the local pull-back section φpbv ∈
Iv(χ,1, s) by

φpbv (gv) =

∫
U(W )(Fv)

φ(i(gv, hvh
′
v))χ(hvh

′
v)dhv,

where h′v ∈ K×v such that h′vh′v = ν(gv). For a decomposable global section φ =
⊗vφv ∈ I(χ, s), we denote by φpb := ⊗vφpbv ∈ I(χ,1, s) the global pull-back section
of φ.

Lemma 5.9. Let φ = ⊗φv ∈ I(χ, s). Then
(i) The local section φpbv at each place v converges absolutely for Re s > −k2 .
(ii) The global section φpb converges absolutely for Re s > 1− k

2 .
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In particular, φpb converges absolutely at s = 0.

Proof. To prove part (i), it suffices to show that φpbv (1) converges absolutely for
every φv ∈ Iv(χ, s). If v is non-split, this is clear. Suppose that v = ww is split.
With the identifications U(W )(Fv) = F×v and U(W)(Fv) = GL4(Fv) in (1.2), we
can write

φpbv (1) =

∫
F×v

φv(i(1, x))χwχ
−1
w (x)d×x.

The argument of the proof in [Yan97, Prop. 1.7] shows that there exist complex
functions a1(s), a2(s) and a sufficiently large positive integer n such that

φv(i(1, x)) = a1(s)·χ−1
w (x) |x|−s if |x| > pn, φv(i(1, x)) = a2(s)·χw(x) |x|s if |x| < p−n.

Therefore,

φpbv (1) =

∫
p−n≤|x|≤pn

φv(i(1, x))χwχ
−1
w (x)d×x

+ a1(s) ·
∫
|x|<p−n

χw(x) |x|s d×x+ a2(s)

∫
|x|<p−n

χw(x) |x|s d×x.

The last two integrals converges absolutely for Re s > −k2 since |χw($v)| = |χw($v)| =
|$v|

k
2

Fv (Note that the first two |·| mean the usual absolute value on complex num-
bers), from which the split case follows.

Part (ii) is a consequence of part (i), Proposition 5.11 (2) and the absolute
convergence of the Euler products of L-functions L(s, χ) and L(2s, χ+) for Re s >
1− k

2 . �

The adelic Eisenstein series EA(g, f) associated to f ∈ I(χ,1, s) is defined by

EA(g, f) =
∑

γ∈P (F)\G(F)

f(γg) (g ∈ G(A)).

The series EA(g, f) converges absolutely for Re s large enough by the general theory
of Eisenstein series [Lan76]. Moreover, if f is a pull-back section φpb for some
φ ∈ I(χ, s), then we have the following pull-back formula.

Theorem 5.10 (The pull-back formula).

EA(g, φpb) =

∫
U(W )(F)\U(W )(A)

EA(i(g, hh′), φ)χ(hh′)dh,

where h′ ∈ A×K such that hh′ = ν(g).

Proof. Since U(W ) is a totally definite unitary group, by [Shi97, Prop. 2.4] the
embedding (g, h) → i(g, h) gives rises to a bijection P (F)\G(F)×U(W )(F)

∼→
Q(F)\G(F). The theorem follows. �

5.6.3. The pull-back sections. Let φχ,s = ⊗vφχ,s,v be the section in I(χ, s) defined
in Definition 5.6. Put

φΥ
χ,s(g) = φχ,s(gΥ), Υ =


1

1
2 − 1

2

1
ϑ−1 ϑ−1

 = ∆−1 ∈ GL4(Op) ↪→ U(W)(Fp).



IWASAWA MAIN CONJECTURES FOR CM FIELDS 65

We will need to calculate the pull-back section (φΥ
χ,s)

pb = ⊗v-pφpbχ,s,v ⊗v|p (φΥ
χ,s,v)

pb.
First we compute the local pull-back section φpbχ,s,v|s=0 at archimedean or unramified
places v and postpone the calculations of φpbχ,s,v for v ∈ S and (φΥ

χ,s,v)
pb for v|p to

the next section. Let

Jk(g∞, τ) := ρkI−(J(g∞, τ)), (g∞, τ) ∈ G(F ⊗Q R)×X2,1

be the automorphy factor of weight kI− = (0, 0; kΣ) defined in §3.4.

Proposition 5.11. Let fk,∞(g∞) = Jk(g∞, i0)−1 ∈ I∞(χ, 0).
(1) (φχ,s,∞)pb|s=0 = fk,∞.
(2) If v 6∈ S ∪ Sp is a finite place, then

φpbχ,s,v = (f0
χ,s,v)

pb =
L(s, χv)

L(2s, χ+,v)
f0
χ,1,s,v.

Proof. Part (1) is straightforward. Part (2) follows from a classical integral in
the doubling method for U(1)×U(1) ↪→ U(1, 1) ([GPSR87] and [Li92]). �

We remark that using Lemma 5.3 and Proposition 6.3 combined with the def-
initions of φχ,s,v, it is not difficult to show that (φΥ

χ,s)
pb is invariant by the open

compact subgroup Kn
1 for some large n (K is as (5.15)).

Lemma 5.12. The function (g, h) 7→ φΥ
χ,s(i(g, h))χ(h) on U(V )(Af )×U(W )(Af )

is invariant by the right translation of Kn
1 ×KP (n) for some large n.

Proof. The only non-trivial point is to show the right invariance by I1(pn)v ×KP (n)v
for v|p. Recall that with the identifications in (1.2): GL4(Fv) = U(W)(Fv) and

(5.17) F×v = U(W )(Fv) =
{

(h, h−1) | h ∈ F×v
}
, h→ (h, h−1).

Then O×Fv = O×Kv ∩ K
1
v = KP (n)v. By (5.16), we have i(u, t)Υ = Υ

(
u 0
0 t

)
, and

for u ∈ I1(pn)v and t ∈ O×Fv ,

φΥ
χ,s(i(gu, ht))χ(h(t, t−1)) = φχ,s(i(g, h)Υ

(
u 0
0 t

)
)χ(h)χwχ

−1
w (t) (w ∈ Σp, w|v).

By Lemma 5.3, for n large the last term in the above equation equals

φχ,s(i(g, h)Υ)χ(h)χwχ
−1
w (u−1)χwχ

−1
w (u) = φχ,s(i(g, h)Υ)χ(h) = φΥ

χ,s(i(g, h))χ(h).

This completes the proof. �

5.6.4. Normalized Eisenstein series. Define the normalized adelic Eisenstein series
EA(g, χ |1, n) associated to the pull-back section (φΥ

χ,s)
pb by

(5.18)

EA(g, χ |1, n) =
1

vol(KP (n))
· EA(gΥ, (φ∗χ,s)

pb) (g ∈ G(A))

=
Λ
S∪Sp
2 (s, χ)

vol(KP (n))
· EA(g, (φΥ

χ,s)
pb).

The series EA(g, χ | 1, n) converges absolutely for Re s > 2 − k
2 . We define the

C-valued function E(χ |1, n) on X2,1×G(Af ) by

(5.19)
E(χ |1, n)(τ, g) = χ(ν(g))Jk(g∞, i0)EA((g∞, g), χ |1, n)|s=0

(g∞ ∈ G(F ⊗Q R)+, g∞i0 = τ).
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Then E(χ |1, n) is a holomorphic Eisenstein series on G of weight kI− = (0, 0; kΣ).
By the pull-back formula Theorem 5.10 and Lemma 5.12, we have
(5.20)

E(χ |1, n)(τ, g) =
1

vol(KP (n))
·
∫
U(W )(F)\U(W )(Af )

E(χ, n)(Zτ , i(g, h)Υ) · χ(h)dh

=
∑

h∈XW (n)

E(χ, n)(Zτ , i(g, h)Υ) · χ(h) (g ∈ U(V )(Af )).

Regarding E(χ, n) and E(χ | 1, n) as geometric modular forms over C, by the
discussion in §2.6, we find that

E(χ, n)(iV,W ([τ, g], [x0, h]) , (2πidzV , 2πidz
(1)
W )) = E(χ, n) ([Zτ , i(g, h)Υ] , 2πidzW) .

Combining (5.20), we thus obtain
(5.21)
E(χ |1, n)([τ, g], 2πidzV ) =

∑
h∈XW (n)

E(χ, n)(iV,W ([τ, g], [x0, h]) , (2πidzV , 2πidzW ))χ(h).

5.6.5. The p-adic Eisenstein series. Let Ê(χ, n) ∈ Vp(G,K) be the p-adic avatar
of the Eisenstein series E(χ, n). Recall that Wp is the p-adic completion of the
ring of integers of the maximal unramified extension of Qp in Cp. We define the
p-adic Eisenstein series Ê(χ |1, n) over Wp by the formulae

Ê(χ |1, n)(A) =
∑

h∈XW (n)

Ê(χ, n)(A×Buh) · χ̂(uh),

where A ∈ I0
U(V )(K

n
1 , c) with c = uu ∈ Cl+F (K) is a test quintuple and B is the

universal family over I0
U(W )(KP (n)n, c)/Wp

.

Definition 5.13. Let e be the Hida idempotent for G = GU(V ) as in §4.3. Define
the ordinary p-adic Eisenstein series Êord(χ |1, n) on G by

Êord(χ |1, n) = e.Ê(χ |1, n).

Let ωB, d×t and dzW be the differential forms on B introduced in §2.8. For each
OK-basis ω of ΩA, by the relation (2.23) we find that

(5.22)

E(χ, n)(A×Buh, (ω,ωB)) =
1

ΩkΣp
· E(χ, n)(A×Buh, (ω, d×t))

=
(2πi)k[F :Q]

ΩkΣ∞
· E(χ, n)(A×Buh, (ω, 2πidzW )),

where
ΩkΣ• =

∏
σ∈Σ

Ωk•,σ, • ∈ {∞, p} .

Put

(5.23) Eord(χ |1, n) =
(2πi)k[F :Q]

ΩkΣ∞
· e.E(χ |1, n).

Combining (5.21) and (5.22), we find that

(5.24)
1

ΩkΣp
· Êord(χ |1, n) is the p-adic avatar of Eord(χ |1, n).
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Proposition 5.14. There exists a unique p-adic measure Eord2,1 with values in Vp(G,K)⊗Zp

Wp such that for every χ̂ ∈ X+
Gc

,∫
Gc

χ̂dEord2,1 = Êord(χ |1, n).

Proof. For ϕ ∈ C(Gc,Wp) and h ∈ U(W )(Af ), we put ϕ|h(x) = ϕ(xh). We
define a p-adic measure Eord2,1 with values in Vp(G,K)⊗Zp Wp by the rule:∫

Gc

ϕdEord2,1 (A) =
∑

h∈XW (n)

e.

∫
Gc

ϕ|h dE2,2(A×Bh).

The evaluation property immediately follows from the constructions of E2,2 and
Êord(χ |1, n). �

5.7. The Λ-adic Eisenstein series. Let ∆c be the torsion subgroup of Gc =

Gal(Kcp∞/K). Let ψ : ∆c → Q
×
↪→ C×p be a branch character and let ∆ := ψ(∆c).

We will have to work over a large base ring Op defined as follows. LetN0 = NF/Q(n)

and let K := Knc(∆, e2πi/N0) be a finite extension of Knc. Thus K is unramified
at p if ](∆) is prime to p. Let p be the prime ideal of K induced by ιp : Q ↪→ Cp

and let O = OK,(p) be the localization at p. Henceforth, we fix Op ⊃ Wp to be
the p-adic closure of the ring generated by O over the ring Wp of integers of the
maximal unramified extension of Qp in Cp.

Let K∞ be the compositum of the cyclotomic Zp-extension and the anticyclo-
tomic Zdp-extension of K. Let ΓK = Gal(K∞/K) and let Λ = OpJGal(K∞/K)K be a
(d+1)-variable Iwasawa algebra over Op. LetKS be the maximal algebraic extension
of K unramified outside places above S ∪ Sp. Denote by εΛ : Gal(KS/K)→ ΓK ↪→
Λ× the tautological character and let Ψ = ψεΛ : Gal(KS/K)→ Λ× be the Λ-valued
Galois character attached to ψ. Denote by Ψ+ = Ψ ◦ V the composition of Ψ and
the Verschiebung map V : GabF → GabK . We shall regard Ψ (resp. Ψ+) as a Λ-valued
Hecke character of K× (resp. F×) by the geometrically normalized reciprocity map.
By definition we have Ψ+ = Ψ |A× . Let XΛ := Homcont(ΓK,C

×
p ) ⊂ Homcont(Λ,Cp).

Note that for ε̂ ∈ XΛ, the composition ε̂ ◦ Ψ : Gal(KS/K) → C×p factors through
Gc. We set

X+
Λ =

{
ε̂ ∈ XΛ | ε̂ ◦ Ψ ∈ X+

Gc

}
,

where X+
Gc

is a subset of locally algebraic p-adic Galois characters on Gc defined
in §5.5. By definition, for each ε̂ ∈ X+

Λ , the p-adic Galois character ε̂ ◦ Ψ is the
p-adic avatar of a Hecke character ψε of infinity type kΣ, k > 4, and the conductor
of ψε is a factor of cp∞.

Let πT : T/Tgl = (O×p )3/j((O×F,N0
)2)→ ΓK be the homomorphism defined by

(5.25) πT(t1, t2, t3) = recΣcp(t2)|K∞ recΣp(t3)|K∞ .

Denote by πψT : Λ̃ = OpJT/TglK → Λ the associated Op-algebra homomorphism
given by πψT(t1, t2, t3) = ΨΣcp(t2)ΨΣp(t3) (ΨΣp := Ψ ◦recΣp). Recall thatMord(K, Λ̃)

is the space of Λ̃-adic ordinary modular forms. We set

Mord(K,Λ) =Mord(K, Λ̃)⊗Λ̃,πψT
Λ.
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In virtue of Theorem 4.25, we can identifyMord(K,Λ) with the subspace of p-adic measures
on ΓK with values in the space of p-adic ordinary modular forms such that for
F ∈ Mord(K,Λ), the eigencharacter of T under the action [·] defined in Defini-
tion 3.4 is given by (1, ΨΣcp ;ΨΣp).2

Corollary 5.15. There exists a Λ-adic form Eord(Ψ |1, n) ∈Mord(K,Λ) such that
at every ε̂ ∈ X+

Λ the specialization ε̂(Eord(Ψ |1, n)) is given by

ε̂(Eord(Ψ |1, n)) = Êord(ψε | 1, n).

Proof. Define the morphism C(ΓK,Op) → C(Gc,Op), ϕ 7→ ϕψ by ϕψ(g) =
ϕ(g|K∞)ψ(g). We let Eordψ,n be the p-adic Eisenstein measure on ΓK obtained by
the pull-back of Eord2,1 along the above morphism. In other words, we have∫

ΓK

ϕdEordψ,n =

∫
Gc

ϕψdE
ord
2,1 .

By Proposition 5.14, Eordψ,n interpolates Êord(ψε | 1, n) for ε̂ ∈ X+
Λ . On the other

hand, it follows from Lemma 5.3 (1) that

[t] · Êord(χ |1, n) = (1, χ̂w, χ̂w)w∈Σp(t) · Êord(χ |1, n) (χ = ψε, t ∈ T = O3
p).

Therefore, Eordψ,n gives rise to a Λ-adic modular form Eord(Ψ | 1, n) ∈ Mord(K,Λ)
with the desired specialization property. �

6. Constant terms of the p-adic Eisenstein series

This section is devoted to the calculation of the constant term of the Λ-adic
Eisenstein series Eord(Ψ |1, n). The main formula is Proposition 6.6.

6.1. The constant term and Siegel Φ-operator. Let EA(g) := EA(g, (φΥ
χ,s)

pb)

be the adelic Eisenstein series attached to the pull-back section (φΥ
χ,s)

pb. The
(adelic) constant term function of EA along the parabolic subgroup P is given
by

(6.1) (EA)P (g) =

∫
NP (F)\NP (A)

EA(ng)dn = (φΥ
χ,s)

pb(g) +M((φΥ
χ,s)

pb)(g),

where
M((φΥ

χ,s)
pb)(g) =

∫
NP (A)

(φΥ
χ,s)

pb(wlng)dn.

The constant term of holomorphic modular forms indeed is computed by the ana-
lytic Siegel Φ-operator. Let Ehol be the holomorphic Eisenstein series associated to
EA as in (5.19). Let g ∈ G(Af ). We consider the image ΦP,g(Ehol) of Ehol under
the analytic Siegel ΦP,g-operator defined in §3.6.6. By Lemma 3.12, ΦP,g(Ehol) is
a modular form of weight zero on GP , i.e. a locally constant function on GP (Af ).
Recall that GP = GU(W ) ↪→ GU(V ), g1 7→ m(ν(g1), g1). Recall that

Ehol(τ, g) = χ(ν(g)) · Jk(g∞, i0)EA((g∞, g))|s=0 (g∞i0 = τ).

In particular, Ehol(i0, nfg) = EA(ng)χ(ν(g)) for n = (n∞, nf ) ∈ NP (A). Using
(3.13), it is easy to show that

ΦP,g(Ehol)(g1) = (EA)P (g1g)|s=0 · χ(ν(g1g)) (g1 ∈ GP (Af )).

2This may be regarded as the Λ-adic weight of F .
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Lemma 6.1. If k > 2, then M((φχ,s,∞)pb)|s=0 = 0. In particular,

ΦP,g(E(χ |1, n))(g1) =
Λ
S∪Sp
2 (s, χ)

vol(KP (n))
· (φΥ

χ,s)
pb(m(1, g1) g)|s=0 · χ(ν(g)).

Proof. This is essentially [Hsi11, Prop. 5.3]. The proof is omitted. �

6.2. The local pull-back section at v ∈ S. We determine φpbχ,s,v for v ∈ S by
computing the local pull-back section fpbn,v of fn,v defined in §5.3.2.

Lemma 6.2. Let v ∈ S and let α ∈ U(V )(Fv) and γ ∈ U(W )(Fv). Then we have
(1) i(1, γ) ∈ Q(F )DW(nv) ⇐⇒ γ ∈ DW (dvnv). In this case, fn,v(i(1, γ)) = 1.
(2) α ∈ supp fpbn ⇒ α ∈ P (F )D1

V (nv).
(3) If α ∈ D1

V (nv), then f
pb
n,v(g) = vol(DW (dvnv)).

Proof. The proof is a slight refinement of [Shi97, Lemma 21.4]. Write r = rv,
n = nv, dv = d and let F = Fv. By the assumption (h3), ϑr = d, so Mv is the
standard lattice and K0

v = GL3(r) ∩ U(V )(F ). We put

α =

a b c
g e f
h l d

 .

Since α−1 = ϑ3,1α
∗ϑ−1

3,1 ∈ K0
v , we find that

(6.2) α−1 =

−d∗ f∗ϑ−1 −c∗
−ϑl∗ e∗ ϑb∗

−h∗ g∗ϑ−1 a∗

 .

In particular, α−1 ∈ D1
V (n) if α ∈ D1

V (n), and D1
V (n) is a group. Now we prove

part (1). First the assumption (a1) implies that

8−1n ( cv.

Using (5.16), we have

i(1, γ) = ∆−1

(
1 0
0 γ

)
∆ =


1

1
2 (1 + γ) ϑ

4 (1− γ)
1

ϑ−1(1− γ) 1
2 (1 + γ)

 .

By [Shi97, Lemma 9.2], we find that

i(1, γ) ∈ Q(F )DW(n) ⇐⇒ 2(1 + γ)−1ϑ−1(1− γ) ∈ n

⇐⇒ i(1, γ) ≺
(

1 + 2−1dn r
n 1 + 2−1dn

)
⇐⇒ γ − 1 ≺ dn and fn,v(i(1, γ)) = 1.

This completes the proof of part (1).
We proceed to prove part (2) and part (3). By Iwasawa decomposition we may

assume α ∈ K0
v and i(α, γ1) ∈ Q(F )DW(n) for some γ1 ∈ U(W )(F ). Then α−1 ≺ r,

and by (6.2) we have

(6.3) [g, f ] ≺ d ;
1

2
f∗ϑf = f∗ϑ−1(

1

2
ϑ)ϑ−1f ∈ 2−1d.
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Put

α1 :=

1 −f∗ϑ−1 1
2f
∗ϑ−1f

1 −f
1

d∗ 0 0
1 0

d−1

a b c
g e f
h l d

 =

a1 b1 c1
g1 e1 0
h1 l1 1

 .

Then α1 ∈ U(V )(F ). Since i(m
(
1, γ−1

1

)
α, 1) ∈ Q(F )DW(n), by [Shi97, (21.4.4)],

we have(
h1 l1

ϑ−1γ−1
1 g1 ϑ−1(γ−1

1 e1 − 1)

)
=

(
d−1h d−1l

ϑ−1γ−1
1 (g − fd−1h) ϑ−1(γ−1

1 (e− fd−1l)− 1)

)
≺ n.

In addition, from (6.3) we deduce that

[a1, b1] ≺ r, c1 ∈ 2−1r.

The equation α1ϑ2,1α
∗
1 = ϑ2,1 implies that

e1ϑe
∗
1 = ϑ, c1g

∗
1 + b1ϑe

∗
1 = 0, c1h

∗
1 + b1ϑl

∗
1 − a1 = −1

Putting these together, we find that

γ−1
1 e1 ∈ 1 + dn, b1 ∈ 2−1n, a− 1 ∈ 2−1n.

Put

α2 =

1 0 − 1
2 (c1 + c∗1)

γ−1
1 0

1

α1 =

a2 b2 c2
g2 e2 0
h1 l1 1

 ∈ U(V )(F ).

Then we have c∗2 + c2 = 0, a2 ∈ 1 + 4−1n, b2 ∈ 4−1n, g2 ∈ dn, e2 ∈ r× and

c2(a2 + a∗2) = b2ϑb2, a2 = c2h
∗
1 + b2ϑl

∗
1 + 1.

It follows that a2 + a∗2 ∈ 2r×, c2 ∈ 32−1n2 ⊂ r, a2 ∈ 1 + n. Hence α2 ∈ D1
V (n), and

part (2) follows.
If α ∈ D1

V (n), the computation in the proof of (2) shows that there exists β ∈
NP (4−1r) such that

α2 = β ·m
(
d−1, 1

)
α ∈

1 + n n r
dn r× 0
n n 1

 , d ∈ 1 + n.

We thus find that i(α2, e2) ∈ DW(n) and

fpbn,v(α) =

∫
U(W )(F )

fn,v(i(α2, h))χ(h)dh

=

∫
U(W )(F )

fn,v(i(1, he
−1
2 ))χ−1(e2)χ(h)dh

=

∫
U(W )(F )

fn,v(i(1, h))χ(h)dh = vol(DW (dn)) (By (1)).

This completes the proof of part (3). �

Proposition 6.3. If v ∈ S, then φpbχ,s,v = vol(DW (dvnv)) · fnχ,1,s,v, where fnχ,1,s,v
is the unique section supported in P (F )wlDV (nv) such that

fnχ,1,s,v(wlu) = 1 for every u ∈ DV (nv).
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Proof. Note that i(wl, 1) = w′l. By the definition of φχ,s,v, we have

φpbχ,s,v(g) =

∫
U(W )(F )

fn,v(i(gwl, h))χ(h)dh = fpbn,v(gwl).

The assertion follows from Lemma 6.2. �

6.3. The ordinary projection of the local sections at p.

6.3.1. The ordinary linear functional. Let v be a place of above p and let dv =
[Fv : Qp] be the degree of v over Q. Let F = Fv and O = OF . In this subsection,
we shall retain the notation in §5.3.4. Let w be the place in Σp lying above v
and let (χ1, χ2) = (χw, χw) be characters on F×. Let Φv be the Bruhat-Schwartz
function on M2×4(F ) in (5.7), and let ΦΥ

v (x) := Φv(xΥ). Then the section φΥ
χ,s,v is

the Godement-Jacquet section fΦΥ
v ,v

associated to ΦΥ
v defined in (5.8). Write fΦΥ

for fΦΥ
v ,v

. We shall calculate the ordinary projection ev.(φΥ
χ,0,v)

pb of the pull-back
section φpbχ,0,v = vol(P2,v)

−1 · fpb
ΦΥ |s=0, using the technique of the ordinary linear

functional in [Hsi11, §6].
For a triple (λ1, λ2, λ3) of characters of F×, let I(λ1, λ2, λ3) denote the unitarily

induced representation of GL3(F ) from the the character λ of B3(F ) given by

λ(

a ∗ ∗
b ∗

c

) = λ1(a)λ2(b)λ3(c).

We say I(λ1, λ2, λ3) is regular if the p-adic valuations of {λi(p)}i=1,2,3 are distinct.
Via the identification G(F ) = GL3(F )×F× in (1.2), we have an isomorphism:

Iv(χ,1, 0) = I(χ2|·|−1
,1, χ−1

1 |·|) � χ−1
2 .

In other words, Iv(χ,1, 0) is identified with the space consisting of smooth functions
f : GL3(F )→ C such that

f(tng) = (χ2,1, χ
−1
1 )(t)f(g) for t ∈ T3(F ), n ∈ N3(F ),

on which GL3(F )×F× acts by ((g, ν)f)(h) = f(hg)χ−1
2 (ν). We have vp(χ1(p)) =

−kdv and vp(χ2(p)) = 0 since the infinity type of χ is kΣ. Thus the representation
I(χ2|·|−1

,1, χ−1
1 |·|) is regular (k > 2). Introduce Weyl elements

w2 =

 1
1

1

 , s1 =

 1
1

1

 and w3 =

 1
1

1

 ∈ GL3(F ).

Let f† ∈ I(χ−1
1 |·|, χ2|·|−1

,1) � χ−1
2 be the unique function such that

supp f† = B3(F )w3N3(O) and f†(w3n) = 1 for all n ∈ N3(O).

Let α = (diag(pa1 , pa2 , pa3), pa3) ∈ GL3(F )×F× = G(F ) with integers a1 ≤ a2 ≤
a3. The normalized Uv(α)-operators on Iv(χ,1, 0) with respect to the weight k =
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(0, 0; kΣ) is given by

(6.4)

Uv(α).f(g) =
χ2(p−a3)

p2a3−a1−a2

∑
y1∈O/(pa2−a1 ),y2∈O/(pa3−a1 )

,y3∈O/(pa3−a2 )

f(g

1 y1 y2

0 1 y3

0 0 1

pa3−a1

pa3−a2

1

).

A straightforward computation shows that Uv(α).f† is right invariant by N3(O) and
is supported in the big cell B3(F )w3N3(O) (use α−1N3(O)α ⊂ N3(O)). It follows
that f† is an eigenvector of the operator Uv(α) with the eigenvalue Uv(α).f†(w3) =
χ2(p−a2), which is a p-adic unit. In other words, f† is ordinary. We define

fordv := Ms1f
† ∈ I(χ2|·|−1

,1, χ−1
1 |·|)N3(O),

whereMs1 is the intertwining operator attached to the Weyl element s1. Then fordv

is the ordinary section such that fordv (w2) = 1. For x ∈ F , we set

u(x) =

1 x
1

1

 ∈ N3(F ).

Define the functional lw2
: I(χ2|·|−1

,1, χ−1
1 |·|)N3(O) → C by

(6.5) f → lw2
(f) := Mw2

(f)(1) =

∫
F

f(w2u(x))dx.

The integral lw2(f) converges absolutely if k > 1, and lw2 is the ordinary functional
on the regular representation in the sense of [Hsi11, §6.2.1]. Let Uv := Uv(α) with
(a1, a2, a3) = (1, 2, 3) and ev := limn→∞ Un!

v .

Lemma 6.4. For f ∈ I(χ2|·|−1
,1, χ−1

1 |·|)N3(O), the ordinary projection ev.f is
given by

ev.f = lw2
(f)fordv .

Proof. This follows from the same argument in [Hsi11, Lemma 6.4]. �

By Lemma 5.2, fpb
ΦΥ is N3(O)-invariant, and hence by Lemma 6.4, we find that

(6.6) ev.(φ
Υ
χ,0,v)

pb =
1

vol(P2,v)
· ev.fpbΦΥ |s=0 =

1

vol(P2,v)
· lw2

(fpb
ΦΥ)|s=0 · fordv .

6.3.2. The calculation of the ordinary projection ev.f
pb
ΦΥ . We proceed to compute

lw2
(fpb

ΦΥ). By the definition (6.5) of lw2
, we have

lw2
(fpb

ΦΥ) =

∫
F

dx

∫
F×

dhfΦv,v(i(w2u(x), h))Υ)χ1χ
−1
2 (h),
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where we have used the identification F× = U(W )(F ) in (5.17). By a direct
computation, we find that

(0, Z) · i(w2u(x), h))Υ = (0, Z) ·∆−1

(
w2u(x) 0

0 h

)
∆Υ

=(0, Z) ·


1

1
2 − 1

2

1
1 1




0 1
1 x

1 0
0 h


= (Z

(
0 0
1 x

)
, Z

(
1 0
0 h

)
).

We thus have

(6.7) lw2
(fpb

ΦΥ) =

∫
F

dx

∫
F

dh

∫
GL2(F )

d×ZP (h)Q(Z)Φv(Z

(
0 0
1 x

)
, Z

(
1 0
0 h

)
),

where P (h) = χ1(h)|h|s and Q(Z) = χ1χ2(detZ)|detZ|2s. We make change of
variable

Z 7→ Z

(
1 0
0 x−1

)
; h 7→ xh,

so the integral (6.7) equals

(6.8)

∫
F

χ−1
2 (x) |x|−sv dx

∫
F

P (h)dh

×
∫

GL2(F )

Q(Z)Φw(Z

(
0 0
x−1 1

)
)Φ̂w(Z

(
1 0
0 h

)
)d×Z.

Consider the last integral against Z and write Z =

(
Z1 Z2

Z3 Z4

)
. Then we have

(6.9) Φw(Z

(
0 0
x−1 1

)
)Φ̂w(Z

(
1 0
0 h

)
) = Φw(

(
Z2x

−1 Z2

Z4x
−1 Z4

)
)Φ̂w(

(
Z1 Z2h
Z3 Z4h

)
).

In particular, Z4 ∈ O×, so we can write

Z =

(
Z1 Z2

Z3 Z4

)
=

(
1 y
0 1

)(
a 0
Z3 Z4

)
.

We then decompose

d×Z = |detZ|−2
dZ = |a|−1

d×adydZ3d
×Z4

and vol(P2,v) = |$mv |. Taking into account the supports of Φw and Φw in (6.9),
we find that

Z3 ∈ O, y ∈ O.
By (5.6), the last integral in (6.8) equals∫

F×

d×a

∫
O

dy

∫
O×

d×Z4

∫
O

dZ3χ+(a) |a|2s−1
Φw(

(
0 0
x−1 1

)
)ϕ̂ν1

(a)ϕ̂ν2
(h) |$mv |

= |$mv |Eul(2s− 1, ν1)ϕ̂ν2
(h)Φw(

(
0 0
x−1 1

)
),
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where we adopted the notation in Definition 5.1, so the integral (6.8) equals

(6.10) |$mv |Eul(2s− 1, ν1)

∫
F

χ−1
2 (x)|x|−sΦw(

(
0 0
x−1 1

)
)dx ·

∫
F

P (h)ϕ̂ν2
(h)dh.

A straightforward computation shows that

(6.11)
∫
F

P (h)ϕ̂ν2
(h)dh = Eul(s, ν2) (by (5.6))

and ∫
F

χ−1
2 (x) |x|−s Φw(

(
0 0
x−1 1

)
)dx = χ2($) |$|s vol($−1O×, dx)

= χ2($) |$|s (|$|−1 − 1).

Combining the above equations with (6.8) and rearranging terms, finally we obtain

(6.12) lw2
(fpb

ΦΥ) = vol(P2,v)(p
dv − 1) · χ2|·|s($) · Eul(2s− 1, χ+) · Eul(s, χ1).

6.4. Constant terms of e.E(χ |1, n). Now we are ready to give the precise for-
mula for the pull back section and calculate the constant term of the ordinary
projection e.E(χ | 1, n) of the Eisenstein series E(χ | 1, n). Comparing (6.4) with
Proposition 3.15 (k(α) = 1), we find that e =

∏
v|p ev. By (5.18), the ordinary

Eisenstein series e.E(χ | 1, n) is associated to the normalized p-ordinary section
(fordχ,1 )∗ ∈ I(χ,1, 0) given by

(fordχ,1 )∗ :=
Λ
S∪Sp
2 (s, χ)

vol(KP (n))
· (φ{p}χ,s )pb

⊗
v∈Sp

ev.(φ
Υ
χ,s,v)

pb|s=0.

By Proposition 5.11 and Proposition 6.3, we find that

(fordχ,1 )∗ =fordχ,1 ·
(
2−1(−1)kΓC(k)ΓC(k − 1)

)d · LS∪Sp(−1, χ+τK/F ) · LS∪Sp(0, χ)

× vol(P2,v)
−1lw2

(fpb
ΦΥ)|s=0,

where d = [F : Q] and

fordχ,1 =fk,∞
⊗

v 6∈S∪{p}

f0
χ,1,0,v

⊗
v∈S

fnχ,1,0,v
⊗
v∈Sp

fordv .

From (6.6) and the formula (6.12) for lw2
(fpb

ΦΥ) we deduce that

(6.13)
(fordχ,1 )∗ =fordχ,1 ·

(
(−2i) · Γ(k)Γ(k − 1)

(2πi)(2k−1)

)d
· LS∪Sp(−1, χ+τK/F )LS∪Sp(0, χ)

×
∏

w∈Σp,w|v

Eul(−1, χ+,v)Eul(0, χw)χw(p)(pdv − 1).

Define the (∞, p)-modified L-values by

LS(∞,p)(0, χ) =
[O×K : O×F ]√
|DF |R

· Γ(k)d

(2πi)kd
·
∏
w∈Σp

Eul(0, χw) · LS∪Sp(0, χ);

LS(∞,p)(−1, χ+τK/F ) =
Γ(k − 1)d

(2πi)(k−1)d
·
∏
v∈Sp

Eul(−1, χ+,v) · LS∪Sp(−1, χ+τK/F ).



IWASAWA MAIN CONJECTURES FOR CM FIELDS 75

Here LS∪Sp(−) denotes the imprimitive L-value obtained by removing Euler factors
at places dividing those in S ∪ Sp. Summarizing our calculations of local pull-back
sections, we obtain the following formulas of constant terms in view of Lemma 6.1.

Proposition 6.5. The ordinary Eisenstein series e.E(χ |1, n) is associated to the
section

(fordχ,1 )∗ = fordχ,1 · LS(∞,p)(0, χ)LS(∞,p)(−1, χ+τK/F ) · χΣcp(p)cK(p),

where cK(p) is the constant

cK(p) = (−2i)d · |DF |
1
2

R [O×K : O×F ]−1
∏
v∈Sp

(pdv − 1) ∈ Z
×
(p).

Therefore, we have

ΦP,g(e.E(χ |1, n)) = fordχ,1 (g) · LS(∞,p)(0, χ)LS(∞,p)(−1, χ+τK/F ) · χΣcp(p)cK(p).

6.5. Constant terms of Êord(χ | 1, n) and p-adic L-functions. We retain the
notation in §5.7. Let c(ψ) and c+ be the prime-to-p conductors of ψ and ψ+τK/F
respectively. It follows from [Kat78] and [HT93, page 193 Thm. II] (cf. [Hsi14,
Prop. 4.9]) that to (ψ,Σ) we can associate a (d+ 1)-variable primitive p-adic Hecke
L-function L(Ψ,Σ) ∈ Λ such that for every ε̂ ∈ X+

Λ with χ = ψε of infinity type
kΣ, we have

1

ΩkΣp
· ε̂(Lp(Ψ,Σ)) =

[O×K : O×F ]√
|DF |R

· Γ(k)d ·
∏
w∈Σp

Eul(0, χw) · L
Sp(0, χ)

ΩkΣ∞
.

On the other hand, by [DR80] there exists a p-adic L-function Lp(−1, Ψ+τK/F ) ∈
Frac Λ such that for every ε̂ ∈ X+

Λ with χ = ψε, we have

ε̂(Lp(−1, Ψ+τK/F )) =LSp(2, χ−1
+ τK/F )

=
Γ(k − 1)d

(2πi)(k−1)d
·
∏
v∈Sp

Eul(−1, χ+,v) · LSp(−1, χ+τK/F ).

Here the second equality follows from the functional equation of the complex L-
function L(s, χ+τK/F ). Define the S-imprimitive p-adic L-functions by

LSp (Ψ,Σ) =Lp(Ψ,Σ) ·
∏

w|n, w-c(ψ)

(1− Ψ(Frobw)) ∈ Λ.

LSp (−1, Ψ+τK/F ) =Lp(−1, Ψ+τK/F ) ·
∏

v|n, v-c+

(1− Ψ+τK/F (Frobv) |$v|−1
).

Note that LSp (−1, Ψ+τK/F ) has no pole since S is not empty. In other words,
LSp (−1, Ψ+τK/F ) ∈ Λ. By definition, the p-adic L-functions LSp (Ψ,Σ) and LSp (−1, Ψ+τK/F )

are characterized by the specialization property at ε̂ ∈ X+
Λ :

(6.14)
1

ΩkΣp
· ε̂(LSp (Ψ,Σ)) =

(2πi)kd

ΩkΣ∞
· LS(∞,p)(0, ψε),

ε̂(LSp (−1, Ψ+τK/F )) = LS(∞,p)(−1, ψ+ε+τK/F ).

The following proposition shows the constant term of the Λ-adic Eisenstein series
Eord(Ψ |1, n) in Corollary 5.15 is essentially a product of Deligne-Ribet and Katz
p-adic L-functions.
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Proposition 6.6. Let g0 = (g0
v) ∈ G(A

Sp
f ) defined by g0

v = wl at all v ∈ S and
g0
v = 1 if v 6∈ S. Then we have

Φ̂w2

[g0](E
ord(Ψ |1, n)) = LSp (−1, Ψ+τK/F ) · LSp (Ψ,Σ) · c(Λ),

where c(Λ) = ΨΣcp(recK(p))cK(p) ∈ Λ×. Moreover, we have the following equality
between ideals of Λ

(Φ̂w2

[g] (E
ord(Ψ |1, n)))g∈C(K) = (LSp (−1, Ψ+τK/F ) · LSp (Ψ,Σ)).

Proof. Let Eχ := Êord(χ |1, n) for χ = ψε with ε̂ ∈ X+
Λ . From the discussion in

§5.6.5 and Proposition 6.5, we deduce that

1

ΩkΣp
· Φ̂w2

[g0](Eχ) = ιpι
−1
∞

(
(2πi)kd

ΩkΣ∞
· LS(∞,p)(−1, χ+τK/F ) · LS(∞,p)(0, χ)

)
· χ̂Σcp(p)cK(p),

and the Op-ideal (Φ̂w2

[g] (Eχ))g∈C(K) is generated by Φ̂w2

[g0](Eχ). The proposition thus
follows from the interpolation property of Eord(Ψ |1, n). �

7. Eisenstein ideal and p-adic L-functions

The aim of this section is to show the non-vanishing modulo mΛ of some Fourier-
Jacobi coefficient of our Λ-adic ordinary Eisenstein series Eord(Ψ |1, n) associated to
a branch character ψ and an auxiliary ideal n satisfying (a1) and (a2). We will use
the explicit calculation of Fourier-Jacobi coefficients of Eisenstein series on U(2, 1)
due to Murase and Sugano [MS02]. This non-vanishing result enables us to show
the Eisenstein ideal on U(2, 1) indeed is divisible by a product of Deligne-Ribet
p-adic L-function and Katz p-adic L-function (Corollary 7.20).

7.1. We recall some notation from [MS02, §3.5]. Let m ∈ F+ be a totally positive
element in F and let a be a fractional ideal of K. Let DF be the absolute different
of F . Put

f(a,m) = F ∩mDF (ϑ−1D−1
K/F )NK/F (a).

For v ∈ h, set
δKv/Fv = v(DK/F ) ; µv(a,m) = v(f(a,m)).

For a character κv of K×v , we let a(κv) be the smallest nonnegative integer n such
that κv is trivial on (1 + Pn

v ) ∩ O×Kv , where

Pv =

{
$vOKv if v is split,
the maximal ideal of OKv if v is inert or ramified.

Let ε(s, κv,ψm,K) be Tate’s epsilon factor, where ψm,K := ψm ◦TrK/F (Recall that
ψm : AF/F → C× is the additive character x 7→ ψ(mx)) and let

Wm(κv) =
ε( 1

2 , κv,ψm,K)∣∣ε( 1
2 , κv,ψm,K)

∣∣
be the local root number of κv. If κ is a unitary Hecke character of K×, we denote
by W (κ) the global root number of κ. It is well known that W (κ) =

∏
vWm(κv).
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We shall consider a set of special Hecke characters of K×. Let X be the set of
Hecke characters of K× such that

κ|A× = τK/F ; κ∞(z∞) =
∏
σ∈Σ

|zσ|
zσ

(z∞ = (zσ) ∈ K×∞).

If f(a,m) is an integral ideal, we define a subset X0(a,m) of X which consists of
characters κ ∈ X such that

• Wm(κv) = κv(ϑ) for all v ∈ h,
•

a(κv) =


µv(a,m) if v is unramified in K,
2(µv(a,m) + δKv/Fv ) if δKv/Fv > 0 and µv(a,m) > 0,

2δKv/Fv or 2δKv/Fv − 1 if δKv/Fv > 0 and µv(a,m) = 0.

(cf. the definition of X+
0,prim(a,m) in [MS02, (3.10) page 380]). Note that the global

root number W (κ) of κ is +1 for κ ∈ X0(a,m).

Remark 7.1. Let ` > 2 be a rational prime which is split completely in K and
let κ ∈ X0(a,m). Suppose that ` is prime to the conductor of κ, the places in S
and ϑ. Let L be a prime of K lying above ` and let l = L ∩ F . Let K−l∞ be the
maximal l-ramified anticyclotomic pro-` extension of K and let X−l be the set of
characters of Gal(K−l∞/K) of finite order. Note that if ν ∈ X−l has conductor la(ν),
then Wm(κν) = Wm(κ) and κν ∈ X0(aLa(ν),m).

7.2. Theta functions with complex multiplication.

7.2.1. Adelic theta functions. We identify K1 = U(W ) with a subgroup of U(V )
via t 7→ diag(1, t, 1). Define the algebraic subgroup R of U(V ) by

R =
{
tn | n ∈ N, t ∈ K1

}
.

Define the function em : CΣ → C× by

em(w) = exp(2πi
∑
σ∈Σ

σ(m)wσ) (w = (wσ)σ∈Σ).

Let Tm
hol be the space of smooth functions Θ : R(F)\R(A)→ C which satisfy the

following properties:
• Θ(n(0, x) rt∞) = ψm(x)Θ(r) for x ∈ A, r ∈ R(A) and t∞ ∈ K1

∞.
• For every rf ∈ R(Af ), the function w∞ 7→ em(− 1

2ϑw∞w∞)Θ(n(w∞, 0) rf )
is holomorphic on K∞.

We call Tm
hol the holomorphic theta functions of index m. We equip Tm

hol with the
inner product defined by

(Θ,Θ′) =

∫
R(F)\R(A)

Θ(r)Θ′(r)dr (Θ,Θ′ ∈ Tm
hol).

We let K1
A = K1(A) and K̂1 = K1(Af ) be the groups of norm one for brevity. For

t ∈ K1
A and Θ ∈ Tm

hol, denote by ρ′(t)Θ(r) := Θ(rt) the right translation. For an
ideal a and a finite place v, we put

N(av) =

{
n(w, x) ∈ NP (Fv) | w ∈ a, x+

1

2
wϑ−1w ∈ ϑ−1D−1

K/FNK/F (av)

}
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and N(a) =
∏
v∈hN(av). Let Ô1

K = Ô×K ∩ K1
A be units group of norm one. Define

the space Tm
hol(a) of holomorphic theta functions of index m and level a by

Tm
hol(a) :=

{
Θ ∈ Tm

hol | Θ(rnt) = Θ(r), nt ∈ N(a)Ô1
K

}
.

([MS02, §1.13 and (1.14)]). By definition, Tm
hol(a) = {0} if f(a,m) is not integral.

Henceforth, we assume
f(a,m) is an integral ideal

until the end of this section.
Define the endomorphism Pa of Tm

hol by

PaΘ(r) =

∫
N(a)

Θ(rn)dan,

where dan is the Haar measure on N(a) normalized so that vol(N(a), dan) = 1
([MS02, §3.1 (3.1)]). Then Pa is a self-adjoint projector (cf. [MS00, Lemma5.4]),
and

Tm
hol(a) =

{
Θ ∈ Pa(Tm

hol) | ρ′(t)Θ = Θ, t ∈ Ô1
K

}
.

The space of primitive theta functions Tm
hol,prim(a) is defined by

Tm
hol,prim(a) = {Θ ∈ Tm

hol(a) | PbΘ = 0 for all b ⊃ a, b 6= a} .
Let (ρ, V m) be the smooth lattice model of the Heisenberg group N(A) with central
character ψm defined in [MS02, §2.7]. For κ ∈ X0(a,m), let Mκ be the Weil
presentation of K1

A on V m defined in [MS02, page 365]. We note thatMκ(z/z) =
κ−1(z)M(z) for z ∈ A×K, where M is the universal Weil representation3 of A×K
defined in [MS00, §4.3]. ThenMκ can be extended to R(A) by settingMκ(nt) =
ρ(n)Mκ(t), n ∈ N(A), t ∈ K1

A. Let V mhol ⊂ S(AK) be the subspace of V m defined
in [MS02, §2.25]. Define the intertwining operator T mκ : V mhol → Tm

hol by

T mκ (Φ)(r) :=
∑
α∈K
Mκ(r)Φ(α).

We put

Tm
hol,prim(a, κ) =

{
Θ ∈ Tm

hol,prim(a) | Θ = T mκ (Φ) for some Φ ∈ V mhol
}
.

Then Tm
hol,prim(a, κ) is the space of primitive theta functions attached to (a, κ) de-

fined in [MS02, (3.3) page 377]. The following multiplicity one theorem for primitive
theta functions is proved in [MS02, Thm. 3.8].

Theorem 7.2. For each κ ∈ X0(a,m), dimC Tm
hol,prim(a, κ) = 1.

7.2.2. Shintani operators. We recall that the unitary (adelic) Shintani operator
F ∗(z) ∈ End(Tm

hol,prim(a)) for z ∈ K×v and a finite place v - f(a,m)DK/F is defined
by

F ∗(z)Θ :=

{
|1− z/z|

1
2

Kv Paρ
′(z/z)Θ if z/z 6∈ O×Kv ,

τKv/Fv (x) ·Θ if z = xu, x ∈ F×v , u ∈ O×Kv .

Then F ∗(z) = L∗(z) |z|
1
2

Kv , where L
∗(z) is the classical Shintani operator introduced

in [Fin06, page 775]. The following proposition is proved in [Fin06, Prop. 2.1] with
a key ingredient [MS00, Prop. 7.3].

3The definition of M does not depend on a particular choice of models of the Heisenberg group
representation.
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Proposition 7.3. The Shintani operator F ∗ can be extended to a unique morphism
F ∗ : K×\A×K → End(Tm

hol,prim(a)) such that F ∗|A× = τK/F and F ∗|K×∞Ô×K =M.
Furthermore, eigenfunctions of F ∗ in Tm

hol,prim(a) with the eigencharacter κ are
primitive theta functions attached to (a, κ).

We define the projector Pκ : Tm
hol,prim(a)→ Tm

hol,prim(a, κ) by

PκΘ =

∫
C−K

κ−1(z)F ∗(z)Θd×z, C−K := K×A×f \A
×
K,f ,

where the Haar measure d×z is normalized so that vol(C−K , d
×z) = 1. Note that

Pκ is self-adjoint since F ∗ and κ are unitary. Let fa := f(a,m)DK/F . By [MS00,
Lemma 7.4], we have F ∗|U(fa) = 1. Fixing a system of representatives C− for the
relative ray class group C−K (fa) := C−K/U(fa) modulo fa in (A

(pfa)
K,f )×, we can write

PκΘ =
1

](C−K (fa))
·
∑
z∈C−

κ−1(z)F ∗(z)Θ (Θ ∈ Tm
hol,prim(a), κ ∈ X0(a,m)).

On the other hand, for each finite place v, let Pa,prim,v be the self-adjoint projector
onto the space of local primitive theta functions introduced in [MS00, §5.7]. Define
the a-primitive projector Pa,prim =

∏
v Pav,prim,v : Tm

hol → Tm
hol,prim(a). Finally,

we define the self-adjoint projector

Pa,κ := Pκ ◦ Pprim,a : Tm
hol → Tm

hol,prim(a, κ).

7.2.3. Classical theta functions and their integral structures. We review the analytic
theory of theta functions. A standard reference is [Mum70, Chaper I] (See also
[Fin06, §2]). Define a positive-definite Hermitian form Hm on CΣ by

Hm(w,w′) = (−2i)
∑
σ∈Σ

wσσ(mϑ−1)w′σ (w = (wσ)σ∈Σ , w
′ = (w′σ)σ∈Σ).

Define a cocycle e : CΣ×K → C× by

e(w, l) := exp(πHm(w +
l

2
, l)).

Here K is embeded in CΣ by l 7→ (σ(l))σ∈Σ . Choose a finite idele u = (uv) ∈ AK,f
such that OKv = OFv ⊕ OFvuv for each v ∈ h. For w ∈ AK,f , let xw, yw be the
unique elements in Af such that 1

2wwϑ
−1 = xw + ywu. For l ∈ K, put αu(l) =

ψm(−xl).
Let b be a prime-to-p ideal of K such that f(b,m) is an integral ideal. Thus

αb := αu|b is a semi-character on b which takes value ±1 and is independent of the
choice of u. It is straightforward to verify the following equation:

αb(l1)αb(l2)e(w + l2, l1)e(w, l2) = αb(l1 + l2)e(w, l1 + 12), l1, l2 ∈ b.

We define a line bundle Lmb on CΣ/b by CΣ×C/b with the action of l ∈ b given
by

l(w, x) = (w + l, αb(l)e(w, l)x).

The canonical rigidification of Lmb along the zero section is given by εL : C
∼→

Lmb (0), x 7→ [(0, x)]. The space of global sections Γ(CΣ/b, Lmb ) consists of all
holomorphic functions θ on CΣ satisfying the equation

θ(w + l) = αb(l)e(w, l)θ(w), l ∈ b.
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The line bundle Lmb is ample and dimC Γ(CΣ/b, Lmb ) = NF/Q(f(b,m))DK. For
l ∈ K and a complex-valued function f on CΣ , define

Al(f)(w) := e(w, l)−1f(w + l).

The operators Al satisfy the commutation relation

(7.1) Al1Al2 = em(
1

2ϑ
(l1l2 − l1l2))Al1+l2 .

If l ∈ b∨ := f(b,m)−1D−1
K/Fb, then Al is an endomorphism of Γ(CΣ/b, Lmb ) and acts

by multiplication by αb(l) if l ∈ b. In addition, {Al}l∈b∨ are elements in Mumford’s
theta group G (L(Hm, αb)) [Mum70, page 235]. For Θ ∈ Tm

hol(b) and c ∈ K̂1, we
define a classical theta function θc ∈ Γ(CΣ/bc, Lmbc) by

θc(w) := em(− 1

2ϑ
ww)Θ(n(w, 0) c).

Fixing a set of representatives I1
K of the ideal class group K1\K1

A/Ô1
K in K1(A

(p)
f ),

the map Θ 7→ (θc)c gives rise to an identification Tm
hol(b) =

∏
c∈I1
K

Γ(CΣ/bc, Lmbc).
We discuss briefly the integral structures of theta functions via their geomet-

ric interpretation. A more detailed account can be found in [Fin06, §3] and the
references therein. By the standard theory of abelian varieties with complex multi-
plication, the pair (CΣ/b, Lmb ) descends to (Bb,L

m
b ) over a discrete valuation ring

RN := Zp ∩ N for some number field N so that (Bb,L
m
b ) ⊗RN C ' (CΣ/b, Lmb ).

Here we are making use of the fixed isomorphism C ' Cp. We fix a rigidification
εL : A1

/RN

∼→ Lmb /RN so that ε−1
L ◦ εL(x) = x for every x ∈ C = A1(C). Define the

Zp-submodule Tm
int(b) of Tm

hol(b) by

Tm
int(b) :=

∏
c∈I1
K

Γ(Bbc,L
m
bc)⊗RN Zp.

We call Tm
int(b) the space of p-integral theta functions. By the ampleness of the

line bundles Lmbc, we have Tm
int(b) ⊗Zp

C = Tm
hol(b). The complex theta group

G (L(Hm, αb)) is the set of C-points of the theta group scheme G (Lmb )/RN [Mum70,
page 221]. The operators {Al}l∈b∨ are torsion points in G (Lmb )(C) in view of (7.1).
In particular, this implies that {Al}l∈b∨ belong to G (Lmb )(Z) and preserve Tm

int(b).

7.2.4. Integral projectors onto primitive theta functions. Let A1 (resp. A2) be the
set of unramified (resp. split) places of F where κ is ramified. Let h−K = hK/hF be
the relative class number of K. Put

B1(κ) =
∏
v∈A1

(1 + q−1
v ), B2(κ) =

∏
v∈A2

(1− q−1
v ),

B∗(κ) =h−K · [O
×
K : O×F ]−1B1(κ)B2(κ).

Here qv is the cardinality of the residue field of OFv . Suppose that b ⊂ a are prime-
to-p ideals. We note that a ⊂ b∨ as f(a,m) is integral. From the equation PaΘ =
(](a/b)−1

∑
l∈a/b αa(l)Alθc)c for Θ = (θc)c ∈ Tm

hol(b), it follows immediately that
the operator Pa is indeed a p-integral self-adjoint projector preserving Tm

int(b) and
Pa(Tm

int(b)) ⊂ Tm
int(a). By [MS00, Lemma 5.9], the normalized primitive projector

P∗a,prim := B2(κ)Pa,prim is a Z(p)-linear combination of {Pa′}a′ for prime-to-p ideals
a′ ⊃ a, so we find that P∗a,prim is also a p-integral self-adjoint projector.
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On the other hand, we claim that B∗(κ)/](C−K (fa)) ∈ Z(p). Indeed, by definition
C−K (fa) = K×A×f \A

×
K,f/U(fa), so we find that

](C−K (fa)) | h−K ·
∏
v|fa

]
(
O×Kv/(1 + faOKv )O×Fv

)
.

Since p > 2 is unramified in K and the conductor c(κ) of κ and fa share the same
support (κ ∈ X0(a,m)),

p-part of ](C−K (fa)) | p-part of h−K ·
∏
v∈A1

(1− τK/F ($v)qv) | p-part of B∗(κ).

This proves the claim. It follows that the operator P∗κ := B∗(κ) ·Pκ is a Z(p)-linear
combination of p-integral Shintani operators {F ∗(z)}z∈C− by the choice of C−. In
particular, P∗κ also preserves the space Tm

int(a).
We have thus constructed a p-integral self-adjoint operator

P∗a,κ := P∗κ ◦ P∗a,prim = B∗(κ)B2(κ) · Pa,κ

such that P∗a,κTm
int(a) ⊂ Tm

hol,prim(a, κ)∩Tm
int(a), and P∗a,κ acts Tm

hol,prim(a, κ) via
the multiplication map by B∗(κ)B2(κ) ∈ Z(p).

7.3. Fourier-Jacobi coefficients. Let a = (av) ∈ (A
(p)
K,f )× and let a := aOK,f∩K

be a prime-to-p fractional ideal. Let F ∈MkI−(K,C) be a modular form of weight
kI− = (0, 0; kΣ). Put Fa(g) := F (gd(a)), where d(a) = diag(a, 1, a−1). Define a
function Fma on R(A) by

Fma (r) =

∫
A/F

ψm(−x)Fa(n(0, x) r)dx, r ∈ R(AF ).

Then Fma is a holomorphic theta function of indexm and is called them-th Fourier-
Jacobi coefficient of Fa. For κ ∈ X0(a,m) and a non-zero Θ ∈ Tm

hol,prim(a, κ), define
the period integral I(Θ) by

I(Θ) =

∫
K1\K1

A

Θ(t)d×t,

where d×t is normalized so that vol(K1\K1
A, d

×t) = 1.
Define a linear functional la,m,κ : MkI−(K,C)→ Cp by

(7.2) la,m,κ(F ) = ι(B∗(κ)B2(κ)em(−iΣ) · (Fma ,Θ)

(Θ,Θ)
· I(Θ) · h−K).

Note that la,m,κ(F ) does not depend on the choice of Θ in view of the multiplicity
one theorem for primitive theta functions (Theorem 7.2). Now we examine the
p-integrality of the linear functional la,m,κ. Suppose F is a p-integral modular form
in MkI−(K, ι−1(Zp)). The Fourier-Jacobi expansion of Fa is given by

Fa = F 0
a +

∑
m∈F+

F̃ma · qm,

where F̃ma := Fma · em(−iΣ) is a p-integral theta function in Tm
int(an) with n

the prime-to-p ideal defined in (a1). Let Θm
a,κ = (θa,κ,c)c∈I1

K
be an element in

Tm
hol,prim(a, κ) ∩ Tm

int(a) such that θa,κ,c 6≡ 0 (mod m) for some c. Then we can
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write P∗a,κF̃ma = Aa,m,κΘm
a,κ for some Aa,m,κ ∈ ι−1(Zp) by Theorem 7.2. It is clear

that

(P∗a,κF̃ma ,Θm
a,κ) = B∗(κ)B2(κ)em(−iΣ)(Fma ,Θ

m
a,κ) = Aa,m,κ(Θm

a,κ,Θ
m
a,κ).

In the first equality, we used the self-adjointness of Pa,κ. On the other hand, it is
well known that h−K = Q · ](C−K (OK)) = Q · vol(Ô1

K, d
×t)−1, Q = 1 or 2, and hence

the period integral
I(Θm

a,κ) · h−K = Q ·
∑
c∈I1
K

θma,κ,c(0)

is a sum of the evaluation of p-integral theta functions at the zero section. Therefore,
we have the following properties for la,m,κ:

(7.3)
la,m,κ(F ) = ι(Aa,m,κ · I(Θm

a,κ) · h−K) ∈ Zp,

la,m,κ(F ) ≡ la,m,κ(G) (mod mp) if F ≡ G (mod mp).

7.4. Non-vanishing of Eisenstein series modulo p (I). Let χ be a Hecke
character of infinity type kΣ, k > 4. Suppose that c is the conductor c(χ) of χ. In
particular, χ is unramified at every place above p. We will show the non-vanishing
modulo p of the ordinary Eisenstein series Eord(χ | 1, n) defined in (5.23) under
suitable hypotheses. We first introduce an auxiliary Eisenstein series E◦(χ |1, n).

Consider the following sections in I(χ, s):

θχ,s :=
⊗
v 6∈Sp

φχ,s,v
⊗
v∈Sp

f0
χ,s,v,

θ∗χ,s :=
(2πi)kd

ΩkΣ∞
· ΛS2 (s, χ)

vol(KP (n))
· θχ,s,

where ΛS2 (s, χ) =
∏
v 6∈S Λ2,v(s, χ) (Proposition 5.4). We note that θχ,s differs from

φχ,s defined in Definition 5.6 only by the choice of the local section at p. Let
E◦(χ, n) be the holomorphic Siegel-Eisenstein series on G associated to θ∗χ,s|s=0

defined as in (5.10).

Proposition 7.4. The Eisenstein series E◦(χ, n) is defined over Z(p).

Proof. It suffices to show E◦(χ, n) has Fourier expansions with coefficients in
Z(p) by q-expansion principle. With the notation of §5.4, for each β ∈ H2(Af ) with
detβ 6= 0, define aβ(χ, n)(p) (the prime-to-p part of aβ(χ, n)) by

a◦β(χ, n)(p) :=
∏
v∈S

χv(detu−1) ·
∏

v 6∈S∪Sp,
v(det β)>0

Rβ,v(χ+,v($v)) · cS(K,L) · IΞ(p)(β),

where Ξ(p) is the compact subset in H2(A
(p)
K,f ) given by

Ξ(p) =
∏
v∈S

L∨v ×
∏

v 6∈S∪Sp

H2(bϑ,v)
∨.

By Proposition 5.4 and Proposition 5.7, E◦(χ, n)(Z, gA) (in the notation of loc.cit. )
has the Fourier expansion ∑

β∈H2(OF,(p)),

σ(β)>0 for all σ∈Σ

aβ(gA, E
◦(χ, n))qβ ,
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where A ∈ GL2(A
S∪Sp
K )×GL2(OKp) and

aβ(gA, E(χ, n)) =χ−1(detA) |detA|2AK · aA∗βA(χ, n)(p) · a◦β(χ, n)p,

a◦β(χ, n)p := (detβ)(k−2)Σ
∏
v∈Sp

R∗β,v(χ+,v|·|−2
($v)).

Since χ(A
(p)×
K O×Kp) ⊂ Z

×
(p), it is clear that aβ(χ, n)(p) belongs to Z(p). To see the

p-integrality of a◦β(χ, n)p, we note that vp(χ+,v|·|−2
($v)) = vp(|$v|k−2

). On the
other hand, by Proposition 5.4, R∗β,v(T ) ∈ Z[T ] is a polynomial with degree less
than or equal to v(detβ), it follows that

a◦β(χ, n)p = (detβ)(k−2)Σ |detβ|k−2
Fp

∏
v∈Sp

R∗β,v(χ+,v|·|−2
($v)) · |detβ|2−kFv

belongs to Z(p). �

Let E◦(χ |1, n) be the classical Eisenstein series on G associated to the pull back
section (θ∗χ,s)

pb|s=0. By definition, we have

E◦(χ |1, n)(τ, g) :=
(2πi)kd

ΩkΣ∞
·
∑

h∈XW (n)

E◦(χ, n) (Zτ , i(g, h))·χ(h), (τ, g) ∈ X2,1×G(Af ).

Then E◦(χ |1, n) is an p-integral modular form of weight kI− in light of Proposi-
tion 7.4. Next we show the ordinary projection e.E◦(χ |1, n) and Eord(χ |1, n) are
the same up to a p-adic unit.

Lemma 7.5. We have

Eord(χ |1, n) = u1 · e.E◦(χ |1, n),

where ιp(u1) is a p-adic unit.

Proof. We first claim that for every w ∈ Σp and v the place of F lying below
w,

(7.4) ev.f
0
χ,1,0,v =

L(−1, χw)

L(0, χw)
fordv .

Indeed, by Lemma 6.4

ev.f
0
χ,1,0,v = lw2

(f0
χ,1,0,v)f

ord
v .

Since f0
χ,1,s,v is the standard spherical section, by Gindikin-Karpelevič formula

([Cas80, Thm. 3.1]) we have

lw2
(f0
χ,1,0,v) = Mw2

(f0
χ,1,0,v)(1) =

L(−1, χw)

L(0, χw)
.

This verifies (7.4). Using the calculations for the local pull-back sections in Propo-
sition 5.11 and Proposition 6.3, we find that the ordinary Eisenstein series e.E◦(χ |
1, n) is associated to the section

e.(θ∗χ,s)
pb|s=0 =

Γ(k)dΓ(k − 1)d

ΩkΣ∞ (2πi)(2k−1)d
· LS∪Sp(−1, χ+τK/F )LS∪Sp(0, χ) · fordχ,1

×
∏

w∈Σp, w|v

L(−1, χ+,vτKv/Fv )L(0, χw)L(−1, χw).
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Comparing e.(θ∗χ,s)pb|s=0 with the section (fordχ,1 )∗ in (6.13), we find that

Eord(χ |1, n) = u1 · e.E◦(χ |1, n),

where u1 =
∏
v∈Σp(1− pdv ) · L′ (dv = [Fv : Qp]) and

L′ = χΣcp(p) ·
∏

w∈Σp,w|v

L(2, χ−1
+,vτKv/Fv )−1L(1, χ−1

w )−1L(−1, χw)−1

=
∏

w∈Σp, w|v

(1− χ−1
+,v($v) |$v|2)(1− χ−1

w ($v) |$v|)(1− χw($v) |$v|−1
) · χw($v).

Note that ιp(L′) is indeed a p-adic unit if k > 2, since vp(χw($v)) = −kdv and
vp(χw($v)) = 0 for every w ∈ Σp. It follows that ιp(u1) is also a p-adic unit. �

Let E := E◦(χ |1, n). The Eisenstein series E is unramified at p and hence is an
eigenform of the normalized Hecke operators {Tv(αi)}i=1,2,3 for v ∈ Sp defined in
Proposition 3.15.

Lemma 7.6. The eigenvalues {λi,v}i=1,2,3 of {Tv(αi)}i=1,2,3 are given by

λ1,v = 1 + χ−1
w ($v) |$v|+ χ−1

+,v($v) |$v|2 ,

λ2,v = χ−1
w ($v) + |$v|−1

+ χ−1
+,v($v) |$v| ,

λ3,v = χ−1
w ($v).

It is clear that {ιp(λi,v)}i=1,2,3 are p-adic units.

Proof. This is a standard local computation. For the convenience of the reader,
we provide the detail for the eigenvalue of Tv(α1). We shall borrow the notation
from §6.3. Then F = Fv, $ = $v and (χ1, χ2) = (χw, χw) with w ∈ Σp, w|v.
Let f0 be the spherical function in Iv(χ,1, 0) = I(χ2|·|−1

,1, χ−1
1 |·|) � χ−1

2 with
f0(1) = 1. Then it suffices to show Tv(α1).f0 = λ1,v ·f0 ⇐⇒ Tv(α1).f0(1) = λ1,v.
With the identification G(F ) = GL4(F )×F×, we have

α∨1 = α−1
1 ν(α1) = (diag($,$, 1), $).

According to (3.21), we find that f0 | Tv(α1)(g) equals

∑
x1,x2∈O/($)

f0(g

1 x1

1 x2

1

$ $
1

)χ−1
2 ($)

+
∑

x3∈O/($)

f0(g

1 x3

1
1

$ 1
$

)χ−1
2 ($) + f0(g

1
$

$

)χ−1
2 ($).

Therefore, by the normalization in Proposition 3.15,

λ1,v = Tv(α1).f0(1) = |$|2 ·f0 | Tv(α1)(1) = 1+χ−1
1 ($) |$|+χ−1

1 χ−1
2 ($) |$|2 . �

Lemma 7.7. Let Θ ∈ Tm
hol,prim(a, κ) and let ca(E) := (Ema ,Θ). Put κ̃ := κ−1|·|

1
2

AK
.

Let v ∈ Sp and w ∈ Σp with w|v. If (p, f(a,m)) = 1, then we have

ca(Tv(α1).E) = ca(Uv(α1).E) + |$v|χ−1
w κ̃w($v) · ca(E),

ca(Tv(α2).E) = ca(Uv(α2).E) + χ−1
w κ̃w($v) · ca(E).
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Proof. Let Π1 and Π2 be uniformizers of Kw and Kw respectively. Using the
formulas Proposition 3.15 and (3.21) (cf. Lemma 7.6), we obtain that

ca(Tv(α1).E) =ca(Uv(α1).E) + χ−1(Π1) |Π1| caΠ−1
1 Π2

(E)χ−1(Π−1
1 Π2) + χ−1(Π1) |Π1|2 caΠ−1

2
(E),

ca(Tv(α2).E) =ca(Uv(α2).E) + χ−1(Π1)caΠ1Π−1
2

(E) + χ−1(Π1) |Π1| caΠ−1
1

(E)χ−1(Π−1
1 Π2).

Since f(a,m) is prime to p, µv(a,m) = 0, and hence according to the formulas
of primitive Fourier-Jacobi coefficients in [MS07, Lemma 5.2 (iii), (iv)] (note that
(Ω, χ) loc.cit. is (χ, κ)), we have caΠ−1

1
(E) = caΠ−1

2
(E) = 0 and

caΠ−1
1 Π2

(E) = |Π2|
1
2 κ−1(Π1)χ(Π−1

1 Π2) · ca(E),

caΠ1Π−1
2

(E) = |Π1|
1
2 κ−1(Π2)χ(Π1Π−1

2 ) · ca(E).

The lemma follows immediately. �

Suppose that m ∈ O×F,(p). Then we have (p, f(a,m)) = 1 by our choice of ϑ
and a. Since vp(χ−1

w κ̃w($v)) = (k − 1)dv and vp(χ−1
w κ̃w($v)) = 0, it follows from

Lemma 7.7 to E := E◦(χ |1, n) that

(7.5)
ιp(λ1,v) · la,m,κ(E) ≡ la,m,κ(Uv(α1).E) (mod mp),

ιp(λ2,v − χ−1
w κ̃w($v)) · la,m,κ(E) ≡ la,m,κ(Uv(α2).E) (mod mp).

Let λi :=
∏
v∈Sp λi,v for i = 1, 3 and let

λ2(κ) :=
∏
v∈Sp

(λ2,v − χ−1
w κ̃w($v)).

Note that Uv(α3) = Tv(α3). It follows from (7.5) that

ιp(λ1λ2(κ)λ3) · la,m,κ(E) ≡ la,m,κ(Up.E) (mod mp) (Up =
∏

i=1,2,3,v∈Sp

Uv(αi)).

Therefore, by Lemma 7.5 and the definition e = limn→∞ Un!
p we have proved the

following key proposition:

Proposition 7.8. If m ∈ O×F,(p) and ιp(λ2(κ)) is a p-adic unit, then

la,m,κ(Eord(χ |1, n)) 6≡ 0 (mod mp) ⇐⇒ la,m,κ(E◦(χ |1, n)) 6≡ 0 (mod mp).

7.5. Results of Murase and Sugano. Let wK be the cardinality of the torsion
subgroup of O×K . Define the subset T of prime ideals of OF by

T =
{
q | NF/Q(q) 6≡ ±1 (mod p), (q, 2pDKϑc) = 1, NF/Q(q)− 1 > wK

}
.

Let E denote the set consisting of triples (a,m, κ), m ∈ O×F,(p),+, a prime-to-p
OF -fractional ideal a and κ ∈ X0(a,m) such that f(a,m) = aD

∏
i qi, where qi are

distinct primes in T and aD is only divisible by prime factors of DK/F . Note that
if (a,m, κ) ∈ E , then p - aaB1(κ)B2(κ). Suppose that we are given a specific triple
(a,m, κ) ∈ E , which will be determined in Proposition 7.13. In addition to (a1) and
(a2), we assume the auxiliary ideal n is chosen to be sufficiently small such that for
every v ∈ S,

(a3) Θm
a,κ(rn(b, x)) = Θm

a,κ(r) for every x, b ∈ avnv and r ∈ R(A).

It is obvious that n only depends on m and (av, κv)v∈S .
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Let l = LL be a prime in Remark 7.1 and $L be a uniformizer of KL. Let
ν ∈ X−l be an anticyclotomic character of conductor ln. Let bϑ = (bϑ,v) ∈ A×f such
that (ϑ−1D−1

K/F ) ∩ F = bϑOF,f ∩ F . Put

u′χ = |DF |
− 1

2

R NK/Q(m)k−1 ·
∏
v 6∈S

χ(bϑ,v)
∣∣∣f(aLn,m)b−1

ϑ,v

∣∣∣
Fv
·
∏
v∈S

∣∣n3ϑ2
∣∣
Fv
.

The following result is essentially due to Murase and Sugano.

Theorem 7.9. Let E := E◦(χ |1, n). If Θ ∈ Tm
hol,prim(aLn, κν), then we have

em(−iΣ) · (Emα ,Θ) = u2 ·
(4π)d · Γ(k − 1)d

ΩkΣ∞
· LS(−1

2
, χκν) · I(Θ),

where α = a$n
L and u2 := u′χχ

−c
f (α) |α|AK,f is a p-adic unit.

Proof. This theorem was proved in [MS02, Thm. 4.4] for the special case where
χ is unramified everywhere and n = OF . Following the computations of Murase
and Sugano, we sketch the proof of the general case. The starting point is the
following integral expression of Fourier-Jacobi coefficients of Eisenstein series.

Lemma 7.10 (Lemma 6.6 [MS02]). Let E = EA(−, f) be the adelic Eisenstein se-
ries associated to a decomposable section f = ⊗vfv ∈ I(χ,1, 0) and Θ ∈ Tm

hol,prim(aLn, κν).
Then we have

(Emα ,Θ) = χ−cf (α) |α|AK ·
∫
K1\K1

A

T mκν (Wχ,Φ,f )(t)d×t,

where Φ = ⊗Φv ∈ V mhol such that T mκν (Φ) = Θ and Wχ,Φ,f = ⊗vWχv,Φv,fv is a
decomposable function on AK. For each place v of F , we have

Wχv,Φv,fv (zv) =

∫
Kv
Jαvχv,fv (bv)ρ(n(bv, 0))Φv(zv)dbv

and

Jαvχv,fv (bv) =

∫
Fv
fv(Υ0n

(
α−1
v bv, xv

)
)ψm(−NK/F (αv)xv)dxv, Υ0 =

 1
1

−1

 = −wl.

Define the section f := f∞,k ⊗v∈h, v 6∈S f0
χ,0,v ⊗v∈S fnχ,1,0,v. If v is archimedean,

then by [MS02, Lemma 6.8] we have

(7.6) Wχv,Φv,fv =
(2πi)kd

Γ(k)d
· |DF |

− 1
2

R NK/Q(m)k−1em(iΣ) · Φv.

For each finite v 6∈ S, fv is the spherical section and v is unramified in K. By
[MS02, Prop. 10.2], we have

(7.7) Wχv,Φv,fv = χ(bϑ,v) |bϑ,v|−1 ·
LS(− 1

2 , χvκvνv)L(−1, χ+,vτKv/Fv )

L(0, χv)
· Φv.

Suppose that v ∈ S. Note that

Υ0n
(
α−1
v bv, xv

)
∈ P (F )wlDV (nv) ⇐⇒ α−1

v bv ∈ nvϑ , xv ∈ nv.
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As the prime ` is prime to each place in S, by the multiplicity one for (local)
primitive theta functions and (a3), we have Jαvχv,fv = Iavnvϑ and ρ(n(bv, 0))Φv = Φv
for bv ∈ avnv. Hence,

(7.8) Wχv,Φv,fv =
∣∣n3ϑ2

∣∣ · Φv.
Combining the these formulae, we find that

(7.9) T mκν (Wχ,Φ,f ) = u′χ · em(iΣ) · (2πi)kd

Γ(k)d
·

LS(− 1
2 , χκν)

LS(−1, χ+τK/F )LS(0, χ)
·Θ.

Note that the Eisenstein series E is associated to the section (θ∗χ,s)
pb|s=0 and that

(θ∗χ,s)
pb|s=0 =

(2πi)kd

ΩkΣ∞
· Λ2,∞(0, χ) · LS(−1, τK/Fχ+)LS(0, χ) · f.

Therefore, the theorem follows from (7.9) and Lemma 7.10. �

We recall the following result due to Tonghai Yang [Yan97] (cf. [MS02, Thm. 4.5]).

Theorem 7.11. If Θ ∈ Tm
hol,prim(aln, κν), then

|I(Θ)|2 =
1

2L(1, τK/F )
· L(

1

2
, κν)(Θ,Θ) ·B1(κν)−1B2(κν)−1.

By Theorem 7.9, Theorem 7.11 and the well-known analytic class number formula

2L(1, τK/F ) = (2π)d |DF |
1
2

R |DK|
− 1

2

R [O×K : O×F ]−1h−K,

we find that
(7.10)

laln,m,κν(E◦(χ |1, n)) = ιp

(
Γ(k − 1)dLS(0, χκ̃−1ν)

Ω
(k−1)Σ
∞

· Γ(1)dL(0, κ̃ν−1)

Ω1·Σ
∞

)
· ιp(B2(κν)h−K) · u3.

for some p-adic unit u3. Here κ̃ = κ−1|·|
1
2

AK
, and we have used the identity

L( 1
2 , κν) = L( 1

2 , κ
−cν−c) = L( 1

2 , κ
−1ν−1).

7.6. Non-vanishing of Eisenstein series modulo p (II). To study the non-
vanishing of Eord(χ |1, n) modulo p, we make the following hypothesis for χ:

Hypothesis 7.12. There exist (a,m, κ) ∈ E and l ∈ T such that
• l has degree one over Q, splits in K and l - c(κ).
• The local L-factor L(0, χvκ̃

−1
v )−1 6≡ 0 (mod m) for every v|DK/F .

• There are infinitely many anticyclotomic finite order characters ν ∈ X−l
such that

Γ(k − 1)dL(0, χκ̃−1ν)

Ω
(k−1)Σ
∞

· Γ(1)dL(0, κ̃ν−1)

Ω1·Σ
∞

6≡ 0 (mod m).

Proposition 7.13. Suppose further that p - h−K and χ satisfies Hypothesis 7.12.
Then there exist (a,m, κ) ∈ E and an auxiliary ideal n satisfying (a1-3) such that

la,m,κ(Eord(χ |1, n)) 6≡ 0 (mod mp).

Proof. Let (a,m, κ) and l be as in Hypothesis 7.12. Write l = LL in K. Choose
an integral ideal n of OF such that n satisfies (a1), (a2) and (a3) according to this
triple (a,m, κ) ∈ E . We claim that there exists some ν ∈ X−l of conductor ln such
that
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(i) ιp(λ2(κν)) 6≡ 0 (mod mp), and
(ii) AaLn,m,κν = laLn,m,κν(E◦(χ |1, n)) 6≡ 0 (mod mp).

Then it follows from Proposition 7.8 that (aLn,m, κν) ∈ E and n enjoy the desired
properties in the proposition.

Now we prove the claim. Note that p - B1(κν) for all ν ∈ X−l since (a,m, κ) ∈ E
and l ∈ T . By the formula (7.10) and Hypothesis 7.12, there are infinitely many
ν ∈ X−l such that

LS(0, χκ̃−1ν) ·AaLn,m,κν 6≡ 0 (mod mp) (LS(0, χκ̃−1) =
∏
v|n

L(0, χvκ̃
−1
v )).

Since c = c(χ) is prime to c(κ) and n satisfies (a1), LS(0, χκ̃−1ν) is a product of local
Euler factors at ramified or split primes. Since L(0, χvκ̃

−1
v νv)

−1 = 1−χκ̃−1ν(δv) =
1 − χκ̃−1(δv) 6≡ 0 (mod m) for v|DK/F by the choice of κ, and Frobenius elements
at split primes in S ∪ Sp generate a non-trivial subgroup in Gal(K−∞,l/K)

∼→ Z`,
there are only finitely many ν such that LS(0, χκ̃−1ν)−1 ≡ 0 (mod m) and λ2(κν) =∏
v∈Sp(λ2,v − χ−1

w κ̃wνw($v)) ≡ 0 (mod m). Hence there exists some ν ∈ X−l such
that (i) and (ii) hold. This completes the proof. �

After preparing some elementary lemmas on the construction of triples (a,m, κ) ∈
E with prescribed properties at ramified places, we verify Hypothesis 7.12 for cer-
tain class of χ using the main result in [Hsi12] on the non-vanishing modulo p of
Hecke L-values for CM fields.

Lemma 7.14. For κ ∈ X and m ∈ F+, we have
(1) Wm(κv) = ±κv(ϑ).
(2) If v is split, Wm(κv) = κv(ϑ).
(3) If v is inert, Wm(κv) = (−1)(a(κv)+µv(a,m))κv(ϑ).
(4) If σ ∈ Σ is archimedean, Wm(κσ) = κσ(ϑ).

Proof. If v is a finite place, this is proved in [MS00, Prop. 3.7]. If σ ∈ Σ is
archimedean, then Wm(κσ) = i = κσ(ϑ) since iσ(ϑ) > 0 for σ ∈ Σ by our choice of
ϑ. �

Lemma 7.15. Suppose p - 6 ·DF . Let KD =
∏
v|DK/F Kv and FD =

∏
v|DK/F Fv.

For each character τ ] : K×D → C× such that τ ]|F×D = τK/F , there exists a triple
(a,m, κ) ∈ E such that κ|K×D = τ ].

Proof. Let aD be the conductor of τ ] and let a′D be the integral ideal of OK
such that for each finite place w of K,

w(a′D) =

{
w(aD)− w(DK/F ) if w(aD) ≥ w(DK/F ) > 0,

0 otherwise.

Since p > 3 is unramified in K, by Chebotarev density theorem there exist m0 ∈ F+

and a0 such that f(a0,m0) = q1q2a
′
D for some q1, q2 ∈ T with q2 split, and

if DK/F 6= (1) we can choose q1 to be split or inert. Note that X0(a,m) =

X0(aNK/F (α),NK/F (α)−1m) for α ∈ K× and p satisfies the ordinary condition,
so we can further choose m0 ∈ O×F,(p),+ by the weak approximation theorem.

We claim that there exists κ ∈ X such that κ|K×D = τ ], the global root number
W (κ) =

∏
vWm0

(κv) = 1 and the conductor c(κ) = q1q2aD. Suppose the claim



IWASAWA MAIN CONJECTURES FOR CM FIELDS 89

is true. We choose u = (uv) ∈ A such that uv = 1 if v|∞, uv ∈ O×Fv if v ∈ h
and Wm0(κv) = κv(uvϑ) = τK/F (uv)κv(ϑ) at all v|DK/F . Thus by Lemma 7.14
(4) and W (κ) = 1, we find that τK/F (u) = 1. Thus there exist m1 ∈ F+ and
a1 ∈ A×K such that m1NK/F (a1) = u. Since v|p splits in K, we may further
assume m1 ∈ O×F,(p),+. Put m = m0m1 and a = a1a0 for a1 = K ∩ a1OK,f . Then
f(a,m) = f(a0,m0) = q1q2a

′
D. By Lemma 7.14 and the definition of a′D, we find

that κ ∈ X0(a,m).
Now we prove the claim. Let

U ′ := K× ·A× ·

K×∞×K×D× ∏
v-q1q2DK/F

O×Kv×
2∏
i=1

(1 + qi)

 .

Define a character ε on U ′ by
• ε∞(z) =

∏
σ∈Σ

|zσ|
zσ
, z = (zσ)σ∈Σ ∈ (K ⊗Q R)×.

• εv = 1 for finite v - DK/F , and ε|K×D = τ ].
• ε|K× = 1 and ε|A× = τK/F .

One can show that ε is a well-defined character using the assumption that (q1q2, wK) =
1. Also, from the assumption that NK/Q(qi)− 1 > wK, it is not difficult to deduce
that that the image of O×Kqi

is a non-trivial subgroup in A×K/Ui, Ui := U ′O×Kqj
and

{i, j} = {1, 2}. Therefore, there exists a Hecke character κ of K× such that κ|U ′ = ε
and c(κ) = q1q2aD. If DK/F = (1), then W (κ) = 1 in virtue of Lemma 7.14. Sup-
pose DK/F 6= (1). Put aq1

= 1 if q1 is inert and aq1
= 0 if q1 is split. It follows

from [Roh82, Prop. 6, Prop. 11] and Lemma 7.14 that

W (κ) =
∏
v

Wm0
(κv)

Wm0
(τKv/Fv )

=
∏

v|DK/F

W (τ ]v , τKv/Fv ) · κq1(ϑ)

τKq1
/Fq1

(m0)
· κq2

(ϑ) (W (τ ]v , τKv/Fv ) :=
Wm0(τ ]v)

Wm0
(τKv/Fv )

)

=(−1)aq1A(τ ], ϑ),

where

A(τ ], ϑ) :=
∏

v|DK/F

W (τ ]v , τKv/Fv ) ·
∏

v-DK/F ,v|ϑ

εv(ϑ
−1)

∏
v|DK/F

τ ]v(ϑ−1).

To deduce the last equality, we have used the fact that ϑ ∈ O×KvF
×
v for all v

unramified in K, (q1q2, ϑDK) = 1 and vq1(m0) ≡ 1 (mod 2). A key observation
is that A(τ ], ϑ) does not depend on the choice of qi ∈ T . Since W (κ) must be
±1, the number A(τ ], ϑ) = ±1, and we can manage q1 to be inert or split so that
W (κ) = 1. �

We introduce an invariant µp(λ) for a Hecke character λ of K×. Write the
conductor c(λ) = c(λ)+c(λ)−, where c(λ)− (resp. c(λ)+) is a product of non-split
prime factors (resp. split prime factors) over F . We put

(7.11) µp(λ) :=
∑

w|c(λ)−

inf
x∈K×v

vp(λw(x)− 1).

Proposition 7.16. If µp(χ) = 0, then χ satisfies Hypothesis 7.12.
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Proof. By Lemma 7.15, there exists (a,m, κ) ∈ E such that L(0, χvκ̃
−1
v )−1 6≡

0 (mod m) for every v|DK/F . By the choice of κ, κ̃ is self-dual with the global root
number W (κ) = 1. On the other hand, the p-adic avatar of χκ̃−1 is not residually
self-dual since χ is unramified at p > 3. We note that µp(κ̃) = µp(χκ̃

−1) = µp(χ) =
0 since the conductors of κ and χ only have common divisor at ramified primes and
p > 2. Let l ∈ T be a prime of F such that l - c(κ) has degree one over Q. We apply
[Hsi12, Cor. 6.5] to (χκ̃−1, l) and [Hsi12, Thm. 6.8] together with [Hsi14, Remark
6.4] to (κ̃, l) respectively, and the proposition follows. �

7.7. Λ-adic Hecke algebra for U(2, 1). Suppose that we are given a triple (a,m, κ) ∈
E and an auxiliary ideal n satisfying (a1-3). Let S be the set of places of F divid-
ing n and let K be the open compact subgroup defined in (5.15). We retain the
notations in §5.7. Recall that ψ : ∆c � ∆ ↪→ Q

×
is a branch character, Ψ is the

Λ-valued Galois character associated to ψ and Mord(K,Λ) is the space of Λ-adic
ordinary cusp form. Extending the coefficient ring Op of Λ, the linear functional
la,m,κ yields a Λ-module map la,m,κ : Mord(K,Λ) → Λ compatible with special-
izations. The global Hecke algebra HS(G,K) defined in §3.9 commutes with the
Up-operators, thereby acting on Mord(K,Λ) naturally. We introduce some Hecke
operators as follows. For each v 6∈ S ∪ Sp, let w be a place of K above v and let $
be a unifomizer of Fv. If v is split, we identify G(Fv) with GL3(Fv)×F×v according
to the choice of w and let

α̃i,w := (

(
13−i

$ · 1i

)
, 1), i = 1, 2, 3.

Write Ti,w for the characteristic function of Kvα̃i,wKv. Put

λT1,w = (Ψ−c + ε−1 + Ψε−2)(Frobw),

λT2,w = (Ψ−c + Ψε−2 + Ψ1−cε−1)(Frobw),

λT3,w = Ψ1−c(Frobw).

If v is inert, let β̃w := diag($−1, 1, $) and write Qw for the characteristic function
of Kvβ̃i,wKv. Put

λQw = qv − 1 + (ε−2Ψ c + Ψ−1)(Frobw).

Let Hord
v be the Λ-algebra generated by the image of {Ti,w}i=1,2,3 if v is split

(resp. Qw if v is inert) in EndΛ(Mord(K,Λ)). Let hord(K,Λ) (resp. Hord(K,Λ))
be the Λ-algebra generated by the image of Hord

v in EndΛ(M0
ord(K,Λ)) (resp.

EndΛ(Mord(K,Λ)) for all v 6∈ S ∪ Sp. Then hord(K,Λ) is a reduced and finite
Λ-algebra. In particular hord(K,Λ) is henselian. Let XclsΛ be a Zariski-dense subset
in XΛ given by

XclsΛ =
{
ε̂ ∈ XΛ | ε̂ ◦ πT ∈ XclsT/Tgl

}
,

where XclsT/Tgl is the space of classical weights (4.3) and πT is defined in (5.25). For
kζ ∈ XclsΛ , let hord

kζ
(K,Op[ζ]) be the image of hord(K,Λ) in EndOp[ζ] e.M

0
kζ

(K,Op[ζ]).
The following proposition is a standard consequence of the control theorems The-
orem 4.21 and Corollary 4.23 (cf. [SU14, Thm. 6.16]).
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Proposition 7.17. For each kζ ∈ XclsΛ , the natural homomorphism

hord(K,Λ)⊗Λ Λ/Pkζ � hord
kζ

(K,Op[ζ])

has nilpotent kernel.

7.8. Eisenstein ideal. Let Iv(Ψ) be the ideal of Hv(G,K) generated by (Ti,w −
λTi,w) if v is split (resp. (Qw−λQw) if v is inert) and let IS(Ψ) be the ideal ofHS(G,K)

generated by Iv(Ψ) for all v 6∈ S ∪ Sp. Let IS(Ψ) be the ideal generated by the
image of IS(Ψ) in hord(K,Λ). We call IS(Ψ) the Eisenstein ideal of hord(K,Λ).
Put

LS(Ψ) = LSp (−1, Ψ+τK/F )LSp (Ψ,Σ) ∈ Λ.

We now prove the main result in this section.

Theorem 7.18. Suppose that the branch character ψ is primitive outside p, i.e. c
is the prime-to-p conductor c(ψ). We further suppose that the following hypotheses
hold:

(1) p - 3 · h−K ·DF ,
(2) ψ is unramfied at Σc

p, and ψω
−a
K is unramified at Σp for some integer a,

(3) µp(ψ) = 0.

If LS(Ψ) is not a unit in Λ, then there exists an ordinary p-adic Eisenstei series
E = Eord(Ψ |1, n) inducing a Λ-algebra homomorphism

λE :
hord(K,Λ)

IS(Ψ)
−→→ Λ

(LS(Ψ))
.

Proof. The assumption (2) assures that there exists a point ε̂ ∈ X+
Λ such that

ψε̂ is the p-adic avatar of the Hecke character χ = ψε which is unramified at all
places above p (so the infinity type of χ is kΣ and k ≡ a (mod p− 1)). By the
choice of χ and the primitiveness of ψ, the conductor c(χ) of χ is c and µp(χ) =
µp(ψ) = 0. Thus χ satisfies Hypothesis 7.12 by Proposition 7.16. It follows from
Proposition 7.13 and (5.24) that there exists a triple (a,m, κ) ∈ E and a sufficiently
deep auxiliary ideal n such that

la,m,κ(Eord(Ψ |1, n)) ≡ la,m,κ(Eord(χ |1, n)) 6≡ 0 (mod mp).

Now we apply Hida theory for U(2, 1)/F developed in §4. Specializing the fun-
damental exact sequence in Theorem 4.26 via πψT : Λ̃ → Λ defined in (5.25), we
obtain the exact sequence

0−→M0
ord(K,Λ)−→Mord(K,Λ)

Φ̂w2

−→
⊕

g∈C(K)

Mord(Kg
P , Λ̃)⊗Λ̃ Λ−→0.

Combining the calculation of the constant terms of Eord(Ψ |1, n) in Proposition 6.6,
we deduce that there exists a Λ-adic modular form E′ such that

F := Eord(Ψ |1, n)− E′ · LS(Ψ) ∈M0
ord(K,Λ)

is a Λ-adic cusp form. Since LS(Ψ) is not a unit, we have

la,m,κ(F) ≡ la,m,κ(Eord(Ψ |1, n)) 6≡ 0 (mod mΛ),
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and hence la,m,κ(F) is a Λ-adic unit. Define a Λ-linear functional λE : hord(K,Λ)→
Λ by

λE(h) =
la,m,κ(h.F)

la,m,κ(F)
∈ Λ.

A direct computation shows that IS(Ψ) annihilates Eord(Ψ | 1, n) (cf. [MS07,
Lemma 3.1]). Hence, λE induces a surjective Λ-algebra homomorphism

λE :
hord(K,Λ)

IS(Ψ)
−→→ Λ

(LS(Ψ))
.

This completes the proof. �

Definition 7.19 (The ideal of Eisenstein congruence). Suppose that (LS(Ψ)) 6= Λ.
Let mE be the maximal ideal of hord(K,Λ) which contains IS(Ψ) in hord(K,Λ).
Let hord

E := hord(K,Λ)mE
be the local component of hord(K,Λ) through which λE

factors. Then hord
E is a local Λ-algebra which is finite, reduced and Λ-torsion free.

We still denote by IS(Ψ) the ideal generated by the image of IS(Ψ) in hord
E . Let

i : Λ→ hord
E be the structure morphism. Define the ideal of Eisenstein congruence

Eis(Ψ, S) in Λ by

Eis(Ψ, S) := i−1(IS(Ψ)) = Λ ∩ IS(Ψ).

It follows by definition that

Λ/Eis(Ψ, S)
∼→ hord

E /IS(Ψ).

The following corollary is an immediate consequence of Theorem 7.18.

Corollary 7.20. With the assumptions in Theorem 7.18, we have

Eis(Ψ, S) ⊂ (LSp (−1, Ψ+τK/F ) · LSp (Ψ,Σ)).

8. Application to the main conjecture for CM fields

8.1. F. Mainardi in [Mai08] proves a divisibility relation between the Eisenstein
ideal in the topological ordinary cuspidal Hecke algebra attached to the unitary
group U(2, 1) and the characteristic power series of an Iwasawa module related to
the main conjecture for CM fields. The idea of using lattice construction in his
proof are due to Ribet, Wiles and Urban ([Rib76], [Wil90] and [Urb01]). In this
section, we deduce the second inequality (E|S) in the introduction following these
ideas. We will work with ordinary cuspidal Hecke algebras for the coherent coho-
mology. Indeed, since the coherent Hecke algebra is a quotient of the topological
Hecke algebra, the Eisenstein ideal defined by Mainardi (Definition 3.4.1 loc.cit. )
specializes to our Eisenstein ideal IS(Ψ). However, the divisibility result proved in
[Mai08] excludes several height one primes of the topological Hecke algebra, so it is
not clear to the author if a partial result for the divisibility (E|S) in our setting can
be obtained by taking the specialization of Mainardi’s divisibility. Therefore, in
§8.3 and §8.4, we elaborate the ideas of Mainardi’s work in our framework, making
use of theory of the deformation of pseudo characters developed in the book [BC09,
Chaper 1]. The main theorem is Theorem 8.14, and some arithmetic applications
of the main theorem are given in §8.6.

Throughout this section, we let n and S be as in Theorem 7.18 and retain
the hypotheses (1-2) therein. Denote by K+

∞ the cyclotomic Zp-extension and by
K−∞ the anticyclotomic Zdp-extension of K. Let Γ+

K = Gal(K+
∞/K) (resp. Γ−K =



IWASAWA MAIN CONJECTURES FOR CM FIELDS 93

Gal(K−∞/K)) and let Λ+ = OpJΓ+
KK (resp. Λ− = OpJΓ−KK). We have a canonical

isomorphism Gal(K∞/K) = Γ+
K×Γ−K. Thus Λ+ and Λ− can be regarded as subrings

of Λ = OpJGal(K∞/K)K. We fix a set of the generators
{
γ

(i)
−

}
i=1,...,d

(resp. γ+) of

Γ−K (resp. Γ+
K). Then Λ = OpJT+, S1, . . . , SdK = Λ+ ⊗Op

Λ− is the (d+ 1)-variable
formal power series ring over Op with the cyclotomic variable T+ = γ+− 1 and the
anticyclotomic variables

{
Si = γ

(i)
− − 1

}
i=1,...,d

.

8.2. Selmer groups for CM fields.

8.2.1. Definitions. Let L/F be a finite extension. For a subset T of places of F ,
denote by TL the set of places of L above T . Denote by LS the maximal algebraic
extension of L which is unramified outside SL∪SLp . Let A be a profinite Zp-algebra
and ρ : Gal(LS/L) → A× be a A-valued character. For partitions SLp = Σ0 t Σ1

and S = S0 t S1, we define the S0-primitive Selmer group for (ρ,Σ0) by

SelS0

L (ρ,Σ0) = ker

H1(LS/L, ρ⊗A A∗)→
∏

v∈SL1 ∪Σ1

H1(Iv, ρ⊗A A∗)

 ,

where A∗ = Homcont(A,Qp/Zp) is the Pontryagin dual of A and Iv are respective
inertia subgroups. We denote by XS0

L (ρ,Σ0) the Pontryagin dual of SelS0

L (ρ,Σ0).
When S0 or Σ0 is the empty set (so S1 = S or Σ1 = SLp is the set of p-adic places
of L), we drop it from the notation.

We define Selmer groups for the Λ-valued character Ψ attached to the branch
character ψ and the p-ordinary CM-type Σ. Recall that Σ gives rise to a partition
SKp = ΣptΣc

p (§1.4). Let ΨD be the Cartier dual of Ψ , namely ΨD : Gal(KS/K)→
Λ× is the character defined by ΨD(g) = Ψ−1ε(g). Let SelS0

K (Ψ,Σ) = SelS0

K (Ψ,Σp)

(resp. SelS0

K (ΨD, Σc) = SelS0

K (ΨD, Σc
p)) and let XS0

K (Ψ,Σ) (resp. XS0

K (ΨD, Σc)) be
the respective Pontryagin dual.

8.2.2. Let R be a commutative Iwasawa algebra over Op. Suppose that R is a
quotient ring of Λ with the quotient map πR : Λ → R. Define the R-adic Selmer
group for (Ψ,Σ) by

SelS0

K (Ψ,Σ,R) = SelS0

K (πR ◦ Ψ,Σp).

Note that SelK(Ψ,Σ,R) = Sel
Sψ
K (Ψ,Σ,R). It is well known that SelSK(Ψ,Σ,R) is

co-finitely generated discrete R-module. The Pontryagin dual of SelSK(Ψ,Σ,R) is
denoted by XS

K(Ψ,Σ,R) which is a finitely generated compact R-module. We recall
the definition of characteristic ideal of a finitely generated R-module.

Definition 8.1. Let ht1(R) be the set of height one primes of R. If X is a finitely
generated compact R-module, then for each P ∈ ht1(R) we define

`P (X) = lengthRP
(X ⊗R RP ).

If X is R-torsion, then we define the characteristic ideal charRX of X by

charRX :=
∏

P∈ht1R

P `P (X).

If X has positive R-rank, we put charRX = 0. Define the characteristic power
series FR(X) ∈ R to be a generator of charRX (unique up to a unit). Denote
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by FΛ(Ψ,Σ) (resp. FΛ(ΨD, Σc)) the characteristic power series of XK(Ψ,Σ) (resp.
XK(ΨD, Σc)).

If S is a co-finitely generated discrete R-module, we define `P (S) = `P (S∗) and
charRS = charRS

∗.

Lemma 8.2. Let X be a finitely generated R-module and L be a nonzero element
in R. The following statements are equivalent.

(1) `P (X) ≥ ordP (L) for all P ∈ ht1(R).
(2) FittR(X) ⊂ (L).
(3) charRX ⊂ (L).

Proof. Since R is isomorphic to a formal power series over Op, R is a unique
factorization domain. Thus, every each height one prime P ∈ ht1(R) is principal
and RP is a principle ideal domain. This implies (1) and (3) are equivalent. The
equivalence between (1) and (2) follows from the base change property of Fitting
ideals FittR(X)P = FittRP (XP ) = P `P (X). �

For each place w of K, we fix a local decomposition group Dw of GK and let Iw
be the inertia subgroup of Dw. The following observation is useful in studying the
specialization of the characteristic ideal of the Selmer groups.

Lemma 8.3. Let f ∈ R be a non-zero divisor. If the kernel and cokernel of the
restriction map

H0(KS/K, Ψ ⊗Λ R∗)⊗ R/(f)→
∏

w∈SK∪Σcp

(H0(Iw, Ψ ⊗Λ R∗)⊗ R/(f))Dw

are pseudo-null R/(f)-modules, then we have a natural R/(f)-module pseudo-isomorphism

SelK(Ψ,Σ,R/(f)) ∼ SelK(Ψ,Σ,R)[f ].

Proof. Put S(R) = SelK(Ψ,Σ,R) and B = Ψ ⊗Λ R∗. It follows from the
following long exact sequence together with the snake lemma

0

0 // S(R)[f ] // H1(KS/K, B)[f ]

OO

// ∏
w∈Σcp∪SK

H1(Iw, B)Dw [f ]

0 // S(R/(f)) //

OO

H1(KS/K, B[f ]) //

OO

∏
w∈Σcp∪SK

H1(Iw, B[f ])Dw

OO

H0(KS/K, B)⊗ R/(f) //

OO

∏
w∈Σcp∪SK

(H0(Iw, B)⊗ R/(f))Dw

OO

0

OO

0

OO

�
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Remark 8.4 (Specializations). Let t be a positive integer such that d+ 1− t ≥ 2.
Let 0 = W0 ⊂ W1 ⊂ W2 ⊂ · · · ⊂ Wt ⊂ ΓK be a filtration of Zp-submodules of ΓK
so that for i = 1, . . . , t, the quotientWi/Wi+1 ' Zp and ΓK/Wt is a free Zp-module
of rank d + 1 − t. Let Li = KWi

∞ and Λi = Λ(Li). Then Li is a Zd−i+1
p -extension

of K and the restriction map ΓK/Wi−1 → ΓK/Wi induces a surjective morphism
Λi−1 � Λi. The kernel of the map Λi−1 � Λi is generated by an element ai ∈ Λ
such that p - ai.

For 1 ≤ i ≤ t, we put

N i = H0(KS/K, Ψ ⊗ Λ∗i−1)⊗Λi−1
Λi,

N i
w = (H0(Iw, Ψ ⊗ Λ∗i−1)⊗Λi−1

Λi)
Dw , w ∈ Σc

p ∪ SK.

The Pontryagin dual of N i is Op/(ψ(∆c)− 1)), which is pseudo-null Λi-module as
d + 1 − i ≥ 2. If w|c(ψ), the Λ-ideal (Ψ(Iw) − 1) = (ψ(Iw) − 1) = (pm) for some
m ≥ 0. Since (Λi−1/p

mΛi−1)∗ is ai-divisible, N i
w = 0. For w ∈ SKp , let Iw be the

ideal of Λ generated by {Ψ(g)− 1}g∈Dw . Consider the following two cases:

(i) d ≥ 2, t = 1 and W1 = Γ+
K : In this case, Λ1 = Λ/(T+). Then it is shown

in [HT94, Prop.3.2.3] that the image of Iw in Λ/(T+) has height at least
two.

(ii) Wt ⊂ Γ− : Since Iw contains (1 + T+)p
m0

(1 + Sj0) − 1 and Ψ(Frobw) =

ψ($w)
∏d
j=1(1 + Sj)

bj − 1 for some 1 ≤ j0 ≤ d and m0, bj ∈ Z, the image
of Iw in Λi for all i has height at least two.

In either of the above cases, by Lemma 8.3 we have a natural Λt-module pseudo-
isomorphism:

SelK(Ψ,Σ,Λt) ∼ SelK(Ψ,Σ,Λ)[a1, . . . , at].

8.2.3. For a Galois extension L ⊂ K∞ of K, we let XΣ(L) be the maximal Σp-
ramified p-extension of L and X

(ψ)
Σ (L) be its ψ-isotypic quotient. Let Λ(L) :=

Zp[ψ]JGal(L/K)K. If p - ](∆), it follows from the Serre-Hochschild exact sequence
that we have a natural Λ(L)-module isomorphism

(8.1) res : XK(Ψ,Σ,Λ(L))
∼→ X

(ψ)
Σ (L)⊗Zp[ψ] Op.

When L = K∞, let Fψ,Σ = FΛ(K∞)(XΣ(K∞)). In particular, we have Fψ,Σ · Λ =
(FΛ(Ψ,Σ)).

8.3. Pseudo representation and the lattice construction. We introduced in
§7.8 the Eisenstein ideal IS(Ψ) and the associated local component (hord

E ,mE) of
hord(K,Λ). For brevity, in what follows we write (R,Q) = (hord

E ,mE), I = IS(Ψ),
GK,S = Gal(KS/K) and

(8.2) δ1 = Ψ−cε, δ2 = 1, δ3 = Ψε−1

(recall that ε : GK,S → Z×p is the p-adic cyclotomic character). Let XclsR be the
subset of arithmetic points in XR := Homcont(R,Cp) ⊂ SpecR(Cp) such that
to each x ∈ XclsR we can attach a p-ordinary cuspidal holomorphic automorphic
representation πx with the ring homomorphism λπx : R → Cp. We shall call XclsR
the space of classical weights. Thanks to the work of Rogawski [Rog92] and the
techniques in [BR93], it is known that there exits a continuous p-adic semi-simple
Galois representation Rp(πx) : G→ GL3(Cp) attached to πx for each x ∈ XclsR such
that ρx := Rp(πx)(1) is conjugate self-dual (i.e. ρ∨x ' ρcx, where c is the complex
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conjugation) and TrRp(πx)(Frobw) = λπx(T1,w) for each split place w 6∈ SK, where
T1,w are the Hecke operators defined in §7.7 (cf. [Mai08, Thm. 4.1.1] and [BC04,
§3.2]).

Let iR,Λ : SpecR(Cp)→ Spec Λ(Cp) be the structure morphism. It is clear that
XclsR contains i−1

R,Λ(XclsΛ ), and hence XclsR is also Zariski dense in XR. Therefore, by
a standard patching argument in the theory of pseudo-character, we can glue trace
functions Tr ρx : GK,S → Cp for all x ∈ XclsR and obtain a unique pseudo-character
T : GK,S → R such that T(Frobw) = T1,w · ε(Frobw) for split places w 6∈ SK ∪ SKp
(cf. [SU14, Prop. 7.3]). By the very definition of I = IS(Ψ) in §7.8, we have

T(Frobw) = T1,w · ε(Frobw) ≡ λT1,w = (εΨ−c + 1 + Ψε−1)(Frobw) (mod I)

for all but finitely Frobw at primes w split in K/F , and hence by Chebotarev’s
density theorem,

T ≡ δ1 + δ2 + δ3 (mod I).

We further assume the following hypothesis holds

(Dist) ψ1+c 6≡ ω2
K (mod m).

Thus T is a residually multiplicity free pseudo-character, i.e. the residual characters
δi (mod mΛ) are pairwisely distinct.

We shall construct a R[GK,S ]-module L with certain good properties. This is the
so-called lattice construction due to E. Urban who generalizes Wiles’ construction
of cocycles in [Wil90]. (See [Urb99], [Urb01] and [SU14, §4] ). Here we use the
language of generalized matrix algebra (GMA) in Bellaïche and Chenvier’s book
[BC09, Chapter 1 ]. Recall that a GMA datum D = {ei, %i}i=1,2,3 for (T, δi) consists
of orthogonal idempotents ei together with isomorphisms %i : eiR[GK,S ]ei

∼→ R
such that %i ⊗ R/I = δi ([BC09, Def.1.3.1]). Let F = FracR be the totally
fractional field of R. By [BC09, Thm. 1.4.4], we can associate a generalized matrix
algebra with D. To be precise, there exists a three-dimensional F -vector space V
with a basis {vi}i=1,2,3 and a genuine representation ρ : R[GK,S ]→ EndF (V ) such
that according to the basis {vi}i=1,2,3, ρ(R[GK,S ]) is isomorphic to the generalized
matrix algebra

ρ(R[GK,S ]) =

 R R12 R13

R21 R R23

R31 R32 R

 ,

where Rij are fractional ideals in F such that RijRji ⊂ I for i 6= j. For g ∈ R[GK,S ],
we write ρ(g) as

ρ(g) =

a11(g) a12(g) a13(g)
a21(g) a22(g) a23(g)
a31(g) a32(g) a33(g)

 , aij(g) ∈ Rij .

Moreover, in virtue of the conjugate self-duality of Galois representations, we have

T(g−c) = T(g), g−c := cg−1c.

According to [BC09, Lemma 1.8.3] we can manage ρ such that

(8.3) ρ⊥(g) := ρ(g−c)t = wρ(g)w−1, w =

 1
1

1

 .
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Then (8.3) implies

(8.4) a12(g−c) = a23(g) and R12 = R23.

Let L3 := Rv3 and let L = R[GK,S ]v3 be the R[GK,S ]-module generated by L3.
By definition, L has the following decomposition as R-modules

L = D ⊕L3, D = R13v1 ⊕R23v2.

By the relation RijRji ⊂ I, we have the following exact sequence as R[GK,S ]-
modules

(8.5) 0−→D ⊗R/I−→L ⊗R/I−→δ3 ⊗R/I−→0

Lemma 8.5. Every R[GK,S ]-module quotient of L /QL ⊗ δ−1
3 is a R/Q-module

with the trivial G-action.

Proof. Suppose L has a irreducible quotient L /N
∼→ τ with τδ−1

3 6' 1. Put
L ′ = L /(N + D + QL ). Then we have δ3 ⊗ R/Q−→→L ′ and τ−→→L ′. This
implies L ′ = 0 and thereby L = N + D + QL . By the existence of idempotent
e3 ∈ ρ(R[GK,S ]) such that e3v3 = v3 and e3vi = 0 for i 6= 3, we deduce that v3 ∈ N .
Because N is a R[GK,S ]-module and v3 generates L ⊗ k as a R/Q[GK,S ]-module,
N +QL = L . Hence by Nakayama lemma N = L , which is a contradiction. �

We set

(8.6)
I1 = R13,J1 = R12R23 + IR13;

I2 = R23,J2 = R21R13 + IR23.

For {i, j} = {1, 2}, let Mi = IL +Jivi+Rj3vj be a sub-R-module in L . It can be
verified easily that Mi is G-stable and L /Mi fits in the following exact sequence
of R[GK,S ]-modules

(8.7) 0−→Ii/Ji ⊗ 1−→L /Mi ⊗ δ−1
i −→R/I ⊗ δ3δ

−1
i −→0,

where 1 is the trivial GK,S-action. The Pontryagin dual of (8.7) induces the exact
sequence

(8.8)
H0(GK,S , (L /Mi)

∗ ⊗ δi) −→ H0(GK,S , (Ii/Ji)
∗)

= (Ii/Ji)
∗ ∆i−→ H1(GK,S , (R/I)∗ ⊗ δ−1

3 δi).

The natural homomorphism q : (R/I)∗
∼→ (Λ/Eis(Ψ, S))∗ ↪→ Λ∗ gives rise to a

homomorphism

(8.9)
ci :=q∗ ◦∆i : (Ii/Ji)

∗ ∆i−→ H1(GK,S , (R/I)∗ ⊗ δ−1
3 δi)

q∗−→ H1(GK,S ,Λ
∗ ⊗ δ−1

3 δi).

Indeed, for each f ∈ (Ii/Ji)
∗ = Homcont(Ii/Ji,Qp/Zp) we define the 1-cocycle

ci(f) : GK,S → Λ∗ ⊗ δ−1
3 δi by

ci(f)(g)(λ) = f(δ−1
3 (g)ai3(g)λ) (g ∈ GK,S , λ ∈ Λ).

Then ci(f) is the class [ci(f)] in H1(GK,S ,Λ
∗ ⊗ δ−1

3 δi).

Lemma 8.6. The homomorphisms ci are injective.
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Proof. Because δ3 6≡ δi (mod mΛ) for i = 1, 2, the map q∗ is injective. Hence by
(8.8) it suffices to show H0(GK,S , (L /Mi)

∗ ⊗ δi) = 0. By Lemma 8.5, we have

HomGK,S (L ⊗ δ−1
i ,Qp/Zp) = 0.

Therefore we have
(8.10)

H0(GK,S , (L /Mi)
∗ ⊗ δi)

= HomGK,S (L /M ⊗ δ−1
i ,Qp/Zp) ↪→ HomGK,S (L ⊗ δ−1

i ,Qp/Zp) = 0. �

8.4. p-adic Galois representations. In this subsection, we study local p-adic Galois
representations associated to ordinary cohomological automorphic forms with sep-
arable weights and deduce that the maps ci in (8.9) actually factor through the
corresponding Selmer groups. Let recp : (K ⊗Q Qp)

× ' Dab
p :=

∏
w|pD

ab
w be

the geometrically normalized local reciprocity map. We say a p-adic character
χ̂ : Dp → C×p is separable if χ̂(recp(zp)) = z

kΣ+a(1−c)
p for zp ∈ (OK ⊗ Zp)

×, where
k > 2 is an integer and a =

∑
σ∈Σ aσσ ∈ Z≥0[Σ] is a d-tuple of non-negative

integers such that

k + aσ − 1 > aσ′ + 1 > 0 for every σ, σ′ ∈ Iw.

We put
XsepΛ =

{
x ∈ Homcont(ΓK,C

×
p ) | x|Dp is separable

}
and Xcls,sepR = i−1

R,Λ(XsepΛ )∩XclsR . One can verify easily that Xcls,sepR is Zariski-dense
in XclsR .

Let x ∈ Xcls,sepR . Note that the Hecke character associated to x (the complex
avatar of x) is unramified at all places above p and is of infinity type kΣ+a(1− c).
It follows that the corresponding automorphic representation πx is unramified at
all places above p and the L-parameter φπx,σ : WC = C× → GL3(C) of the
holomorphic discrete series πx,σ at an archimedean place σ ∈ Σ is given by

φπx,σ (z) = diag((z/z)0, (z/z)−1−aσ , (z/z)1−k−aσ ).

On the other hand, consider the Galois representation ρx = Rp(πx)(1) associated
to πx. Let w ∈ SKp and let Dw be the decomposition group of w in GK. From
the fact that the Galois representation Rp(πx) is constructed out of the p-adic étale
cohomology groups of certain compact Picard modular surfaces with good reduction
at places above p, we can deduce that ρx,w := ρx|Dw is an ordinary p-adic Galois
representation since πx is a p-ordinary cuspidal automorphic representation [Mai08,
Thm. 4.1.1 (3)] (cf. [SU14, Lemma 7.2]). Suppose that w ∈ Σp. Then the local
p-adic representation ρx,w (resp. ρx,w) is crystalline and has arithmetic Hodge-
Tate weights

(0, 1 + aσ, k + aσ − 1)σ∈Iw (resp. (1− aσ − k,−aσ − 1, 0)σ∈Iw)

(cf. [BC04, Prop 3.3]). The Newton and Hodge polygons of ρx,w meet at

(dw, 0), (2dw,
∑
σ∈Iw

1 + aσ), (3dw,
∑
σ∈Iw

k + 2aσ), dw = [Kw : Qp].

By [TU99, Lemma 7.2] (cf. [Mai08, Lemma 4.2.3]), the R-module L has a fil-
tration {0} ⊂ F3,w ⊂ F1,w ⊂ F2,w = L of R-submodules, according to which
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ρw := ρ|Dw has the matrix representation

ρw =

δ′3,w ∗ ∗
δ′1,w ∗

δ′2,w

 .

For each i = 1, 2, 3, the specialization δ′i,w(x) of δ′i,w at x is a locally algebraic
p-adic characters of Dw by a theorem of Serre [Ser68, Corollary, page III-50], and
δ′3,w(x) has the maximal Hodge-Tate weights k+aσ−1 for each σ ∈ Iw. We remark
that F3,w 6= 0 as I 6= R and L /IL has a quotient isomorphic to δ3⊗R/I, whereas
the quotients F2,w/F1,w and F1,w/F3,w could be zero modules because L need
not to be a lattice. Let εw be the p-adic character of Iw induced by local class field
theory εw : Iw → Iabw

∼→ O×w . Because the Hodge-Tate weights of {δi(x)}i=1,2,3 are
distinct, by [Ser68, Thm. 2, page III-44] we find that

δ′3,w(x)|Iw =
∏
σ∈Iw

(σεw)k+aσ−1 = δ3(x)|Iw

for every x ∈ Xcls,sepR and δ′3,w|Iw = δ3|Iw .

Lemma 8.7. Let P ∈ ht1(Λ) such that IP ⊂ PRP . Assume that

δiδ
−1
j |Iw 6≡ 1 (mod P ) for all i, j.

Then the natural map (F3,w)P → (L3)P is surjective.

Proof. The assumption implies that δ′i,w|Iw = δi|Iw mod P are distinct, so we
can find t in RP [Iw] such that ρ(t)|LP /PLP

is an idempotent, and according to the
filtration {0} ⊂ F3,w ⊂ F1,w ⊂ F2,w = L , we have

ρ(t)|LP /PLP
=

1 ∗ ∗
0 0

0

 (mod P ).

For v ∈ (L3)P , we find that ρ(t)v ∈ (F3,w)P and ρ(t)v ≡ v (mod PLP + DP ),
so the map (F3,w)P → (L3)P ⊗RP /P is surjective. Therefore the map (F3,w)P →
(L3)P is surjective by Nakayama lemma. �

Remark 8.8. We remark that the assumption in Lemma 8.7 is satisfied whenever
ordP (LSp (Ψ,Σ)) > 0. Indeed, if δiδ−1

j |Iw ≡ 1 (mod P ) for some i, j and w ∈ Σp,
then we can choose an integer n0 large enough such that (Γ+

K)p
n0 ⊂ Iw ∩ Γ+

K for all
w ∈ Σp. Thus

Ψ1+cε−2(γp
n0

+ ) ≡ 1 (mod P )

and P = (T+ − (ζ0ε(γ+) − 1)) for some ζ0 ∈ µpn0 . It follows that we can choose
a point y ∈ XΛ such that y(P ) = 0 and Ψy is a Hecke character of infinity type
(1 +m)Σ+ (1−m)Σc, m ≥ 1. The specialization of LSp (Ψ,Σ) at y is LS(m+ 1,θ)
for some Hilbert modular form θ of parallel weight (2m + 1), which is nonzero by
[Shi78, Prop.4.16]. This in particular implies that ordP (LSp (Ψ,Σ)) = 0.

Corollary 8.9. If ordP (LSp (Ψ,Σ)) > 0, then there exists tP ∈ Λ− P such that

c1 : tP (I1/J1)∗ ⊂−→SelSK(Ψ−1−cε2)c=−1;

c2 : tP (I2/J2)∗ ⊂−→SelSK(ΨD, Σc).
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Proof. Injectivity of ci is proved in Lemma 8.6. By (8.4), for every g ∈ GK,S
we have

a13(gc)a33(g) + a23(gc)a23(g) + a13(g)a33(gc) = 0,

and thus

δ3(g)a13(gc) + a12(g)a23(g) + δ3(gc)a13(g) ≡ 0 (mod IR13).

Let f ∈ (I1/J1)∗. Since f(R12R23 + IR13) = 0, we find that

c1(f)(gc) = f(δ−1
3 (gc)a13(gc)) = −f(δ−1

3 (g)a13(g)) = −c1(f)(g).

This shows that c1(f)c = −c1(f).
For every w ∈ Σp, by Lemma 8.7 and Remark 8.8 there exists uw ∈ (R13)P

and vw ∈ (R23)P such that (uw, vw, 1)t ∈ F3,w. Choose tP ∈ Λ − P such that
u′w = tPuw ∈ R13 and v′w = tP vw ∈ R23 for all w ∈ Σp. By the construction
of F3,w, we have ρ(g)(u′w, v

′
w, tP )t = δ3(g)(u′w, v

′
w, tP )t for g ∈ Iw, from which we

deduce the relations:

δ−1
3 (g)a12(g)v′w + tP δ

−1
3 (g)a13(g) = δ−1

3 δ1(g)u′w − u′w (mod IR13);

δ−1
3 (g)a21(g)u′w + tP δ

−1
3 (g)a23(g) = δ−1

3 δ2(g)v′w − v′w (mod IR23).

It follows that for every f ∈ (Ii/Ji)
∗, i ∈ {1, 2}, the class [ci(tP f)] is trivial in

H1(Iw, δ
−1
3 δi ⊗ Λ∗). The morphisms tP ci thus factor through the corresponding

Selmer groups. �

8.5. Proof of the main theorem.

8.5.1. After preparing some auxiliary results, we prove our main theorem (Theo-
rem 8.14) in this subsection.

Lemma 8.10. The restriction map

res : SelSF (Ψ−1
+ τK/Fε

2)
∼→ SelSK(Ψ−1−cε2)c=−1

is an isomorphism.

Proof. Since Gal(K/F) =< c > has order two and p > 2, the restriction map

res : H1(F , Ψ−1
+ τK/Fε

2 ⊗ Λ∗)→ H1(K, Ψ−1−cε2 ⊗ Λ∗)c=−1 (Ψ+|GK = Ψ1+c)

is an isomorphism, and the lemma follows. �

The following S-imprimitive version of the main conjecture for totally real fields
is a key ingredient in our proof.

Theorem 8.11 (A. Wiles). For every P ∈ ht1(Λ), we have

`P (XS
F (Ψ−1

+ τK/Fε
2)) ≤ ordP (LSp (−1, Ψ+τK/F )).

If ψ+ 6= τK/FωF or Leopoldt’s conjecture holds, then

`P (XS
F (Ψ−1

+ τK/Fε
2)) = ordP (LSp (−1, Ψ+τK/F )).

Proof. It is clear that the character Ψ−1
+ τK/Fε

2 factors through Λ+ = OpJΓ+
KK.

We identify Λ+ with OpJGal(F∞/F)K via the restriction map Γ+
K
∼→ Gal(F∞/F).

Write Ψ1 for Ψ−1
+ τK/Fε

2 when it is regarded as a Λ+-valued character. Let F∞
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be the cyclotomic Zp-extension of F . Since Λ is flat over Λ+, we have an Λ-
module isomorphism SelSF (Ψ1)∗⊗Λ+

Λ ' XS
F (Ψ−1

+ τK/Fε
2). Therefore, the theorem

is equivalent to

(8.11) `P (SelSF (Ψ1)∗) ≤ ordP (LSp (−1, Ψ+τK/F ))

for all P ∈ ht1(Λ+). In view of the interpolation formula (6.14), we note that
the p-adic L-function Lp(−1, Ψ+τK/F ) is nothing but Gψ2(ε(γ−1

+ )(1 + T+)2 − 1),
where Gψ2

(T+) is the classical Deligne-Ribet p-adic L-function attached to the
even character ψ2 := ψ+τK/Fω

−1
F . From the main conjecture for totally real fields

[Wil90] and the exact sequence

0→ SelF (Ψ1)→ SelSF (Ψ1)
γ→
∏
v∈S

H1(Fv, Ψ1 ⊗ Λ∗+),

the equation (8.11) follows immediately except for the case ψ+ = τK/FωF and

P = Pe := (T+ − (ε(γ
1
2
+) − 1)), in which the Deligne-Ribet p-adic L-function

Lp(−1, Ψ+τK/F ) conjecturally has a simple pole at Pe. Moreover, if ψ+ 6= τK/FωF ,
coker γ is trivial by [GV00, Prop.2.1], and hence the inequality in (8.11) is indeed
an equality. If ψ+ = τK/FωF , using the global Poitou-Tate duality, one can show
that there is an injective map

Λ+/(T+ − (ε(γ
1
2
+)− 1)) ↪→ (coker γ)∗

as Λ+-modules, and this map is an isomorphism provided Leopoldt’s conjecture
holds for all F ′ in F ⊂ F ′ ⊂ F∞. Thus, the inequality (8.11) also holds for P = Pe
by the main conjecture for totally real fields. �

Proposition 8.12. For every P ∈ ht1(Λ), we have

(1) `P (SelK(Ψ,Σ)) = `P (SelK(ΨD, Σc)).
(2)

`P (SelK(ΨD, Σc)) ≥ `P (SelSK(ΨD, Σc)) +
∑

w∈SK, w-c(ψ)

`P ((1− Ψ(Frobw))).

Proof. Part (1) is the functional equation of Selmer groups proved in [Hsi10,
Thm. 1.1], and part (2) is [Hsi10, Lemma 2.10] �

Definition 8.13. A height one prime P ∈ ht1(Λ) is said to be exceptional if

ordP (Lp(Ψ,Σ)) > 0 and ordP (LSp (−1, Ψ+τK/F )) > 0.

Theorem 8.14. Let P ∈ ht1(Λ) be a height one prime. Suppose that (Dist) holds.
With the assumptions in Theorem 7.18,

(i) If ordP (LSp (Ψ,Σ)) > 0, then `P (SelSK(ΨD, Σc)) > 0.
(ii) If P is not exceptional, then we have

`P (SelSK(ΨD, Σc)) ≥ ordP (LSp (Ψ,Σ)).

Therefore, it follows from Proposition 8.12 that

`P (SelK(Ψ,Σ)) ≥ ordP (Lp(Ψ,Σ)).
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Proof. The theorem is trivial if ordP (LSp (Ψ,Σ)) = 0, so we may assume that
ordP (LSp (Ψ,Σ)) > 0 and hence IP ⊂ PRP in view of Corollary 7.20. Suppose
further that P is not exceptional. Then since the set S consists of prime fac-
tors of the conductor of ψ and primes split or ramified in K, one can check that
ordP (LSp (−1, Ψ+τK/F )) = 0. It follows from Theorem 8.11 together with Corol-
lary 8.9 and Lemma 8.10 that

`P (XS
K(Ψ−1

+ τK/Fε
2)c=−1) = `P (XS

F (Ψ−1
+ τK/Fε

2)) = 0;

(I1)P = (J1)P .

By (8.6) and the relation R12R21 ⊂ I, we deduce that (J2)P = (II2)P .
Next we show that I2 = R23 is a faithful R-module. Let C denote the set of

irreducible components of R. We decompose F = FracR = ⊕g∈CFg as a product
of fields. For a fractional ideal M of R in F , denote by M (g) the image of M
in Fg via the natural map F → Fg . Then M (g) is a fractional ideal of R(g)
in Fg . We are going to show by contradiction that I2(g) 6= 0 for all g ∈ C,
which implies I2 is a faithful R-module. Suppose that I2(g1) = R23(g1) = 0 at
some g1 ∈ C. Then we have R12(g1)P = 0 by (8.4) and I1(g1)P = II1(g1)P
by (8.6). By Nakayama lemma, I1(g1)P = R13(g1)P = 0, and hence R13(g1) =
0. It follows that the semi-simplification of the associated Galois representation
ρssg1 : GK,S → GL3(Fg1) is isomorphic to a sum of three Galois characters. Let
x ∈ XclsR ∩ g1 be a classical point. The L-parameter of the associated cuspidal
cohomological automorphic representation πx is a sum of three algebraic Hecke
characters ([Ser68]). In addition, we can choose x to have sufficiently regular weight
such that πx is not CAP by a result of M. Harris [Har84, Thm. 2.5.6]. Thus,
according to the classification of discrete L-packets for U(2, 1), πx must be tempered
endoscopic of type (1, 1, 1), and the associated Galois representation ρx ' χ1⊕χ2⊕
χ3, χ−ci = χi, which contradicts to the assumption (Dist) (cf. [Mai08, Lemma
5.0.7]).

The faithfulness of I2 implies that FittR(I2/II2) ⊂ I. Put X = XS
K(ΨD, Σc).

By Corollary 8.9, we have

FittΛ(X)RP = FittRP (X ⊗Λ RP ) ⊂ FittRP (I2/II2) ⊂ IP .

Because R is finite over Λ and Λ is integrally closed, FittΛ(X)P ⊂ IP ∩ ΛP =
Eis(Ψ, S)P . Therefore by Corollary 7.20

`P (SelSK(ΨD, Σc)) = ordP (FittΛ(X)) ≥ ordP (Eis(Ψ, S)) ≥ ordP (LSp (Ψ,Σ)).

This completes the proof of part (ii).
Now we proceed to show part (i). If `P (SelSK(ΨD, Σc)) = 0, then by the same

argument as above, one can show that (J1)P = I(I1)P and I1 is a faithful R-
module. Hence,

`P (XS
F (Ψ+τK/Fε

2)) ≥ ordP (LSp (Ψ,Σ)) + ordP (LSp (−1, Ψ+τK/F )).

It follows from Theorem 8.11 that ordP (LSp (Ψ,Σ)) = 0, which is a contradiction. �

8.5.2. Let π− be the restriction map π− : Λ → Λ/(T+)
∼→ Λ− = OpJΓ−KK and let

L−p (Ψ,Σ) = π−(Lp(Ψ,Σ)) ∈ Λ− be the projection of Lp(Ψ,Σ) to the anticyclotomic
plane. We claim that there is no exceptional prime if the Iwasawa µ-invariant µ−ψ,Σ
of the anticyclotomic p-adic L-function L−p (Ψ,Σ) vanishes. Indeed, µ−ψ,Σ = 0 if and
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only if Lp(Ψ,Σ) 6≡ 0 (mod mΛ+
Λ), where mΛ+

= (p, T+) is the maximal ideal of
Λ+. If P is an exceptional prime, then P is generated by a prime element in Λ+.
This in particular implies that ordP (Lp(Ψ,Σ)) = 0, which is a contradiction. In
virtue of Theorem 8.14, we have thus proved the corollary below:

Corollary 8.15. Assume that (Dist) and the following hypotheses hold:
(1) p - 3 · h−K ·DF ,
(2) ψ is unramified at Σc

p, and ψω
−a
K is unramified at Σp for some integer a,

(3) µp(ψ) = 0, where µp(ψ) is the invariant defined in (7.11),
(4) Either of the following two condition holds:

(a) µ−ψ,Σ = 0;
(b) ordP (Lp(Ψ,Σ)) ≤ 1 for every exceptional prime P ∈ ht1(Λ).

Then we have
(FΛ(Ψ,Σ)) ⊂ (Lp(Ψ,Σ)).

The following theorem is an immediate consequence of the above corollary com-
bined with results on the vanishing of the µ-invariants of anticyclotomic p-adic L-
functions in [Hsi14] and [Bur14].

Theorem 8.16. Assume that the following hypotheses hold:
(1) p - 3 · h−K ·DF · ](∆),
(2) ψ is unramified at Σc

p, and ψω−aK is unramified at Σp for some integer
a 6≡ 2 (mod p− 1).

Then we have
(FΛ(Ψ,Σ)) ⊂ (Lp(Ψ,Σ)).

Proof. It suffices to verify the hypotheses in Corollary 8.15. Note that p - ](∆)
and (2) imply µp(ψ) = 0 and (Dist) respectively. To verify the assumption (4) in
Corollary 8.15, we note that if either ψ+ 6= ωFτK/F or ψ+ = ωFτK/F with the root
number WΣ(ψ) ≡ +1 (mod mΛ) (Recall that WΣ(ψ) ∈ Λ× is the root number in
the functional equation of Lψ,Σ), then µp(ψ) = 0 implies that µ−ψ,Σ = 0 by [Hsi14,
Cor. 5.5, Thm. 6.12] (cf. [Hid10, Theorem I] if c(ψ)− = (1)). On the other hand, if
ψ+ = ωFτK/F with WΣ(ψ) ≡ −1 (mod mΛ), then using the funtional equation of

Katz p-adic L-functions, we see that Lp(Ψ,Σ) has a zero at Pe = (T+−(ε(γ
1
2
+)−1)).

Write Lp(Ψ,Σ) = Pe ·L′p(Ψ,Σ). By [Bur14, Thm.A], the anticyclotomic projection

π−(L′p(Ψ,Σ)) =
∂Lp(Ψ,Σ)

∂T+
|
T+=ε(γ

1
2
+ )−1

∈ Λ−

has trivial µ-invariant. This implies that no prime divisor of L′p(Ψ,Σ) is contained
in the ideal mΛ+Λ. Therefore, Pe is the only possible exceptional height one prime
and ordPe(Lp(Ψ,Σ)) = 1. This finishes the proof. �

8.6. Applications.

8.6.1. Two cases of the main conjecture for CM fields. Now we give two examples
where the one-sided divisibility Lp(Ψ,Σ)|FΛ(Ψ,Σ) in Theorem 8.16 actually implies
the equality (FΛ(Ψ,Σ)) = (Lp(Ψ,Σ)), relying on the works of Hida and Rubin.

Theorem 8.17. Suppose that p - 3 · h−K ·DF · ](∆) and that
(H1) ψ is anticyclotomic,
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(H2) the local character ψw is unramified and non-trivial for every w ∈ Σp,
(H3) ψ|GK(

√
p∗)
6= 1, p∗ = (−1)

p−1
2 p.

Then
(FΛ(Ψ,Σ)) = (Lp(Ψ,Σ)).

Proof. If d = [F : Q] = 1, this is the two-variable main conjecture for imagi-
nary quadratic fields proved by Rubin. We assume d ≥ 2. Notation is as in §8.5.2.
Let F−Λ (Ψ,Σ) = π−(FΛ(Ψ,Σ)) and let faψ,Σ = FΛ−(X

(ψ)
Σ (K−∞)) ∈ Λ− be the char-

acteristic power series of X(ψ)
Σ (K−∞). By the case (i) in Remark 8.4, we have a

Λ−-module pseudo-isomorphism:

SelK(Ψ,Σ,Λ−) ∼ SelK(Ψ,Σ,Λ)[T+].

Note that ψ+ 6= ωFτK/F if ψ is antiycolotomic and p > 3. It follows from (8.1) and
Theorem 8.16 that

(8.12) (faψ,Σ) ⊂ (F−Λ (Ψ,Σ)) ⊂ (L−p (Ψ,Σ)).

Hida [Hid06] proved that SelK(Ψ,Σ,Λ−) is a cotorsion Λ−-module (i.e. faψ,Σ 6= 0)
and

(faψ,Σ) = (Lp(Ψ,Σ)) (mod (T+)).

We deduce from (8.12) that

(8.13) (faψ,Σ) = (F−Λ (Ψ,Σ)) = (L−p (Ψ,Σ)).

In particular F−Λ (Ψ,Σ) 6= 0, from Theorem 8.16 and (8.13) it follows that

(FΛ(Ψ,Σ)) = (Lp(Ψ,Σ)). �

Theorem 8.18. In addition to the hypotheses (1-2) in Theorem 8.16, we further
suppose that
(R1) K = FM, whereM is an imaginary quadratic field in which p splits,
(R2) Σ is the p-ordinary CM-type of K obtained by extending the inclusion ι∞ :

M ↪→ C,
(R3) K′ is abelian overM and p - [K′ : M].

Then
(FΛ(Ψ,Σ)) = (Lp(Ψ,Σ)).

Proof. Let Σ0 be the CM-type ofM induced by ι∞ : M ↪→ C. Let Γ0 be the
kernel of the restriction map πM : ΓK → ΓM and let I0 be the ideal of Λ generated
by (Ψ(Γ0)− 1). Then Γ0 is a free Zp-module of rank d− 1 and πM : Λ/I0Λ

∼→ ΛM,
where ΛM = OpJΓMK. As p - [K′ : M] and K′/M is abelian, we have an ΛM-
module isomorphism

SelK(Ψ,Σ,ΛM) =
⊕
ψ′M

SelM(Ψ ′M, Σ0,ΛM),

where ψ′M runs over characters of Gal(K′/M) which extend ψ and Ψ ′M is the ΛM-
adic character of ψ′M. By the case (ii) in Remark 8.4, we have a ΛM-module
pseudo-isomorphism SelK(Ψ,Σ,ΛM) ∼ SelK(Ψ,Σ)[I0], and therefore∏

ψ′M

charΛMXM(Ψ ′M, Σ0,ΛM) ⊂ πM(FΛ(Ψ,Σ)).
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On the other hand, we have the following factorization of p-adic L-functions as
ideals in ΛM

(πM(Lp(Ψ,Σ))) = (
∏
ψ′M

Lp(Ψ
′
M, Σ0)).

As in the proof of Theorem 8.17, the assertion follows from the two-variable main
conjecture of imaginary quadratic fields and Theorem 8.16. �

8.6.2. Main conjectures for elliptic curves with complex multiplication. Let E be
an elliptic curve defined over F with complex multiplication by the ring of integers
of an imaginary quadratic fieldM. Suppose E has good ordinary reduction at all
places of F above p, which implies that p splits inM. Write pOM = pp, where p
is the prime induced by ιp : M ↪→ Cp. Let K = FM and let Σ be the CM-type
of K induced from ι∞ : M ↪→ C. Let K′ = K(E[p]) and let ψ := ψE be the
character obtained from the Zp-representation of ∆ = Gal(K′/K) on E[p]. Let K
be the unique Z2

p-extension of K in K(E[p∞]) and let ΛE := ZpJGal(K /K)K be
the two-variable Iwasawa algebra over Zp. Note that K+

∞ ⊂ K ⊂ K∞. Define the
p-Selmer group SelK (E)p attached to E/K by

SelK (E)p = ker

{
H1(K , E[pn])→

∏
w

H1(Kw, E)

}
.

Then SelK (E)p is a cofinitely generated discrete ΛE-module, and by [PR84, Ch.II,
Thm. 18], we have a ΛE-module isomorphism

(8.14) SelK (E)p
∼→ HomZp(X

(ψ)
Σ (K ), E[p∞]).

Let Fp(E) ∈ ΛE denote the characteristic power series of SelK (E)p. Let αE,p be
the the Zp-valued character given by

αE,p : Gal(K /K) ↪→ Gal(K(E[p∞])/K)→ AutE[p∞] = Z×p

and let πE,p : Λ→ ΛE be the morphism induced by the character α̃ : Gal(K∞/K)→
Λ×E , α̃(g) = αE,p(g|K )g|K . Let c be the prime-to-p conductor of ψ. It is well known
that K′ ⊂ K(cp) if p - 6. Let ΛE,Op

:= ΛE ⊗Zp Op. Define the two-variable
p-adic L-function attached to (E, p) by

Lp(E) := πE,p(Lp(Ψ,Σ)) ∈ ΛE,Op
,

where L(Ψ,Σ) is the p-adic L-function attached to the branch character ψ : ∆c �
∆→ µp−1 ↪→ Z×p .

Corollary 8.19. Suppose that p - 6·h−K ·DF and that E has good ordinary reduction
at all places above p. Then we have the following inclusion between ideals in ΛE,Op

(Fp(E)) ⊂ (Lp(E)).

Proof. We apply Theorem 8.16 to the branch character ψ = ψE . Then ψ+ =
τK/FωF , and (1-2) in Theorem 8.16 are satisfied under the our assumptions. The
corollary thus follows from Theorem 8.16 combined with the specialization principle
in Remark 8.4 and (8.14). �

We consider the cyclotomic main conjecture for E/F . Let ΛF = ZpJGal(F∞/F)K
and let π+ : ΛE → Λ+ ' ΛF be the restriction map. Let ΛF,Op

:= ΛE ⊗Zp Op

and let Lp(E/F∞) := π+(Lp(E)) ∈ ΛF,Op
be the cyclotomic p-adic L-function for
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E. Let ΩE :=
∏
σ∈IF

Ω
(σ)
E be the period of E, where Eσ is the σ-conjugate of E

for σ ∈ IF and Ω
(σ)
E =

∫
Eσ(R)

ωEσ is the period of a Néron differential ω(σ)
E of Eσ

over OFσ,(p). We remark that the complex CM period Ω1·Σ
∞ in the interpolation

formula of Lp(Ψ,Σ) (See §6.5) in fact equals c ·ΩE for some c ∈ Z
×
(p), On the other

hand, Shapiro’s lemma shows that SelF∞(E)
∼→ SelK+

∞
(E)p as ΛF -modules for

odd p. Specializing everything in Corollary 8.19 to the cyclotomic line and using
the descent of Selmer groups for CM elliptic curves [PR84, Ch.II, Lemme 9 and
Prop.12], we obtain the following theorem:

Theorem 8.20. With the assumptions in Corollary 8.19, we have the inclusion
between ideals in ΛF,Op

(charΛFSelF∞(E)) ⊂ (Lp(E/F∞)).
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