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One checks t
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.
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Then Sv. , , nmis linearlydependent
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then m ≤
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- ⼝
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if m > n
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Exampl V
=

FCx ]=thespace of

poly nomials 1 F
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Ther dimFV = ∞
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if dimFl < s , thendimFl = n for some n
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-
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spaceIF
.

Let WCrbeaubspace



Th
W is
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dimFW ≤timat

If dimFW = dimFr ,then W=
t
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,
w
2
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Replacementlemma ⇒ dimFr ≥ n .

tn
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Let dinFN = m . Then Nhas a basis

{w . …
, wmswhich is linearly indpYF

⇒ m ≤ dimFt .Theoempy
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Now me prove
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.
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C Linear transformation
.

Let Vand W betwo
vectorspaces

,

We consider morphisms
"

between

V and W .

om "orphism " tom Vtowmaps

which respect
thestrictures

/ of V and Wasrectorspaces
1 F

」

Definition
⼀

Amap T
: V → W is a

lineartransformctin homomorphisn ) if
mouphisn

←
( forale )

( i ) T (vi + vz ) = T (v ) + T ( 02) t
v , nar

lii ⻔ T\ α .
v ) = 2 . TLU )

t α GF
,
VEV

.



By definition , T ( o ) = 0

( :T ( 1 = T 11 +To)to
0

W

⇒
… [1 o ) = T ( o )++ (0 "

)
⇒ T ( o ) =0

Example⼀
w

① V = F
3

,

= 下
2

T : V →

Tla ,ar ,as
) = (aitart 3 a

3
, 49 , - as)

Then T is a linear trans formation
.

In terms of the standard basis
.

ey
= ( 1

,
0
,
0 )

,
ez = ( 0 , 1

,
0 )

,
es = ( 0

,

0

, 1 )

δ
1
= ( 1

,
0 )

, fc = ( 0 ,
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e
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,
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2
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,
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:

②
γ= FCx ] ,

N = FCx]
.

T : V→ W

TIfx) = xftx)is also alinear

transformation
.

T : V →
W

Tlfix ) ÷ f ' (x ) is a linear

trans formation .

③W is a subspace of γ .



Then w→ v

the incdusion map ( w → w )
:

The incdusion map is a lineartransformation
.

Con versely
, if NCU is a subset

and W isa recterspace 1 F
,

then W is a subspace of V

Ʃ the inclusion map
W→ V

is a lineartransformation
.

④ V = A as vector space 11
R

E = spanR { I ,

A }

T : ¢ → ¢

z →E
: complexconjugation



is a linear transformation
.

⑤ V = W = 1R
2
, ≤ 2π

T : 1 R=→ 1 R
2

(
- counterclockuise )

( an
, an )1, Tla ,a2 )

therotation of

( a 1
,
ar ) by Qawund

the origin (0 , 0 )
τ (a 1 ,

ar )

…tire
(o0)

T is also a lineartransformation

We use the polar coordinatie
.

a 1
= rws φ , az = nsin φ



T ( a 1 ,
av ) = ( rws ( φ t θ ) , nsin ( φ+θ ))

= ( ( wsows φ - sinosin φ ) , nas φsino
+ sin φ ws θ))

= ruso ws 4 - rsinosin φ rus φ sin θ(
⼀
⼀ )
⼀

trsin4o
asolnwse , rsine) tsino - t -rsine,

rs

=
~ )”

么 品 品
91

⇒ Tla 1
, arl = wsola ,ay

t sino ( - a 2 , 91 )

Thenonecaneasilyverfy tis a

linear trans formation

⑥
T : (R

'

→ 1 R
2



T ( a , ar ) = lai , 0) is NOT

lineartranfurmation

T ( 2 , 0 ) = ( 4
,

0)

⼶ ( 2
,

0 ) = ( 1
,
0 ) + ( 1

,

0 )
「

-T ( 1
,

0 ) + T ( 1
,
0 ) = ( 1

,

0+ ( 1
,
0 ) = ( 2

, 0
)

'

, omorphi — :( 同構 = 相同結構 )

A linear transformation
T :V →

is an isomorphism if

雪 S : W → V linear transformatin

such that JS = Idv fF the idaniy
map : V +

~→u )
and SOT = IdwIlidentity map)of W


