
8th homework
Due date: 11/18

There are six problems in total. Let F be either Q, R, or C and let
n be a positive integer.

Exercise 1. Let T : V → V be a diagonalizable linear transformation
and let

V = Eλ1 ⊕ Eλ2 ⊕ · · · ⊕ Eλr
be the decomposition of V as a driect sum of eigenspaces Eλi with dis-
tinct eigenvalues λi (i = 1, 2, . . . , r). Let v1, v2, . . . , vr be eigenvectors
of T with eigenvalues λ1, λ2, . . . , λr respectively ( ⇐⇒ vi ∈ Eλi for
i = 1, 2, . . . r). Let W be a T -invariant subspace of V .

(1) Prove that if v1 + v2 + · · · + vr ∈ W , then vi ∈ W for every
i = 1, 2, . . . , r.

(2) Prove that W = W1⊕· · ·⊕Wr with Wi = W ∩Eλi . This shows
that T |W is also diagonalizable

Exercise 2. Let V = M2(F ) be a four dimensional vector space. Let

A =

(
λ1 0
0 λ2

)
and define a linear transformation T : V → V by

T (B) = AB −BA.
Compute the characteristic polynomial chT (x) and show that T is di-
agonalizable.

Exercise 3. Let V be a vector space with dimF V = n. Let T : V → V
be a linear transformation.

(1) Let f ∈ F [x]. If λ is an eigenvalue of T , show that f(λ) is an
eigenvalue of f(T ).

(2) If rankT = 1, prove that either T is diagonalizable or T n = 0.

Exercise 4. Let a, b ∈ R. Prove that the matrix(
1 + a b
1 1− a

)
is diagonalizable in M2(R) if and only if a2 + b > 0.
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Exercise 5. Let A ∈M3(R). Suppose that chA(x) has exactly one root
in R and has no multiple roots. Show that there exists an invertible
P ∈M3(R) such that

P−1AP =

a d e
0 0 b
0 1 c


with c2 + 4b < 0.

Exercise 6. Let

A =


3 1 0 −1
−1 2 1 1
0 −1 1 0
0 1 1 2

 .

(1) Find the minimal polynomial mA(x) of A.
(2) Show that there exists an invertible P ∈M4(R) such that

P−1AP =


2 0 ∗ ∗
0 2 ∗ ∗
0 0 2 1
0 0 0 2

 .


