7th homework
Due date: 11/11

Let F' be either Q, R, or C.
Exercise 1. Let A\{,...\, € C. Put
(0.1) f(x): =1 =M x)(1—Xex)...(1=Mx) =14z + -+ cpa”
For k =1,2,..., define
pri= A A A
Prove Newton’s identity: for every 1 < 7 <n
—jcj =cjop1 + ¢jopa + - -cpjo1 +p;  (coi=1).

(Hint: Take the derivative of f(z) on both sides of (0.1). Show the
left-hand side becomes

f(m)zl—)\x chjxj L

7=0

Then use the identity ﬁ = Z t* and compare the 27~ -coefficients of

k=0
both sides.)
Exercise 2. Let A € M, (F). Use Exercise 1 to show that if
Tr(A) = Tr(A?*) = .- = Tr(A™) = 0,
then A" = 0.

Exercise 3. Let A € M, (F) such that A" = 0 but A"~ #£ 0.

(1) Show that there exists v € F™ such that {v, Av, A%v, ..., A" v}
is a basis of F™.
(2) If B € M,(F) such that AB = BA, prove that

B = CL()In + CllA + a2A2 + .- Cln_lAnil
for some aq,...,a,_1 € F.

Exercise 4. Let A, B € M,(F). Suppose that ch,(x) has n distinct
roots in F and AB = BA. Show that B is a polynomial in A. Namely,
show that there exists ay,as,...,a, € F such that

B=ag A" '+ aA" %+ +a, 1A+a,l,

Exercise 5. Let W be a finite dimensional vector space over F'. If
Wy is a subspace of W, show that there is a subspace W5 such that
W =W; @ W is a direct sum. (Hint: use the extension lemma in 2nd
homework).



