
7th homework
Due date: 5/5

Exercise 1. Find the singular values of the matrix

A =


1 1 · · · 1
1
...
1
−In


What are the eigenvalues of A?

Exercise 2. Let A ∈ Mm×n(R) and B ∈ Mr×s(R) and C ∈ Mm×s(R)
The matrix equation

AXB = C

has a solution X ∈ Mn×r(R) if and only if AA†CB†B = C. Moreover,
the solutions of AXB = C are of the form

X = A†CB† + Y − A†AY BB†,

where Y ∈ Mn×r(R)

For x = (x1, . . . , xn)
t ∈ Cn, define

‖x‖ :=
√
|x1|2 + . . . |xn|2.

For A ∈ Mn(C), define the spectral norm

‖A‖sp := sup
x∈Cn,‖x‖=1

‖Ax‖ = sup
x∈Cn,x 6=0

‖Ax‖
‖x‖

.

Recall that ρ(A) denotes the spectral radius of a square matrix A.

Exercise 3. (1) For A,B ∈ Mn(C), prove

‖AB‖sp ≤ ‖A‖sp‖B‖sp; ‖A+B‖sp ≤ ‖A‖sp + ‖B‖sp.

(2) Show that ‖A‖sp =
√
ρ(AA∗) the maximal singular value of A.

Exercise 4. Let A ∈ Mn(R) be a stochastic matrix. Namely, A = (aij)
with

aij ≥ 0,
n∑

i=1

aij = 1 for all j = 1, . . . , n.

Show that the spectral radius ρ(A) = 1.
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Exercise 5 (15pts). Let1/2 0 1/2
1/4 1/2 1/4
1/8 3/8 1/2

 ∈ M3(R).

(1) Find a vector u = (u1, u2, u3)
t ∈ R3 such that Au = u, ui > 0

and u1 + u2 + u3 = 1.
(2) Let w = (w1, w2, w3)

t ∈ R3 be an eigenvector of the transpose
At with the eigenvalue 1. Let v = (v1, v2, v3)

t ∈ R3 be any
vector. Show that

lim
k→∞

Akv = λu for some λ ∈ R.

(3) Show that λ is non-zero if and only if

v1w1 + v2w2 + v3w3 6= 0.


