18.
Sol.

1
2z +y =6z =19y +—y=3
2x

The integrating factor:

I(x) ef P(z)dx
_ €f Ldx

_ 6% In |z|

— 6% Inz

— /.

Multiply the integrating factor to the differential equation, we have:

Vay' + ﬁy =3V
Le. (Vay) =3V

=2x24+C
Therefore, we get:
C
y(x) =2z + NG
2
yd)=8+—= = C=24
C
1



Q.E.D.

20.
Sol.
Let u(x) = y(x) — 1, we have
du dy
dr  dr

y(z) = u(z) +1
We have
9 du
(x* + 1)5 +3z-u(z) =0, u(0) =1

The integrating factor is

3

5 3

2 S
2

3z
ef z2+1dac _ eln(a:2+1)

= (2? +1)

Therefore,

3du

(#% +1)7 — + 32(z® + 1)7u(z) = 0

(22 +1)2u(z)) =0
= (#® 4+ 1)%u(z) = C
C

u(z) =C - (x +1)T:m

Since u(0) =1=C=1



22.
Sol.
The integrating factor
6‘] coszdr _  sinz
So we have
eSlnIy/_i_CosxeSlnny:Cosa,/,eSIHQT
i.e. (e81%y)" = cos wesn®

:> esmwy — /Cosxesmxdx — 6Sll’l{L‘ _"_ C

Therefore, y = y(z) = 1 + Cé "®  C is a constant.

24.
Sol.
! 2 / 1 2
Ty +y=-—rY :>y+;y:_y
Let u =u(z) =y' "2 =y~ !, we have
du -1
- —u =
dr =

The integrating factor is

Q.E.D.

Q.E.D.



So we have the differential equation:

ldu 1 1
x dxl x? ; F
= (—u) =-
(Cu) =~ 1
=u(r)==x /—dm) =z(In|z|+ C)
T
= y(2) 1 1
) = _
Y uw(z) z(n|z|+ C)
Q.E.D.
26.
Sol.
Let u(x) = y/(z) , then we have
d d 2
Tt 4 ou =127 = o4 u=12
dz dr =z
The integrating factor is e/ 2% = e2nlel = 22 g0 we have
d
22 + 2zu = 1223
dx
iLe. (2%u) =122°
= 2%y = f 1223dzx = 32* + ¢
= u=u(r) = 32>+ Cz~?
= y(z) = [u(z)de = [Be* + Cra2)de =2* - Cy - 271+ Cs .
where C , Cy are constants.
Q.E.D.

28.
Sol.

Use the equation 4 in textbook, we have a differential equation:



dl
L- yr +20 - I = 40sin(60¢)

where I = I(t) is a function of t.

And the integrating factor is e/ 24 = 2% we have

dal
et — pri 20e** I = 40e*" sin(60¢)

ie. (€2%1)" = 40e*” sin(60t)

By using the technique of integration by parts, we have

1 3
2 = 5620t sin(60t) — 5620t cos(60t) + C

1 3
=1=1I(t)= R sin(60t) — = cos(60t) + C - e

SinceI(O)—’—3+C—1 C=¢%
= I(t) = sin(60t) — 2 cos(60t) + £ - e720 .

30.
Sol.
Use the result in Exercise 29, we have a differential equation:
RIQM)
— Tt Q( )=E()

Q.E.D.

Since R=2,C =0.01, E(t) =10 sm(60t) , the corresponding equation is

dQ(t) .
2- T + mQ( ) =10 Sln(60t)
N —d%” 4 50Q(t) = 5sin(601)

Solve it by using the integrating factor ef 50dt — 50t

e 9E 4 50e°0Q(t) = 5% sin(60¢)



le.
(€ Q(t)) = 5e” sin(60¢)

= Q(t) = /5650t sin(60t)dt

1
= @(5 sin(60t) — 6 cos(60t))e’ + C

1
= Qt) = ﬁ(5 sin(60t) — 6 cos(60t)) 4+ Ce >
Since Q(0) = ﬁg +C=0=C= % , we solve the charge function:

1 6
(5sin(60t) — 6 cos(60t)) + ——e %

Q) = 153 122

_ dQ(t) _ 150 cos(60¢) + 180sin(60t) — 150e 20

And th t I(t
n e current [(t) o o1

Q.E.D.

32.
Sol.

Solve the equation in Exercise 31 to get the solution:

Pt)=M+Ce " k>0
For P(0) =0, P(t) = M[1 —e*] .
For the first worker, P;(1) =25, P;(2) =45, i.e.
Ml —e™] =25
M1 — e 2] =45

6



N l—e™ 25 5
1—e2 45 9
4

—k1 __
= e = -
5

Then we can evaluate M; = 25- 1= 125 | which is the maximum number

of units per hour the first man can achieve.

Similarly, we can get M, = 61.25 .
Q.E.D.

34.
Sol.
Let y(t) be the amount of chlorine in the tank at time ¢ , and then y(0) = 20
(g). The amount of liquid in the tank at time ¢ is (400 — 6t) (L), thus the

t
concentration of chlorine at time ¢ is ﬁ (£) . The rate of chlorine
t
leaving the tank at time ¢ is % - 10 since there’s 10 (L) liquid leaves

the tank per second.

Therefore, we have a differential equation:

dy _ —10y(0) _ —hyl)
dt 400 — 6t 200 — 3t

Rearrange the differential equation, we have

dy  —5dt
y 200 —3t

Integrate both side of the equation separately, we have

5
Iny = 3 In(200 — 3t) + C

- y(t) _ egln(20073t)+C

= e - (200 — 3t):

Wl



20

Since y(0) = ¢ - 2005 = 20 , e =

2003
We have the solution:
20 5
y(t) = - (200 — 3t)s
(1) = e (200 - 31)
Q.E.D.
36.
Sol.
Use the equation in Exercise 35(a) :
mg —ct
— (1l —em
v="00-e5)
Differentiate it with respect to m ,we have:
dv g g et gt -a
dm ¢ (ce * m6 )
g —t Ct —et
= — 1 — m — — m
c( ¢ me )
g _ _
— 21— u u
c( e ue ")
g 1+u
— 71—
c( ev )
ct
where u = — > 0,Ym > 0,t > 0
m
1
Since e* > 1+ u,Vu > 0, ~tu <1,Vu>0
e'lL
1
= (1— il u) >0
eu
d 1
—U:g( - Jru)>O,Vu>0,t>0
dm ¢ et
That is, v increases as m increases.
Q.E.D.



