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We need to maximize P for I > 0. P(I) = 125?%4 -

PI(I) = (I° +1+4)(100) — 100727 +1) _ —100(° —4)
(]2+[+4)2 (I2+[+4)2a

P'(I)>0for0< I <2and P'(I) <0 for I > 2.

Thus, P has an absolute maximum P(2) =20 at [ = 2.

Let x denote the length of the side of the square being cut out. Let y denote the
length of the base. Then we have

Volume V =y -y - 2 = y*x. (1)
The length of the cardboard = 3 =
r+y+r=3=>y=3- 2z (2)
Combine (1) and (2), we have V =V (z) = z(3 — 2z)?. So
V'(z) = (3 —22)* +2-2(3 —22)(—2) = (3 —22)(3 — 62).

So the critical numbers are x =
Now 0 <z < 3 and V(0) = V(3) = 0, so the maximum is
Vih) =322 =2m’).

2 2

Given a point (x,y) on the line 6z + y = 9. The distance between (z,y) and
(—3,1) is

N|=
N|=

[(z 432+ (y — 1?2 = [(x 4+ 3)% + (9 — 6z — 1)%]2 = (3722 — 90z + 73)2.

Note that minimizing a positive function is equivalent to minimizing the square

of the function, so we need to minimize
D(z) = (372 — 90x + 73).

Now D'(z) = 74x — 90, so the critical number is x = %, andy=9—6- g—? = %.

The point on the line that is closest to (—3,1) is (52, 52).

Let (z,y), z,y > 0, be a vertex of a rectangle inscribed in the ellipse, then the
area A of the ellipse is A = 2x - 2y = 4xy. Now since (z,y) is on the ellipse, we

have y = 5\/ a? — x2, so we have

A=A(x) = 4—bx\/ a? — x2.
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So the maximum of A(x) is

A(%) = 2ab.

Let x be the base radius of a right cylinder inscribed in the cone, and y the height

of the cylinder. By similarity of triangles, we see that

y _h

r—xr o,

and so y = h — h—f The volume V' of the cylinder is

Now
V'(z) = 27z)(h — %) + (7?3:‘2)(—2) = hrz(2 — —).

So the maximum of V' is V(%) = s-wr?h.

Let h be the time (measured in hour) passing from the leave of the boat traveling
south. In this problem we of course consider only those 0 < h < 1. Now by
assumption, the boat traveling south is 20h long from the dock, and the boat
traveling east is 15(1 — h) long from the dock. By Pythagorean theorem, the

distance d between the two boats is
d = d(h) = (20h)* + (15(1 — h))?,
and then we have
d'(h) =2-20h-20+2-15(1 — h)(—15) = 1250h — 450.

So the maximum occurs at h = 450/1250 = 9/25. Now Jthr. = 21min. 36sec.,

so the boats are closest to each other at 2:21:36 pwm.

The line with slope m (m < 0) through (3,5) has equation y — 5 = m(x — 3).

The y-intercept is 5 — 3m and the x-intercept is 3 — % So the triangle has area

A(m) = %(5 —3m)(3 - %) - %(30 - % —om).
Now / L 95
Al(m) = 5(@ —9),
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so A(m) has minimum when m = —2. That is, when the equation of the line is

5
y—5:—§(a:—3).
By Pythagorean theorem, we have

L=Lxz)=24+ 224+ (5—2)2+/32+ (b —x)?
:x+\/x2—10x+29+\/x2—10$+34.

So
r—5 r—5H

Vi 10z 20 Vi 10zt 34

Use a computer and apply any method (e.g. Newton’s method) to approximate
the solution of L'(z) = 0. A good estimate is x = 3.59, and the minimum of L(x)
is approximately 9.35(m).

L'(x)=1+

Let a = |PQ| and b = |ST|. We minimize f(6,) = |PR|+|RS| = acsc 6, +bcsc bs.
Differentiating with respect to 6, and setting % equal to 0, we get

d
d_gl =0= —acscH; cotf; — bcschycot 02d01
So we need to find an expression for d92 . We can do this by observing that |QT'| =

constant = a cot 61 + b cot 6s. leferentlatlng this equation implicitly with respect

to 6,, we get —acsc? 6, — bcsc2 62‘162 = (0. That is, % = —%. Substitute
this into the expression for a4 - to get cos ¢, = cosfy. Since 0; and 6, are both

acute, we have ¢, = 0s.

The length of the pipe cannot exceed % + ﬁ for 0 <0 < 3. So the longest

length of the pipe is the minimum of the function f(f) = 225 + 25,0 <0 < Z.
Now 5
’():0<:>tan30:§. (3)
Direct calculation shows that (1) implies
3 2 1 2 2 1
secf = [(5)§ + 1]z and cscf = [(§)§ + 1]z

So the longest length of the pipe is 3[(§)§ +1]z + 2[(%)§ +1]z (m).

(a) Let x = |BC], then the distance between the island and C'is /a2 4+ 25. We
need to minimize the function f(z) = 1.4v22 +25+ (13 — ), 0 < z < 13.
Direct calculation shows that f'(z) =0 <z = %6. So the point C' between

B and D that minimizes the energy expended in returning to the nest is
xr = 25‘[ km long from B.



(b)

It amounts to replace the coefficient 1.4 of the function f in (a) by Y. Then

we have -
, T
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Thus % large implies that the distance between B and C' is small, and %

small implies the distance being large.
It’s easy to see that f' < 0 for z € [0,5/4/(%)? — 1]. So f is decreasing
in this interval, with minimum at the critical point « = 5/4/(*)? — 1. But

this conclusion is valid only when 5/4/(%)? — 1 < 13. In fact, if ¥ < %,

we have 5/4/(%)? —1 > 13. In this case, f(13) is always the minimum of
f, and hence the bird should fly directly to its nesting area for minimize the
energy expended.

On the other hand, there is no finite value for % corresponding to the choice
of flying first to B and then flying from B to D. All that we can say is that

if % is very large, the point C' will be very close to B.

The observation infers that the critical point of f is x = 4. So from (b), we

have
W 2 41
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