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(1) ‡�-�ƒbÊ(x, y) → (0, 0)v, w”ÌMu´æÊ%JuæÊ, #|��°wM;
J.æÊ, ÌHÜâÑS%

(i)f(x, y) = x2−y2

x2+y2 (4}) % (ii)g(x, y) = x3−y3

x2+y2 (6}) %

(j)

(i) For x = 0, y 6= 0, f(x, y) = −1; while for x 6= 0, y = 0, f(x, y) = 1. Hence
lim(x,y)→(0,0) f(x, y) does not exsit.

(ii) For (x, y) 6= (0, 0), we have |g(x, y)| ≤ | x3

x2+y2 |+ | y3

x2+y2 | ≤ |x|+ |y|.
If (x, y) → (0, 0), |x|+ |y| → 0, so by sequeeze principle,
lim(x,y)→(0,0) g(x, y) = 0

(2)°âs�Þx3 + 3x2y2 + y3 + 4xy − z2 = 0 D x2 + y2 + z2 = 11 ó>|í�

(Êõ (1, 1, 3)Tí~(¡b�% (10})

j ∇f = (3x2 + 6xy2 + 4y)i + (6x2y + 3y2 + 4x)j − 2zk ⇒ ∇f(1, 1, 3) = 13i +
13j−6k; ∇g = 2xi+2yj+2zk ⇒∇g(1, 1, 3) = 2i+2j+6k; v = ∇f×∇g ⇒

v = |
i j k
13 13 −6
2 2 6

| = 90i−90j ⇒ Tangent line: x = 1+90t, y = 1−90t,

z = 3

(3) qw = f(x, y)Ñª�}ƒb, Ix = r cos θ, y = r sin θ.

(i) °∂w
∂rD

∂w
∂θ .(5})

(ii) t}(∂w
∂x )2 + (∂w

∂y )2 = (∂w
∂r )2 + 1

r2 (∂w
∂θ )2.(5})

(j)

(i) â©�d†ø
∂w
∂r = ∂w

∂x
∂x
∂r + ∂w

∂y
∂y
∂r = ∂w

∂x cos θ + ∂w
∂y sin θ

∂w
∂θ = ∂w

∂x
∂x
∂θ + ∂w

∂y
∂y
∂θ = −∂w

∂x r sin θ + ∂w
∂y r cos θ

(ii) j,Þs�)
∂w
∂x = cos θ ∂w

∂r −
sin θ

r
∂w
∂r

∂w
∂y = sin θ ∂w

∂r + cos θ
r

∂w
∂θ

ku

(
∂w

∂x
)2 + (

∂w

∂y
)2 = [cos θ

∂w

∂r
− sin θ

r

∂w

∂r
]2 + [sin θ

∂w

∂r
+

cos θ

r

∂w

∂θ
]2

= (
∂w

∂r
)2 +

1
r2

(
∂w

∂y
)2

1



(4) qf(x, y, z)ÊøõP , • ~u =~i +~j − ~kíj²x�|×íj²ûb2
√

3

(i) °G�∇f(P )% (5})

(ii) °fÊPõ, • ~i +~jj²íj²ûb% (5})

(j)

(i) ÄG�∇fíj²ufÓ‹|0íj², FJ∇f(P )D~u = ~i + ~j − ~k°²,
¹∇f(P ) = α~u = α~i + α~j − α~k,α > 0ku

∂f
∂x (P ) = α,∂f

∂y (P ) =
α,∂f

∂z (P ) = −α¢˛ø|×íj²ûbÑ2
√

3, ?¹√
[∂f
∂x (P )]2 + [∂f

∂y (P )]2 + [∂f
∂z (P )]2 = 2

√
3,
√

3α2 = 2
√

3, α = ±2(Š

í.¯), FJ∇f(P ) = 2~i + 2~j − 2~k

(ii)

∇f(P ) ·
~i +~j√

2
= (2~i + 2~j − 2~k) ·

~i +~j√
2

= 2 · 1√
2

+ 2 · 1√
2

= 2
√

2

(5) qõ (x, y, z) Ê7Þ x2 + y2 + z2 = 30 ,íÅ�Ñ T (x, y, z) = 4xy +
4y2 + 2yz. t°|v7Þ,|òÅ� |QÅíP0% (10})

(j) Let T = f(x, y, z) = 4xy+4y2 +2yz, g(x, y, z) = x2 +y2−z2−30 by
Lagrange Multiplier Method. ∇f = λ∇g. So, (4y, 4x+8y+2z, 2y) =
λ(2x, 2y, 2z)

(I) Suppose λ = 0, so y = 0, 4x + 2z = 0, z = −2x. Hence, x2 + 02 +
(−2x)2 = 30, x2 = 6, x = ±

√
6. So x = −

√
6, y = 0, z = −2

√
6,

f(
√

6, 0,−2
√

6) = 0; x = −
√

6, y = 0, z = 2
√

6, f(−
√

6, 0, 2
√

6) = 0.

(II) Suppose λ 6= 0, so 2x = 4z, x = 2z, y = λz. If z = 0, then x = 0,
y = 0(.¯). Hence z 6= 0, thus 4x + 8y + 2z = 2λy, 8z + 8λz + 2z =
2λ2z, so λ2 − 4λ− 5 = 0, λ = 5,−1.

(i) Suppose λ = 5, x = 2z, y = 5z, so (2z)2 + (5z)2 + z2 = 30,
z2 = 1, z = ±1. Hence, x = 2, y = 5, z = 1, f(2, 5, 1) = 150;
x = −2, y = −5, z = −1, f(−2,−5,−1) = 150

(ii) Suppose λ = −1, x = 2z, y = 2z, so (2z)2 + (−z)2 + z2 = 30,
z2 = 5, z = ±

√
5. Hence, x = 2

√
5, y = −

√
5, z =

√
5,

f(2
√

5,−
√

5,
√

5) = −30; x = −2
√

5, y =
√

5, z = −
√

5,
f(−2

√
5,
√

5,−
√

5) = −30

Therefore, the highest temperature is 150 at (2, 5, 1) or (−2,−5,−1); the
lowest temperature is −30 at (2

√
5,−

√
5,
√

5) or (−2
√

5,
√

5,−
√

5)
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(6) t°ƒb f(x, y) = x2 +2xy+2y2−4x−6y Êâ (0, 0), (0, 2), (3, 0)¤
úõFˇAíúi–�, (Öq¶£iä) FßÞí|×MD|üM% (10})

(j)

I) f(x, y) = x2 +2xy +2y2− 4x− 6y

{
∂f
∂x = 2x + 2y − 4 = 0
∂f
∂y = 2x + 4y − 6 = 0

, so,

x = 1, y = 1.
II) Suppose x = 0, let g(y) = f(0, y) = 2y2−6y. g′(y) = 4y−6 = 0.

So y = 3
2 . So x = 0, y = 3

2

III) Suppose y = 0, let h(x) = f(x, 0) = x2−4x, h′(x) = 2x−4 = 0.
So x = 2. So x = 2, y = 0.

IV) Suppose 2x+3y−6 = 0, so y = − 2
3x+ 6

3 . Let u(x) = f(x,− 2
3x+

6
3 ) = x2 + 2x(− 2

3x + 6
3 ) + 2(− 2

3x + 6
3 )2 − 4x − 6(− 2

3x + 6
3 ), so

u′(x) = 2x + −4
3 · 2x + 12

3 + 2(− 2
3x + 6

3 ) · −2
3 − 4 + 6 · 2

3 = 0, so
x = 6

5 , y = − 2
3x + 6

3 = 6
5

f(1, 1) = −5, f(0, 3
2 ) = −9

2 , f(0, 0) = 0, f(2, 0) = −4, f(3, 0) =
−3, f( 6

5 , 6
5 ) = −24

5 , f(0, 2) = −4.

Hence, the abs. max value of f(x, y) is f(0, 0) = 0; the abs. min
value of f(x, y) is f(1, 1) = −5.

(7) t°â x2 = z , x2 = 4− z , y = 0 , z + 2y = 4 ��ÞFˇA
ñíñ

	%

(10})

(j) j
{

x2 = z,
x2 = 4− z

)x = ±
√

2, z = 2, ]F°ñ	Ñ

∫ √
2

−
√

2

∫ 4−x2

x2
(2− z

2
)dzdx

=
∫ √

2

−
√

2

[2z − z2

4
]4−x2

x2 dx

=
∫ √

2

−
√

2

(4− 2x2)dx

= 2
∫ √

2

0

(4− 2x2)dx

= 2[4x− 2x3

3
]
√

2
0 =

16
√

2
3

.
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(8) qaÑø£b, t°Æ6ñx2 + y2 ≤ ayD7ñx2 + y2 + z2 ≤ a2u°¶}

íñ	% (10})

(j) D = {(x, y) ∈ R2|x2 + y2 ≤ ay}

V = 4
∫ ∫

D

√
a2 − x2 − y2dA = 4

∫ π
2

0

∫ a sin θ

0

r
√

a2 − r2drdθ

= 4
∫ π

2

0

[−1
3
(a2 − r2)

3
2 ]a sin θ

0 dθ =
4a3

3

∫ π
2

0

(1− cos3 θ)dθ

=
4a3

3
[θ − (sin θ − 1

3
sin3 θ)]

π
2
0 =

4a3

3
(
π

2
− 2

3
)

(9) °-D( r = 1 + cos θ wq¶–�í$-P0% (10})

(j) Let My =
∫ ∫

Ω
xdxdy, Mx =

∫ ∫
Ω

ydxdy = 0 by symmetry M =∫ ∫
Ω

dxdy. We have M =
∫ 2π

0

∫ 1+cos θ

0
rdrdθ =

∫ 2π

0
(1+cos θ)2

2 dθ = 3π
2

My =
∫ 2π

0

∫ 1+cos θ

0
r cos θrdrdθ =

∫ 2π

0
(1+cos θ)3

3 cos θdθ =
∫ 2π

0
(cos2 θ+

cos4 θ
3 )dθ = π + π

4 = 5π
4 . FJ x̄ = My

M = 5
6 , ȳ = Mx

M = 0

(10) l�
∫ 1

0

∫ 1

3√z

∫ ln 3

0

πe2x sinπy2

y2
dxdydz% (10})

(j)

Ans =
∫ 1

0

∫ 1

3√z

∫ ln 3

0

πe2x sinπy2

y2
dxdydz

=
∫ 1

0

∫ 1

3√z

[
πe2x sinπy2

2y2
]ln 3
0 dydz

=
∫ 1

0

∫ 1

3√z

4π sinπy2

y2
dydz

{
0 ≤ z ≤ 1
3
√

z ≤ y ≤ 1 ⇒
{

0 ≤ y ≤ 1
0 ≤ z ≤ y3

=
∫ 1

0

∫ y3

0

4π sinπy2

y2
dzdy

=
∫ 1

0

4πy sinπy2dy = [−2 cos πy2]10 = 4.
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