
��ç��-ç‚�	}B (II))  08-16Ú‚25æ

(1) qw = f(x, y)Å— Laplace j˙�wxx+wyy = 0. Ix = 1
2 (u2−v2), y = uv,

t„pw?Å— Laplace j˙�wuu + wvv = 0% (10})

(j) wu = wx u + wy v

⇒ wuu = (wxx u + wxy v)u + wx + (wyx u + wyy v)v
wv = wx (−v) + wy u

⇒ wvv = (wxx (−v) + wxy u)(−v) + wx (−1) + (wyx (−v) + wyy u)u
⇒wuu + wvv = (u2 + v2)(wxx + wyy) = 0
Åj : rÖçÞí˜Ï , Î ∂ D d íÏà5Õ , ×¶}êÞÊú w = f(x, y) ª
Wù¼Rûí¬˙.
BbÿJ ... wuu = ø wu ú u R� ... ÑW , ×ÖAí˜ÏŸ¶à-:
wuu = (wxx u ∂x

∂u
+ wx + wyy

∂y
∂u

v) = wxx u2 + wx + wyy v2

Í7ÊUà chain rule ªWR�v , Fbº�I

wu = wu(x, y), x = x(u, v), y = y(u, v) í9õ.
ÛÊÿ�ÀËJø|,Þ wu ��¬jí (wx u) ¥á ú u R�Vz , £ü¬˙

à- :
∂(wx u)

∂u
= (∂wx

∂x
∂x
∂u

+ ∂wx

∂y
∂y
∂u

)u + wx
du
du

= (wxx u + wxy v)u + wx

Ê#}í™ÄjÞ , {ù¼R�êÞ,Þ˜Ï7ÿá6 , ø
ÌJ0}l�.

(2) t°ƒb f(x, y) = x2 + xy Êõ (2, 3) 5j²ûbÑÉíj².(10})

(j) ~∇f = (2x + y, x), ~u = (cos θ, sin θ), Dθf = ~∇f = ~∇f · (cos θ, sin θ) =
(2x + y) cos θ + x sin θ

Dθf(2, 3) = ~∇f(2, 3) · (cos θ, sin θ) = 7 cos θ + 2 sin θ = 0 ⇒ tan θ = − 7
2 ,

FJθ = tan−1(− 7
2 )

(3) °f(x) = 2x3 − 4xy + 3y2í”M% (10})

(j)

{

∂f
∂x

= 6x2 − 4y
∂f
∂y

= −4x + 6y










∂2f
∂x2 = 12x
∂2f

∂x∂y
= −4

∂2f
∂y2 = 6

j

{

6x2 − 4y = 0
−4x + 6y = 0

y = 2
3x, 6x2− 8

3x = 0 ⇒ x = 0, 4
9 , ç(x, y) = (0, 0)v,

0 −4
−4 6

= −16 <

0, (0, 0)Ñ¶õ.

ç(x, y) = ( 4
9 , 8

27 )v,
16
3 −4
−4 0

= 32− 16 = 16 > 0, £ ∂2f
∂x2 |( 4

9
, 8

27
) = 16

3 >

0,( 4
9 , 8

27 )Ñ”üõ
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(4) øÀ˘$,(x, y)õíÅ� (M«) ÑT (x, y) = 4x2−4xy +y2. ø§çÊJŸõ

ÑÆ-, š�Ñ55Æ˛,�W. ½vçF>§ƒí|òÅ�D|QÅ�®Öý?(10
})

(j) àLagrange 
b¶, 5?F (x, y, λ) = 4x2 − 4xy + y2 − λ(x2 + y2 − 25)
∂F
∂x

= 0 : 8x− 4y − 2λx = 0 (1)
∂F
∂y

= 0 : −4x + 2y − 2λy = 0 (2)
∂F
∂λ

= 0 : x2 + y2 − 25 = 0 (3)
(1) + 2× (2) ⇒ 2λ(x + 2y) = 0

(i) λ = 0 ⇒ y = 2x, Hp (3) ⇒ x = ±
√

5, y = ±2
√

5

(ii) x = −2y Hp (3) ⇒ y = ±
√

5, x = ∓2
√

5

|Q:T (±
√

5,±2
√

5) = 0, |ò:T (∓2
√

5,±
√

5) = 125

(5) t°f(x, y) = ex ln(1+y)ÊŸõíù¼£ú¼œ ,l� (Ìâ#|ì�) % (10
})

(j) ªWW°fÊ(0, 0)5ø¼, ù¼£ú¼ûb, Hpœ t�, Câ

f(x, y) = (1 + x +
x2

2!
+ ...)(y − y2

2
+

y3

3
+ ...)

= y + xy − y2

2
− xy2

2
+

y3

3
+

x2y

2
+ ...

= y +
1

2
(2xy − y2) +

1

6
(3x2y − 3xy2 + 2y3) + ...

ù¼,l�:y+ 1
2 (2xy−y2), ú¼,l�:y+ 1

2 (2xy−y2)+ 1
6 (3x2y−3xy2+2y3)

(6) (i) °âÆ6Þ y2 + z2 = a2 D�Þ y = x, x = 0 ¸ z = 0 FˇAä�íñ	.
(8})

(ii) °

∫ π

0

∫ π

0

∫ π

0

cos(x + y + z)dxdydz% (8})

(j) l5?Ê�ø©Ìq , q

V =

∫ a

0

∫ a

x

√

a2 − y2dydx

=

∫ a

0

∫ y

0

√

a2 − y2dxdy

=

∫ a

0

y
√

a2 − y2dy

= [−1

3
(a2 − y2)

3

2 ]a0

=
1

3
a3

2



or

V =

∫ a

0

∫ a2
−z2

0

ydydz (or =

∫ a

0

∫ a2
−y2

0

ydzdy)

=

∫ a

0

1

2
(a2 − z2)dz

=
1

2
(a2z − 1

3
z3)|a0

=
1

3
a3

ËÅ: �6æÉb¬˙£üÌ�, †��Ì�u V , C 2V(Ê�ø. üCø. ú©Ì

q) , ?Cu4V(Ê�ø. ú. ü. þ©Ìq) , Ì#Å}.

(7) °

∫ 1

−1

∫

√
1−y2

−

√
1−y2

ln(x2 + y2 + 1)dxdy % (10})

(j)

∫ 1

−1

∫

√
1−y2

−

√
1−y2

ln(x2 + y2 + 1)dxdy

= 4

∫ π

2

0

∫ 1

0

ln(r2 + 1)rdrdθ

= 2

∫ π

2

0

(ln 4− 1)dθ = π(ln 4− 1)

(8) qDÑz = 2 − (x2 + y2)Dz = x2 + y2FˇAíä�, ò�Ñδ(x, y, z) = z,
°Dí”-è™% (12})

(j) qDí”-è™Ñ(x̄, ȳ, z̄), âú˚4øx̄ = ȳ = 0, FJÉÛ°z̄

Dúxy�Þí Moment Ñ

Mxy =

∫ ∫ ∫

D

z2dxdydz

IRÑx2 + y2 ≤ 1, FJ

Mxy =

∫ ∫

R

(

∫ 2−(x2+y2)

x2+y2

z2dz)dxdy

=
1

3

∫ ∫

R

[8− 12(x2 + y2) + 6(x2 + y2)2 − 2(x2 + y2)3]dxdy

‚à”è™H²

=
1

3

∫ 1

0

[

∫ 2π

0

(8− 12r2 + 6r4 − 2r6)rdθ]dr

=
2π

3

∫ 1

0

(8r − 12r3 + 6r5 − 2r7)dr =
7

6
π

3



°Ü, ª°),”¾ M = π, FJz̄ =
Mxy

M
= 7

6

(9) t°ƒbf(x, y) = x2 + xy + y2 − 4x + 3y Êâx = 0,y = 0, ¸ x + y = 4
�ú‘ò(FˇAíä�, (Öq¶£iä) FßÞí|×MD|üM% (12})

(j)

(I) f(x, y) = x2 + xy + y2 − 4x + 3y

{

∂f
∂x

= 2x + y − 4 = 0
∂f
∂y

= x + 2y + 3 = 0
,

FJ, x = 11
3 , y = −10

3 .ÊˇAíúi$ä�2. ]5?ú‘iä(,.

(II) Ê x = 0,íiä(L1 , I g(y) = f(0, y) = y2 + 3y,0 ≤ y ≤ 4 , †

g′(y) = 2y + 3 = 0 . FJ g Ê [0,4] ,]Ó.
Ä¤Ê L1 , , g(0) = 0 Ñ|üM , g(4) = 28 Ñ|×M .

(III) Ê y = 0,íiä(L2 , I h(x) = f(x, 0) = x2 + 4x,0 ≤ x ≤ 4 , †

h′(y) = 2x− 4 = 0 . FJ h Ê [0,2] ,]Á ; Ê [2,4] ,]Ó .
Ä¤Ê L2 , , h(2) = −4 Ñ|üM , h(4) = h(0) = 0 Ñ|×M .

(IV)Ê x+y = 4,íiä(L3 , I k(x) = f(x, y) = x2−11x+28,0 ≤ x ≤ 4
, † k′(x) = 2x− 11 = 0 . FJ k Ê [0,4] ,]Á.
Ä¤Ê L3 , , k(4) = 0 Ñ|üM , k(0) = 28 Ñ|×M .

]â(I)–(IV) , BbªR)ÊˇAíúi$ä�, , −4 Ñ f í|üM ; 28 Ñ f

í|×M .
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