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1. q f(x) = ln(x +
√

x2 + 1) , t° f (n)(0) . (10})

j. Äf ′(x) =
1+ x√

x2+1

x+
√

x2+1
=

√
x2+1+x√

x2+1

x+
√

x2+1
= 1√

x2+1
= (1 + x2)−

1
2

=
∑∞

m=0
(− 1

2 )(− 3
2 )···(− 2m−1

2 )

m! · x2m, x ∈ (−1, 1).

]f(x) =
∑∞

m=0
(− 1

2 )(− 3
2 )···(− 2m−1

2 )

m!(2m+1) · x2m+1

Ä¤, Jn = 2mv, f (n)(0)
n! = f (2m)(0)

(2m)! = 0, ]f (2m)(0) = 0.

Jn = 2m+1v, f (n)(0)
n! = f (2m+1)(0)

(2m+1)! =
(− 1

2 )(− 3
2 )···(− 2m−1

2 )

m! (2m+1). ]f (2m+1)(0) =
(2m)!

m! (− 1
2 )(− 3

2 ) · · · (− 2m−1
2 ) = (2m)!

m! (−1)m· 1
2m ·1·3 · · · (2m−1) = (−1)m[(2m)!]2

22m(m!)2

2. q x 6= 1 , t° tan−1 x + tan−1 x+1
x−1 5M. (10})

j1. qα = tan−1 x,β = tan−1 x+1
x−1 , †tan α = x,tan β = x+1

x−1 , /−π
2 < α <

π
2 ,−π

2 < β < π
2 . ¢tan(α+β) = tan α+tan β

1+tan α tan β
=

x+ x+1
x−1

1−x· x+1
x−1

= x2−x+x+1
x−1−x2−x

= −1,

çx > 1v,π
4 < α < π

2 ,π
4 < β < π

2 , ]π
2 < α + β < π, Ä¤α + β = 3π

4 ;
çx < 1v,−π

2 < α < π
4 ,−π

2 < β < π
4 ,−π < α + β < π

2 , Ä¤,α + β = −π
4 .

j2. 5?f(x) = tan−1 x + tan−1 x+1
x−1 , x 6= 1, Äf ′(x) = 1

1+x2 +
− 2

(x−1)2

1+( x+1
x−1 )2

=

1
1+x2 − 2

(x−1)2+(x+1)2 = 1
1+x2 − 2

2(1+x2) = 0. ]f(x)Ê(−∞, 1)£(1,∞)}

�Ñ�b, qf(x) =

{

c+, Jx > 1,

c−, Jx < 1.
Älimx→∞ f(x) = π

2 + π
4 = 3π

4 , ]

)c+ = 3π
4 , ¢f(0) = 0− π

4 = −π
4 , ])c− = −π

4 .

3. qD Ñøâ�( y = 1
x2 , x = 1, x = 3 ¸ y = 0 �FˇAí–� .

t° D í$-. (10})

j . x̄ =

∫

3

1
x· 1

x2 dx
∫ 3

1

1

x2 dx
= ln 3

( 2
3 )

= 3
2 ln 3.

ȳ =

∫ 3

1

1
2 ·( 1

x2 )2dx
∫

3

1

1
x

dx
=

13
54
2
3

= 13
54

4. °	}

∫

ex − 1

e2x + e−x
dx .(10})
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j Iex = t, †exdx = dt, dx = 1
t
dt

∫

ex−1
e2x+e−x dx = e

∫

t−1
t2+t−1

1
t
dt =

∫

t−1
t3+1dt .

w2 t−1
t3+1 = t−1

(t+1)(t2−t+1) = −2
3(t+1) + 2t−1

3(t2−t+1) ,

FJ
∫

ex−1
e2x+e−x dx =

∫ −2
3(t+1)dt+

∫

2t−1
3(t2−t+1)dt = − 2

3

∫

1
t+1dt+ 1

3

∫

2t−1
t2−t+1dt =

− 2
3 ln |t + 1|+ 1

3 ln |t2 − t + 1|+ c

5. q y = f(x) Ê 0 ≤ x ≤ t ,íCÅ s(t) = 1
2 (et − e−t) 1/ f(x) Êx = 0T

�|üM1 , t° f(x) . (10})

j
∫ t

0

√

1 + (f ′(x))2dx = 1
2 (et + e−t), út�}, )

√

1 + (f ′(t))2 = 1
2 (et + e−t),

j)f ′(x) = ± 1
2 (ex−e−x) (t²Ax), f(x) =

∫

f ′(x)dx = ± 1
2 (ex +e−x)+C,

˛ø f(0) = ±1+C = 1, ]C = 0C2, C = 0v,f(x) = − 1
2 (ex +e−x)+2(.

¯);C = 0v,f(x) = 1
2 (ex + e−x) = coshx(¯)

6. t° limx→0(
1

2−2 cos x
− 1

x2 ) . (10})

j1. ÄÑ limx→0(
1

2−2 cos x
− 1

x2 ) = limx→0
x2−(2−2 cos x)
x2(2−2 cos x) = limx→0

2x−2 sin x
2x(2−2 cos x)+x2·2 sin x

=

limx→0
x−sin x

2x−2x cos x+x2 sin x
= limx→0

1−cos x
2−2 cos x+2x sin x+2x sin x+x2 cos x

= limx→0
sin x

2 sin x+4 sin x+4x cos x+2x cos x−x2 sin x
= limx→0

sin x
6 sin x+6x cos x−x2 sin x

=

limx→0
1

6+ x

sin x
cos x−x2 = 1

12

j2. ¢ cosx = 1− x2

2! + x4

4! − x6

6! + ... + (−1)nx2n

(2n)! + ...

1
2−2 cos x

− 1
x2 = x2−2(1−cos x)

2(1−cos x)x2 =
x
2

2 −( x
2

2! − x
4

4! + x
6

6! −...
(−1)n+1

x
2n

(2n)!
+...)

x2( x2

2! − x4

4! + x6

6! −...− (−1)n+1x2n

(2n)!
+...)

=
x4( 1

24− x
2

6! +...+
(−1)n+1

x
2n−4

(2n)!
−...)

x4( 1
2− x2

4! +x4

6! −...+
(−1)n+1x2n−2

(2n)!
+...)

⇒ 1
12 as x → 0

7. (i) J y = ln x
x

, ·úwÇ$ .(5})

(ii) tzp πe < eπ .(5})

j

(i) f(x) = ln x
x

, x > 0, f ′(x) = 1−ln x
x2 .

On x > e ln x > 1, f ′(x) < 0, f(x) decreasing on (0,∞).
On 0 < x < e, ln x < 1, f ′(x) > 0, f(x) increasing on (0, e).
Hence f(e) = ln e

e
= 1

e
is the absolutly maximum value of f .

f ′′(x) =
(− 1

x
)x2−(1−ln x)2x

x4 =
2(ln x− 3

2 )

x3 .

On x > e
3
2 , ln x > 3

2 , f ′′(x) > 0, f concave upward.
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On 0 < x < e
3
2 , ln x < 3

2 , f ′′(x) < 0, f concave downward.

Hence (e
3
2 , f(e

3
2 )) = (e

3
2 , 3

2e
3
2
) is the point of inflection.

limx→∞
ln x
x

= limx→∞
1
x

1 = 0, y = 0 is a horizontal asymptote.

limx→0+
ln x
x

= −∞, x = 0 is a vertical asymptote

(ii) f(e) > f(π), ln e
e

> ln π
π

, π ln e > e lnπ, eπ > πe .

8. °	}
∫ π

2

0 sin6 xdx .(10})

j
∫ π

2

0
sin6 xdx = −

∫ π

2

0
sin5 xd cosx = − sin5 x cosx|

π

2
0 +

∫ π

2

0
cosx·5 sin4 x cosxdx =

5
∫ π

2

0 sin4 xdx− 5
∫ π

2

0 sin6 xdx, FJ

6
∫ π

2

0
sin6 xdx = 5

∫ π

2

0
sin4 xdx,

∫ π

2

0
sin6 xdx = 5

6

∫ π

2

0
sin4 xdx. °Ü,

∫ π

2

0 sin4 xdx = 3
4

∫ π

2

0 sin2 xdx = 3
4

∫ π

2

0
1−cos 2x

2 dx = 3
4 · 1

2 (x − 1
2 sin 2x)|

π

2
0 =

3
8 · π

2 . FJ
∫ π

2

0
sin6 xdx = 5

6 × 3
8 × π

2 = 5
32π.

9. tn� p Mí¸ˇD-�Ì¤�bÊY¹� êà,íÉ[
∑∞

n=2
1

n(ln n)p . (10})

j

(i)
∫

dx
x(lnx)p =

∫

(ln x)−pd ln x =

{

ln ln x , if p = 1;
(ln x)1−p , otherwise

. Hence
∫∞
2

dx
x(lnx)p =

lima→∞
∫ a

2
dx

x(lnx)p =







lima→∞(ln ln a− ln ln 2) = ∞ , if p = 1;
lima→∞((ln a)1−p − (ln 2)1−p) = ∞ , if p < 1;
lima→∞((ln a)1−p − (ln 2)1−p) = −(ln 2)1−p , if p > 1;

Therefore
∫∞
2

dx
x(lnx)p converges iff p > 1.

(ii)
∑∞

n=1
1

n(ln n)p converges iff p > 1, by part(ii) and the integral test.

10. (i) t°Ì¤�b
∑∞

n=1 n(−x)n+1 = x2 − 2x3 + 3x4 + ... + n(−x)n+1 + ...

íY¹š� .(5})

(ii) I f(x) =
∑∞

n=1 n(−x)n+1 , úF� |x| < r. t° f(x) D f(0.5), f ′(0.5)s
65M . (5})

(i) By the ratio test, limx→∞ | (n+1)(−x)n+2

|n(−x)n+1| | = |x|, so, if |x| < 1 then it’s abs.

conv ; if |x| > 1, then it is div. so the radius of conv. r = 1

(ii) Let f(x) =
∑∞

n=1 n(−x)n+1 = x2
∑∞

n=1 n(−x)n−1

= x2(1− 2x + 3x2 + ... + n(−x)n−1 + ...) .
Let

∑∞
n=1(−x)n = 1 + (−x) + (−x)2 + ... + (−x)n + ... ,
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so 1
1+x

=
∑∞

n=0(−x)n for |x| < 1,

( 1
1+x

)′ =
∑∞

n=1 n(−x)n−1 · (−1) for |x| < 1 ,

i.e. (−1)( 1
(1+x)2 ) =

∑∞
n=1 n(−x)n−1 · (−1) for |x| < 1,

and ( 1
(1+x)2 ) =

∑∞
n=1 n(−x)n−1 for |x| < 1 .

Then f(x) = x2

(1+x)2 , f ′(x) = (−2) −1
(1+x)2 + −2

(1+x)3 .

Hencef(0.5) =
1
4

( 3
2 )2

= 1
4 × 4

9 = 1
9 , f ′(0.5) = 8

27 .
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