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� 1 æ 5?�Þj˙�: f(x, y, z) = x2yz + 3y2 − 2xz2 + 8z = 0, £�Þ,5øõ p = (1, 2,−1).
R°¦¬võ p 5

(a) ~�Þ (tangent plane) ¸

(b) ¶( (normal line) j˙�.

j�: (a) ƒb f íG�²¾ 5f = (2xyz − 2z2, x2z + 6y, x2y − 4xz + 8)
⇒ ƒb f Êõ p = (1, 2,−1) íG�²¾Ñ (−6, 11, 14)
⇒ ~�Þj˙�Ñ −6(x− 1) + 11(y − 2) + 14(z + 1) = 0

(b) ¶(j˙�Ñ
x− 1

−6
=

y − 2

11
=

x + 1

14
= t t ∈ R

� 2 æ I f(x, y) = (x3 − xy2)/(x2 + y2). ~��-Þ½æ

(a) ì2 f(0, 0) U) f(x, y) Ê (0,0) õ©/.

(b) ° fx(x, y) £ fx(0, 0)

(c) t½ fx(x, y) Ê (0,0) õ©/´?

j�: (a)

∣

∣

∣

∣

x3 − xy2

x2 + y2

∣

∣

∣

∣

=

∣

∣

∣

∣

x(x2 − y2)

x2 + y2

∣

∣

∣

∣

≤ |x| úk (x, y) 6= (0, 0)

ì2 f(0, 0) = 0 ⇒ lim
x→0, y→0

|f(x, y)− f(0, 0)| ≤ lim
x→0, y→0

|x| = 0

(b) fx(x, y) =
(3x2 − y2)(x2 + y2)− (x3 − xy2)(2x)

(x2 + y2)2

fx(0, 0) = lim
x→0

f(x, 0)− f(0, 0)

x
= lim

x→0

x3

x2 − 0

x
= lim

x→0

x− 0

x
= 1

(c) I y = kx, úk (x, y) 6= (0, 0)

fx(x, y) =
(3x2 − y2)(x2 + y2)− (x3 − xy2)(2x)

(x2 + y2)2

=
x4 + 5x2y2 − x2y2 − y4

(x2 + y2)2

=
x4 − y4 + 4x2y2

x4 + 2x2y2 + y4

=
x4 − y4 + 4x2y2

x4 + 2x2y2 + y4

=
x4 − k4x4 + 4x2k2x2

x4 + k4x4 + 2x2k2x2

=
1− k4 + 4k2

1 + k4 + 2k2

.°í k M�.°í”Ì, Ä¤ lim
x→0, y→0

f(x, y) .æÊ. FJ fx(x, y) Ê (0,0) .©/.

1



� 3 æ J u = f(r, θ, z
′

) Ñø_Ê6Þ�™Í$-íùŸª�}ƒb, w2 (r, θ, z
′

) D Cartesian
�™Í$‰b (x, y, z) 5ÈíÉ[Ñ:

x = r cos θ, y = r sin θ, z = z
′

(a) tà chain rule ø Cartesian �™Í$-íRûb: ux, uy, ¸ uz, }�ŸA6Þ�™
Í$- u ú‰b r, θ, ¸ z

′

íRûbí[ý�.

(b) t½Ê6Þ�™Í$-ƒb u ôO/ÀP²¾ ~p íj²ûƒbÑ|×v, v|×‰
“0ÑJß?

j�: (a) r =
√

x2 + y2 θ = tan−1 y

x
∂r

∂x
=

1

2

2x
√

x2 + y2
=

x
√

x2 + y2
= cos θ,

∂r

∂y
=

1

2

2y
√

x2 + y2
=

y
√

x2 + y2
= sin θ

∂θ

∂x
=

(y)(− 1
x2 )

1 + ( y
x
)2

= − y

x2 + y2
= −1

r

y

r
= −sin θ

r
,

∂θ

∂y
=

1
x

1 + ( y
x
)2

= −1

r

x

r
= −cos θ

r

ux =
∂u

∂r

∂r

∂x
+

∂u

∂θ

∂θ

∂x
+

∂u

∂z

∂z

∂x
= (ur) cos θ − (uθ)

sin θ

r

uy =
∂u

∂r

∂r

∂y
+

∂u

∂θ

∂θ

∂y
+

∂u

∂z

∂z

∂y
= (ur) sin θ + (uθ)

cos θ

r

(b) cqÀP²¾ ~p = (p1, p2, p3), p2
1 + p2 + p2

3 = 1

ƒb u •O ~p íj²ûbÑ uxp1 + uyp2 + uz′p3 ≤
√

u2
x + u2

y + u2
z =

√

u2
r +

u2
θ

r2
+ u2

z

� 4 æ t½ç (x, y) ì2Ê-�Ç�q¶í8$- (¨Öiä), ƒb f(x, y) = e3x2−2y2

í”MÑ
Jß?

j�: (1): q¶”Mª?êÞíõ,
∂f

∂x
= (e3x2−2y2

)(6x) = 0 ⇒ x = 0

∂f

∂y
= (e3x2−2y2

)(−4y) = 0 ⇒ y = 0

fxx(x, y) = e(3x2−2y2)(6x)2 + (e(3x2−2y2)6

fxy(x, y) = e(3x2−2y2)(6x)(−4y)

fyy(x, y) = e(3x2−2y2)(4y)2 + e(3x2−2y2)(−4)

«àùŸûb�ð¶ fxxfyy − f 2
xy < 0 Ê (0, 0)

Ä¤ƒb f Ê (0, 0) TÑø_¶õ (saddle point).

(2): Ê,šÆ”Mª?êÞíõ,
I y =

√

x2 + y2 ⇒ f(x,
√

x2 + y2) = e3x2−2(1−x2) = e5x2−2

∂f

∂x
= (e5x2−2)(10x) = 0 ⇒ x = 0, y = 1

f(0, 1) = e−2 f(1, 0) = f(−1, 0) = e3

(3): Êiä y = x− 1, 0 ≤ x ≤ 1 ,”Mª?êÞíõ
f(x, x− 1) = ex2+2x−2

∂f

∂x
= (ex2+2x−2)(2x + 2) = 0 ⇒ x = −1, y = −2

O (−1,−2) 1.Ê(¨ (y = x− 1, 0 ≤ x ≤ 1) ,
FJ”Mª?êÞõÑ (1, 0) ¸ (0,−1)
f(1, 0) = e3, f(0,−1) = e−2



(4): Êiä y = −(x + 1), −1 < x < 0 ,”òª?êÞíõ
f(x,−(x + 1)) = ex2−4x−2

∂f

∂x
= (ex2−4x)(2x− 4) = 0 ⇒ x = 2, y = −3

O (2,−3) 1.Ê(¨ (y = −(x + 1), −1 < x < 0) ,
FJ”Mª?êÞõÑ (−1, 0) ¸ (0,−1)
f(−1, 0) = e3, f(0,−1) = e−2

ã¯ (1)(2)(3)(4) í!�)øc_–�”Mª?êÞíõÑ (1,0),(0,-1),(-1,0),(0,1)
…VÛbªø¥�Œ¥<õu´Ñ–�”M (local extreme value)
Oâk f(1, 0) = f(−1, 0) = e3, f(0, 1) = f(0,−1) = e−2

FJf(1, 0) ¸ f(−1, 0) .Ñc_–�í|×M, AÍ6u–�”×M.
°Üf(0, 1) ¸ f(0,−1) .Ñc_–�í|üM, AÍ6u–�”üM.

� 5 æ ˛øø_,jÇ¨ (open at the top) íÅj$]äí[Þ	Ñ 100m2, t²ìv]íÅ,
 , òJU)]äíñ	Ñ|×.

j�: cq]äíÅÑ x m,  Ñ y m, òÑ z m.
]äí[Þ	Ñ 100m2 ⇒ xy + 2xz + 2yz = 100
æñbBbÊ[Þ	Ñ 100m2 íÌ„-²ìÅ,  , òJU)ñ	|×
Bbbv| f(x, y, z) = xyz í|×Mç (x, y, z) Ê g(x, y, z) = xy + 2xz + 2yz − 100 = 0,
The Method of Lagrange Multipliers µsBb–�|×MêÞõ}Å—j˙�
5f = λ5 g ¸ g(x, y, z) = 0
5f = (yz, xz, xy), 5g = (y + 2z, x + 2z, 2x + 2y)
5f = λ5 g

⇐⇒







yz = λ(y + 2z)
xz = λ(x + 2z)
xy = λ(2x + 2y)

jj˙�) x, y, z, λ 5ÈíÉ[Ñ x = y = 4λ, z = 2λ

Hp g(x, y, z) = 0 ⇒ λ =
5

6

√
3

⇒ (x, y, z) = (
10

3

√
3,

10

3

√
3,

5

3

√
3) U)ñ	|×.

Å: ¿ðvjj˙�í¬˙@püËŸ|V, ´†}\y8p}.

� 6 æ tl�-�Â½	}

(a)

∫ ∫

D

1

xy
dxdy, D is the region bounded by 1 ≤ x ≤ e2, 1 ≤ y ≤ 2;

(b)

∫ 4

y=0

∫ 2

x=y/2

ex2

dxdy

j�: (a)

∫ 2

1

1

y

∫ e2

1

1

x
dxdy =

∫ 2

1

(lnx)|e2

1

1

y
dxdy =

∫ 2

1

1

y
2 dy = 2 ln y|21 = 2 ln 2

(b)

∫ 2

0

∫ 2x

0

ex2

dydx =

∫ 2

0

ex2

(2x) dx = ex2 |20 = e4 − 1

� 7 æ tR°Ê cardioid r = 1 + cos θ q¶¸ circle r = 1 Õ¶FˇA–�5Þ	

j�:

∫ π/2

−π/2

∫ 1+cos θ

1

r drdθ =

∫ π/2

−π/2

(

1

2
r2|1+cos θ

1

)

dθ =

∫ π/2

−π/2

(

1

2
(1 + cos θ)2 − 1

2

)

dθ

=

∫ π/2

−π/2

[

1

2
(1 + 2 cos θ + cos θ2)− 1

2

]

dθ =

∫ π/2

−π/2

cos θ +
cos2 θ

2
dθ

= sin θ|π/2
−π/2 +

∫ π/2

−π/2

1 + cos 2θ

4
dθ = 1 + 1 +

1

4

(π

2
+

π

2

)

+
sin 2θ

8

∣

∣

∣

π/2
−π/2

= 2 +
π

4



� 8 æ I V Ñâ�ÓÞ z = x2 + y2 D�Þ z = 4 FˇA5
ñ–�, tR° V í$-�™.

j�: M =

∫ 2π

0

∫ 2

0

∫ 4

r2

dz rdr dθ =

∫ 2π

0

∫ 2

0

(4− r2)r drdθ

=

∫ 2π

0

∫ 2

0

4r − r3 drdθ =

∫ 2π

0

4 dθ = 8π

Mxy =

∫ 2π

0

∫ 2

0

∫ 4

r2

zr dzdrdθ =

∫ 2π

0

∫ 2

0

8r − r5

2
drdθ =

∫ 2π

0

32

3
dθ =

64π

3

Mxy

M
=

8

3

$-rkú˚W,, 6ÿu z-W.

Ä¤$-�™Ñ (0, 0,
8

3
)

� 9 æ (a) q A Ñ7 x2 + y2 + z2 ≤ 1 D
6 x2 + (y − 1/2)2 eq(1/2)2 í>Õ. tR° A íñ	.

(b) q B Ñ�7 x2 + (y/2)2 + (z/3)2 ≤ 1 D�6 x2 + (y − 1)2/4 ≤ (1/2)2 í>Õ. t‚à
(a) 5!‹, R° B íñ	.

j�: (a) A =

∫ π

0

∫ sin θ

0

∫

√
1−r2

−
√

1−r2

dz rdrdθ =

∫ π

0

∫ sin θ

0

2
√

1− r2r drdθ =

∫ π

0

2

3

[

−(1− r2)3/2
]
∣

∣

sin θ
0 dθ

=

∫ π

0

−2

3
| cos3 θ|+ 2

3
dθ =

2

3
θ|π0 −

∫ π

0

2

3
| cos3 θ| dθ =

2

3
π − 2

∫ π/2

0

2

3
cos3 θ dθ

=
2

3
π − 8

9

(b) I u = x, v =
y

2
w =

z

3
x2 + (y/2)2 + (z/3)2 ≤ 1 ⇒ u2 + v2 + w2 ≤ 1
x2 + (y − 1)2/4 ≤ (1/2)2 ⇒ u2 + (v − 1/2)2 ≤ (1/2)2

B = A ·

∣

∣

∣

∣

∣

∣

1 0 0
0 2 0
0 0 3

∣

∣

∣

∣

∣

∣

= (
2

3
π − 8

9
) · 6 = 4π − 16

3

� 10 æ Ω [ÀP7ñ, k > 0 Ñ�b

(a) °

∫ ∫ ∫

Ω

cos(kz) dV 5M.

(b) ‚à (a) í!‹°

∫ ∫ ∫

Ω

cos(x + y + z) dV 5M.

(Tý: 7Ìj²4, J x + y + z = 0 í¶²Ñh z W; I z
′

= (x + y + z)/
√

3)

j�: (a)

∫ 1

−1

∫ 2π

0

∫

√
1−z2

0

cos(kz) rdrdθdz

=

∫ 1

−1

∫ 2π

0

(cos(kz))
1− z2

2
dθ dz

=

∫ 1

−1

π cos(kz)(1− z2) dz

= π

[
∫ 1

−1

cos(kz) dz −
∫ 1

−1

z2 cos(kz) dz

]

= π

[

sin(kz)

k
− z2 sin(kz)

k
− 2z

cos(kz)

k2
+

2 sin(kz)

k3

]1

−1

= π

[

4 sin k

k3
− 4 cos k

k2

]



(b) ‚à�™WÎ�w Jacobian=1 í;¶ø x + y + z = 0 í¶²ìÑh z W
∫ ∫ ∫

Ω

cos(x + y + z) dV =

∫ ∫ ∫

Ω

cos(
√

3z) dV

6ÿuø (a) üæí k Hp
√

3 ÿ)ƒ (b) üæí��

Å: J®P.ó]Î�è™Ww Jacobian=1,
ªþtl�¤è™‰²V)| (b) üæí��

x
′

=
x− 2y + z√

6

y
′

=
x− z√

2

z
′

=
x + y + z√

3

� 11 æ °�Þ
√

x +
√

y +
√

z = 1 (x > 0, y > 0, z > 0) Dúè™�ÞÇ FˇA5ñô.

(Tý: I x = u2, y = v2, z = w2)

j�: I x = u2, y = v2, z = w2

J(u, v, w) =

∣

∣

∣

∣

∣

∣

2u 0 0
0 2v 0
0 0 2w

∣

∣

∣

∣

∣

∣

= 8uvw

∫ 1

0

∫ 1−u

0

∫ 1−v−u

0

8uvw dwdvdu

=

∫ 1

0

∫ 1−u

0

4uv(1− u− v)2 dvdu

=

∫ 1

0

∫ 1−u

0

(4uv + 4u3v + 4uv3 − 8u2v + 8u2v2 − 8uv2) dvdu

=

∫ 1

0

(2u + 2u3 − 4u2)(1− u)2 +
8

3
(u2 − u)(1− u)3 + u(1− u)4 du

=

∫ 1

0

1

3
u(u− 1)4 du

=

∫ 0

−1

1

3
(t + 1)t4 dt

=
1

3

∫ 0

−1

t5 + t4 dt

=
1

3

(−1

6
+

1

5

)

=
1

90


