Answers for Calculus A Midterm Examination

1. Use implicit differentiation to find the tangent line at (2,2) of the graph of the
function 2z* — 3y? = 4. Also find the second derivative d?y/dz? at (2,2).

Sol : Using implicit differentiation, we obtain

dy dy d*y
203 — 32 =4, 622 —6y—==0, 122 —6(=2)? —6y—= = 0.
2" =3y =4, 62" —6y—— =0, 120 —6(—)" —6y——3

At (2,2), 24 — 12% =0, and 24 — 6(%)? — 124 = 0. Then

2

dy d°y
%:2 and @:0 at (2,2)

The tangent line at (2,2) is y — 2 = 2(x — 2), i.e. y =22 — 2.

2. For a ball with radius 7 meter, its surface area and volume are A = 47wr? meter?

_ 4.3 3 :
and v = 37mr° meter”, respectively.

(a) When r = 2 meter, what is the instantaneous rate of change of colume with
respect to the radius? You should indicate the unit of your answer.

(b) Let h be a very small positive number. When the radius increases from 2 meter
to (2 4+ h) meter, use differential to give an approximation on the increase of
volume.

(c) Use geometric point of view to explain the relationship between the increase
of volume derived in (b) to the surface area of the ball with radius 2 meter.

Sol : (a) The instantaneous rate of change of volume at r = 2 equals

av
i 4mr? = 167 (meter?)

(b) Since %~ = 4mr?, for a small h, V(r 4+ h) = V(r) + 95 - h = 3ar® + 4whr?.
Forr =2, AV =V (2+h) — V(2) ~ 47h - 2* = 167h.
(c) Since AV =~ 16mh meter?, and the surface area of the ball with radius 2 meter

is 16m meter?, the increase of volume AV is approximately the same as the
surface area multiplies the increment of radius A.

2 i 1
r”sin <, x#0

3. Setf(x):{ 0 =0

(a) Find f'(0).
(b) When z # 0, find f'(z) =7
(c) Dos f"(0) exist? If it exists, please find its value. If not, give reason to support
your argument.
h?sin +

Sol: (a) f'(0) = lim J) = JO) 7508 limhsin% = 0.

h—0 h h—0 h h—0



(b) When z # 0, since 2? and sin< are differentiable, f(z) = z%sin< is also
differentiable, and

d 1 d 1 d 1 1 1
f'(z) = %(xZ -sin E) = (%xZ) - sin; + 2? - (% sin 5) = 2xsin§ — cos —
"(h) = J 1 1 1
(C) f”(o) — %ﬂw — ;lli_r>r(l)(2 Sinﬁ _ ECOSE)'

If we make A tend to 0 by h = ﬁ, the absoulute value of the limit tends to
infinity. So the limit does not exist.

2?2744

4. Sketch the graph of a rational function y = f(x) = . In the graph, you

should discuss the concavity of f, describe the rise and fall of f, and find asymptotes,
local minimum and maximum if they exist.

Sol : y = f() = 2225 —yy A () = 1— A fra) =
fl(z)=0if z =00r4 f(4) =6, f(0) = —2.
f'>0ifz >4 or x <0, the graph rises in z > 4 or x < 0.
ff<0if0<xz<2o0r2<uz<4,thegraphfallsin0 <z <2,2<z<4.
f" > 0if x > 2, the graph is always concave up in x > 2.
f" < 0if x < 2, the graph is 2always concave down in x < 2.
z°—2x+4

The graph of y = f(z) = === and its asymptotes:
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y=(x>=2x+4)/(x-2)
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5. Assume 0 < a < 1. Find the value of a such that fol |22 — az|dx achieves its

maximum.
—2?+ar, 0<z<

. 2 _ _ a
Sol: 0<a<1, |z ax|—{ 2 — az, aﬁxﬁl'Then

1 a 1
/ |2° —ax|dx :/ (—x2+ax)dx+/ (2° —ax)dx
0 0 a9



Sol :

Sol :

8.

1. 1 1, 1 1, 1 1
— (—§x3 + iax2)|8+ (§x3 - §a$2)|}1 = 503 - §a+ 3= f(a).

The integral can achieve its maximum only at the end points 0, 1 or the point
¢ € (0,1) for which f'(¢) =

7(0) = .

1
5; f1) = 6
Since f'(c) = 02—%, fllc)=0iff & =

or c = —, f(
So the integral achieves its maximum at a = 0.

Find d f2 cos Vtdt when z > 0.
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Let F(x = fo cos V/tdt, since cos+/t is continuous, by fundamental theorem of

calculus, we have F'(x) = cos+/x, and for all a,b € R, F(b) — F(a) = fab cos V/tdt.
So when x > 0,
1'2

d d
o cos Vtdt = %[F(xQ)—F(Qx)] = F'(2%)-22—F'(27)-2 = 21 cos x—2 cos V2.
2z

Evaluate the following integral:

sin(3t +2) /
1-— —d
(a) / cos®(3t + 2 b / x2 -

(a) Let u = cos(3t + 2), then du = —3sin(3t + 2)dt,

sin(3t + 2) du 1 1 1
——dt = — C=—. C
/ cos®(3t + 2) 3) w T 12" o 12 cos*(3t + 2) *

(b) Let u=1— 1, then du= 2

/xz\/:dx_/‘/_du__“2+c— (1——)_—|—C’

Find the volume of the solid generated by revolving the shaded region (which is
enclosed by z = 0 and z = 12(y* — 3®) as indicated in the following figure) about
the x-axis.
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Sol : By shell method:

1 1
V= / 2my - 12(y* — ) dy = 247r/ (v* —y")dy
0 0

4 5

Y (TN 1 1 247 6m

=24n(=>= — =)|p = 24n(~ — =) =
w( - L) =oan( - 5)

9. Suppose that y = x%“, x € R. Form a tangent line L = P(Q) by picking two points

P and @) in the graph of this funcrtion. Let m denote the slope of L. Show that

Im| < 3v/4/8.

20 5

Proof : Give P = (a, z+=) and @ = (b, 3z-5), the slope of the line L is f(bl);a(a)
By mean value theorem, there is a ¢ between a and b such that

b) — fla 2c
FO = 10) 2
b—a (c2+1)
2 1 — 322
Since %(—@27_31)2) = _2@27—1—%3 , f"(z) attains its maximum and minimum at

the point = = i%. As z tends to infinity, f'(x) tends to zero.
So the absolute maximun and minimum of the function f'(z) are

1 3v/3 | 3v/3 .
e I \/5) g lespectively



