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1. °-�5”ÌM (10})

(a) lim
x→π

esinx − 1

x− π

(b) lim
x→0+

∫ x

0
sin(t2) dt

x sin(x2)

j�: (a) lim
x→π

esinx − 1

x− π
= lim

x→π

esinx cos x

1
(3}) = −1 (5})

(b) lim
x→0+

∫ x

0
sin(t2) dt

x sin(x2)
= lim

x→0+

sin x2

sin x2 + 2x2 cos x2
(1})

= lim
x→0+

1

1 + 2 x2

sinx2 cos x2
(3}) =

1

3
(5})



2. q f(x) = x(1/x2), x > 0, t° (10})

(a) f(x) í|×M

(b) lim
x→∞

f(x)

j�: (a) ¦ ln f(x) =
ln x

x3
CŸA f(x) = e

ln x

x
3 ,

Í(�| f ′(x) C
d

dx

(

ln x

x3

)

=
1− 3x

x4
#2}.

£ü°|@äõ x = e1/3 y#3}, zp x = e1/3 üÑ”×M (7.u@äõC
”üM), y#1}. �s¶:
(1) zp: ú x < e1/3, f ′(x) > 0 7ú x > e1/3, f ′(x) < 0.
(2) zpÊ x = e1/3õv, f ′′(x) < 0.
Ã�zV (2) ¶ÉN| x = e1/3Ñ�¶”×, âyzp. (&àz x = e1/3 Ññø
5@äõ.) OÄÉ�1},(2) ?Sl. u6}, ü˜.p.

(b) à L’Hopital’s Rule zp lim
x→∞

ln x

x3
= lim

x→∞

1/x

3x2
= 0 #r}4}. J-íjÌ#2}.

(1) à lim
x→∞

x1/x = 1 7„zp¤��ÑSA, à:

(i)1 ≤ x1/x3

< x1/x ⇒ lim
x→∞

x1/x3

= lim
x→∞

x1/x = 1 (HÑ)

(ii) lim
x→∞

x1/x3

= lim
x→∞

(x1/x)1/x2

= 10

(iii) lim
x→∞

x1/x2

= { lim
x→∞

(x3)1/x2}1/3 = 11/3

(2) ‚à lim
x→∞

lnx

x
= 0 CŸA ln x = xmall order of x 7„zp¤��ÑSA,

à:

lim
x→∞

ln x

x3
= lim

x→∞

ln x

x
· lim

x→∞

1

x2
= 0

OÉz: x Ó‹)ª ln x 0, .#}.
(3) q x1/x3

= 1 + α, α > 0. † x = (1 + α)x3

= 1 + x3α + · · · (ùá�ìÜ). FJ

x > x3α C
1

x2
> α > 0. ] α → 0. ¤¶5ÿõÊk x Ý£cbv, (1 + α)x3

5

ùá��Ç, Éú |α| < 1A.



3. j�}j˙:















dy

dx
= −

√
1− x2

x
, 0 < x ≤ 1

y(1) = 0

(10})

j�: y = −
∫

1− x2

x
dx I t =

√
1− x2

=

∫

t√
1− t2

· t√
1− t2

dt

=

∫

t2

1− t2
dt

=

∫

−1 +
1

1− t2
dt

= −t +
1

2

∫

1

1− t
+

1

1 + t
dt

= −t− 1

2
ln |1− t|+ 1

2
ln |1 + t|+ C

= −
√

1− x2 +
1

2
ln

1 +
√

1− x2

1−
√

1− x2
+ C

y(1) = 0 ⇒ 0 =
1

2
ln

(

1 + 0

1− 0

)

+ C

⇒ y = −
√

1− x2 +
1

2
ln

(

1 +
√

1− x2

1−
√

1− x2

)



4. �øBä, øÇá_�100t¯íÀ®. Bä,j�ø÷å, J©} 1t¯í§�ø
ë�Ñ ©t¯10tsíë&®·pB2. �øµ.ÂøB2íÉ¯Óvµ.ÌG.
B��ø|¨, J©} 3t¯í§� ¼|É¯. (10})

(a) J y(t) [vÈÑ t vB2íë&Ö¾, û|ƒb y(t) FÛÅ—í�}j˙�.

(b) ½*ruÀ®ƒBqë&Ö¾|Ö, �vÖý?

j�: (a) y(t) Ñ t v…íë&¾
t v…í®¾=100 + t− 3t = 100− 2t

y(t +4t) = y(t) + 104t− y(t)

100− 2t
× 34t

y(t +4t)− y(t)

4t
=

−3y(t)

100− 2t
+ 10

y(t) Å— y′(t) = 10− 3y

100− 2t
¸ y(0) = 0

(b)

{

y′(t) +
3y

100− 2t
= 10

y(0) = 0

let p(t) =
3

100− 2t
⇒

∫

p(t)dt =

∫

3

100− 2t
dt = −3

2
ln(100− 2t)

let q(t) = −3

2
ln(100− 2t)

eq(t)y(t)′ + eq(t) · q′(t)y(t) = eq(t) · 10 = 10 · (100− 2t)−3/2

⇒ (eq(t)y)′ = 10 · (100− 2t)−3/2

⇒ eq(t)y = eq(0)y(0) + 10 ·
∫

(100− 2t)−3/2 dt

⇒ y(t) = 10e−q(t)(100− 2t)−1/2 + C · e−q(t) = 10 · (100− 2t) + C(100− 2t)3/2

y(0) = 0 ⇒ 0 = 1000 + 1000C ⇒ C = −1
y(t) = 10 · (100− 2t)− (100− 2t)3/2

y′(t) = 0 ⇒ 10 = 3 · 10− 3(100− 2t)1/2

⇒ t =
250

9



5. °-�	}:

(a)

∫

x2 sin(3x) dx (7})

(b)

∫

2

x3
√

x2 − 1
dx, x > 1 (8})

j�: (a) u = x2, dv = sin(3x)dx ⇒ du = 2xdx, v =
−1

3
cos(3x)

∫

x2 sin(3x) dx =
−1

3
x2 cos(3x) +

2

3

∫

x cos(3x)dx

=
−1

3
x2 cos(3x) +

2

3

[

1

3
x sin 3x−

∫

1

3
sin(3x) dx

]

=
−1

3
x2 + cos(3x) +

2

9
x sin 3x +

2

27
cos(3x) + C

(b) let x = secθ, 0 < θ <
π

2
⇒ x2 = sec2 θ − 1 = tan2 θ, dx = sec θ tan θdθ
∫

2

x3
√

x2 − 1
dx =

∫

2

sec3 θ tan θ
× sec θ tan θdθ =

∫

2

sec2 θ
dθ =

∫

2 cos2 θdθ

=

∫

(1 + cos 2θ)dθ = θ +
sin 2θ

2
+ C

= sec−1 x +
sin(2(sec−1 x))

2
+ C



6. °-�	}

(a)

∫

∞

1

ln y

y3
dy (7})

(b)

∫ π/2

0

1

2 + cos x
dx (8})

j�: (a) u = ln y, dv = y−3dy

du =
1

y
dy, v =

−1

2
y−2

(a)

∫

∞

1

ln y

y3
dy = lim

s→∞

∫ s

1

ln y

y3
dy

= lim
s→∞

(

1− ln y

2y2

)
∣

∣

∣

∣

s

1

+
1

2

∫ s

1

1

y3
dy (2})

= lim
s→∞

(

1− ln y

2y2

)
∣

∣

∣

∣

s

1

− 1

4y2

∣

∣

∣

∣

s

1

(4})

= lim
s→∞

(− ln s

2s2
− 1

4s2
+

1

4

)

(6})

=
1

4
(7})

(b) z = tan
x

2
, dx =

2

1 + z2
dz, cos x =

1− z2

1 + z2
∫ π/2

0

1

2 + cos x
dx

=

∫ 1

0

2
1+z2 dz

2 + 1−z2

1+z2

(2})

=

∫ 1

0

2

z2 + 3
dz (4})

=2

(

1√
3

tan−1 z√
3

)
∣

∣

∣

∣

1

0

(ý})

=

√
3π

9
(8})



7. ~ÿ a = 1, a = 2 }�n��b
∞

∑

n=1

1 · 2 · 3 · · ·n
(a + 1)(a + 2)(a + 3) · · · (a + n)

íY¹4. (10})

j�: a = 1 ⇒ 1 · 2 · 3 · · ·n
(1 + 1)(1 + 2)(1 + 3) · · · (1 + n)

=
n!

(n + 1)!
=

1

n + 1
∞

∑

n=1

1

n + 1
is divergent

Since

{

1

n + 1

}

∞

n=1

is a decreasing positive sequence.

We can use integral test
∫

∞

2

1

x
dx = lim

b→∞
(ln b)− ln 2 = ∞

a = 2 ⇒ 1 · 2 · 3 · · ·n
(3)(4)(5) · · · (2 + n)

=
2

(n + 2)(n + 1)
2

(n + 2)(n + 1)
=

2

n2 + 3n + 2
<

2

n2

∞
∑

n=1

2

(n + 1)(n + 2)
is convergent

since

{

2

(n + 2)(n + 1)

}

∞

n=1

is a positive sequence

and

∞
∑

n=1

2

(n + 2)(n + 1)
<

∞
∑

n=1

2

n2
is convergent by integral test.



8, dì a ≥ 0. ½ a ÊBó¸ˇv, �b
∞

∑

n=2

1

n(ln(n))a
Y¹. (10})

j�: à integral test �|

∫

∞

2

1

x(ln x)a
(#s})

a 6= 1 �|

∫

∞

2

1

x(ln x)a
dx =

1

1− a

1

(lnx)a−1

∣

∣

∣

∣

∞

2

= lim
b→∞

[

1

1− a

1

(ln b)a−1
− 1

1− a

1

(ln 2)a−1

]

Ú	#5}

a > 1 ⇒ �bY¹

a < 1 ⇒ �bêà

}

Ú	#�}

a = 1 ⇒
∫

∞

ln 3

1

y
dy = lim

y→∞
ln y − ln(ln 3) = ∞⇒ �bêà (Ú	)�})

9. (a) °
√

2 cos x ú x =
π

4
�Çíœ �b. (5})

(b) „p: ç x ÑLøõbv, ‡Hœ �bY¹ƒ
√

2 cos x. (5})

j�: (a)
√

2 cos x =
√

2 cos(x−π/4+π/4) =
√

2[cos(x−π/4) cos(π/4)−sin(x−π/4) sin(π/4)]
= 2 [cos(x− π/4)− sin(x− π/4)]

= 2

[

1− (x− π/4)2

2!
+

(x− π/4)4

4!
− · · ·

]

− 2

[

(x− π/4)

1!
− (x− π/4)3

3!
+ · · ·

]

=

∞
∑

k=0

2(−1)k

[

(x− π/4)2k

(2k)!
− (x− π/4)2k+1

(2k + 1)!

]

(b) â lim
k→0

ak

k!
= 0

lim
k→0

R2k = lim
k→0

(−1)k (x− π/4)2k

(2k)!
= 0

lim
k→0

R2k+1 = lim
k→0

(−1)k+1 (x− π/4)2k+1

(2k + 1)!
= 0

10. ° f(x) = e−x2

í Maclaurin �b, £‚à¤�b°

∫ 1

0

e−x2

dx 5¡NM. (.âüv

üìwÏÏük 10−3) (10} )

j�: f(x) =

∞
∑

k=0

(−x2)

k!
=

∞
∑

k=0

(−1)kx2k

k!
∫ 1

0

e−x2

dx =

∫ 1

0

∞
∑

k=0

(−1)kx2k

k!
dx =

∞
∑

k=0

∫ 1

0

(−1)kx2k

k!
dx =

∞
∑

k=0

(−1)kx2k+1

(2k + 1)k!

∣

∣

∣

∣

∣

1

0
for 0 < x < 1

Rk(x) =
x2k+1

(2k + 1)k1
<

1

(2k + 1)k!
< 10−3

ie 103 < (2k + 1)k! if k ≥ 5

⇒
∫ 1

0

e−x2

dx ≈
4

∑

k=0

(−1)kx2k+1

(2k + 1)k!

∣

∣

∣

∣

1

0

= 1− 1

3
+

1

10
− 1

42
+

1

216
=

5651

7560


