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1. tR°�b a ¸�b b íMJU)ƒb f(θ) Ê θ = 0 vÑø ©/ª�}íƒb

f(θ) =











1− cos θ

sin θ
çθ > 0

aθ + b çθ ≤ 0

j�: lim
θ→0−

f(θ) = lim
θ→0−

aθ + b = b

lim
θ→0+

f(θ) = lim
θ→0+

∣

∣

∣

∣

1− cos θ

sin θ

∣

∣

∣

∣

≤ lim
θ→0+

∣

∣

∣

∣

(sin d)θ

sin θ

∣

∣

∣

∣

=
lim

θ→0+
| sin d|

lim
θ→0+

∣

∣

∣

∣

∣

∣

sin θ

θ

∣

∣

∣

∣

∣

∣

=
0

1
= 0

⇒ b = 0

˝ûb = lim
θ→0−

aθ − 0

θ
= lim

θ→0−
a
θ

θ
= a

¬ûb = lim
θ→0+

1− cos θ

sin θ
− 0

θ
= lim

θ→0+

(1− cos θ)(1 + cos θ)

(θ sin θ)(1 + cos θ)
= lim

θ→0+

sin2 θ

θ sin θ(1 + cos θ)
=

1

2

⇒ a =
1

2



2. 5?�(j˙�: x3 + y3 = 2xy, t° dy/dx ¸ d2y/dx2 Êõ (x, y) = (1, 1) 5M.

j�: ú x3 + y3 = 2xy si�}°øŸûb

⇒ 3x2 + 3y2 dy

dx
= 2y + 2x

dy

dx

(3y2 − 2x)
dy

dx
= 2y − 3x2

dy

dx

∣

∣

∣

∣

(1,1)

=
2y − 3x2

3y2 − 2x
=

2− 3

3− 2
=
−1

1
= −1

°ùŸûb

6x + 6y
dy

dx
(
dy

dx
) + 3y2 d2y

dx2
= 2

dy

dx
+ 2

dy

dx
+ 2

d2y

dx2

ø (1,1) Hp

6 + 6× 1× (−1)(−1) + 3× 1× d2y

dx2
= 2× (−1) + 2× (−1) + 2

d2y

dx2

d2y

dx2
= −4− 6− 6 = −16



3. 5?ƒb f(x) =
√

x2 + x tl�-�”Ì:

(a) lim
x→−∞

f(x)/xJ”ÌæÊ, ˚v!‹Ñ A),

(b) lim
x→−∞

(f(x)− Ax).

j�: (a): |x + 1| ≤
√

x2 + x ≤ |x|, úk x < −10

⇒ |x + 1|
x

≥
√

x2 + x ≥ |x|
x

⇒ −1− 1

x
≥
√

x2 + x ≥ −1

⇒ lim
x→−∞

f(x)

x
= −1

(b): lim
x→−∞

√
x2 + x + x = lim

x→−∞

(
√

x2 + x + x)(
√

x2 + x− x)√
x2 + x− x

= lim
x→−∞

x2 + x− x2

√
x2 + x− x

= lim
x→−∞

x√
x2 + x− x

= lim
y→∞

−y
√

y2 − y + y
= − lim

y→∞

y
√

y2 − y + y

= − lim
y→∞

1
√

1− (1/y) + 1
= −1

2



4. t½J/Þ;bøø_£ÆV (right circular cone) qQkš�Ñ a í7q, vV
|×íñ	ÑJß?

j�: f(x) =
1

3
πx2(a +

√
a2 − x2)

f ′(x) =
1

3
π(2ax + 2x

√
a2 − x2 − x3

√
a2 − x2

)

I f ′(x) = 0

⇒ x2 =
8

9
a2

⇒ x = ±2
√

2a

3
(−2

√
2a

3
.¯)

⇒ f(
2
√

2

3
a) =

32

81
a3π



5. t„p-�½æ:

(a) | tanx− tan y| ≥ |x− y| úF�í x, y ∈ (−π/2, π/2).

(b) f(x) =
sin x

x
Ê x ∈ (0, π/2) 5ÈÑø]Áƒb.

j�: (a) ‚àÌMìÜ
tanx− tan y = (sec2 d)(x− y), d �k x ¸ y 5È
| tanx− tan y| = | sec2(d)||x− y| ≥ |x− y|

(b) f ′(x) = (
sin x

x
)′ =

(cos x)− (sin x)

x2

I g(x) = (cos x)x− sin x
g(0) = 0
g′(x) = (− sin x)x + (cos x)× 1− cos x = (− sin x)x < 0, úk x ∈ (0, π/2)
FJ g(x) < 0 úk x ∈ (0, π/2)
FJ f ′(x) < 0 úk x ∈ (0, π/2)
FJ f(x) Ê x ∈ (0, π/2) 5Èuø_]Áƒb



6. t·ú f(x) = x2/3(2x + 5) 5Ç$, ~N| (i) ”M, (ii) ¥�õ, (iii) ,ô -±–È,
£ (iv) ,p-o–È.

j�: f ′(x) =
10x + 10

3 3
√

x

f ′′(x) =
20x− 10

9
3
√

x4

f ′(x) = 0 ⇒ x = −1, f(−1) = 3

f ′′(x) = 0 ⇒ x = 1/2, f(1/2) =
6
3
√

6
(i)f(x)Êx = −1v�”×M 3, Ê x = 0 T�”üM0

(ii)f(x) Ê x = 1/2 v�¥�õ (
1

2
,

6
3
√

4
)

(iii)f(x) Ê (−∞,−1) ∪ (0,∞) Ñ]Óƒb, Ê (−1, 0) Ñ]Áƒb

(iv)f(x) Ê (−∞, 1/2) Ñp¨²-, Ê (1/2,∞) Ñp¨²,



7. °”Ì:

lim
n→∞

n2

{

1

n3
+

1

(n− 1)3
+ · · ·+ 1

[n + (2n− 1)]3

}

.

(Hint: ,�uø_ƒbÊ/–Èí Riemann ¸5”Ì, tOø,�uAì	}.)

j�:
1

n
× n3

{

1

n3
+

1

(n + 1)3
+ · · ·+ 1

[n + (2n− 1)]3

}

.

=
1

n

{

(
n

n
)3 + (

n

n + 1
)3 + · · ·+ n3

[n + (2n− 1)]3

}

.

=
1

n

{

(
1

1 + 0
n

)3 + (
1

1 + 1
n

)3 + · · ·+ 1

(1 + 2− 1
n
)3

}

.

=
2− 0

2n

{

(
1

1 + 0
2n

)3 + (
1

1 + 2
2n

)3 + · · ·+ 1

(1 + 2− 2
2n

)3

}

.

=

∫ 2

0

(1 + x)−3dx = −1

2
× (

1

9
− 1) =

4

9



8, cq F (x) =

∫ x

0

(x− t)t sin(t2) dt, ° F ′(x)

j�: F (x) = x

∫ x

0

t sin(t2) dt−
∫ x

0

t2 sin(t2) dt

F ′(x) =

∫ x

0

t sin(t2) dt + x(x sin(x2))− x2 sin(x2) =

∫ x

0

t sin(t2)dt

I u = t2

⇒ F ′(x) =
1

2

∫ x2

0

sin udu =
1

2
(− cos u)|x2

0 =
1

2
(− cos x2 + 1)



9. Jš�Ñ R í7Þ\�×Ñ h(< 2R) íù�WÞFi, t„: Fi7[Þ	 (?¹,
7Þ �kù�WÞÈíÞ	) ÉDù�WÞÈí‡× h �É, DFiP0ÌÉ.

j�:

∫ a

a−h

2πyds = 2π

∫ a

a−h

y

√

1 +
x2

y2
dx

= 2π

∫ a

a−h

√
R2 − x2

√

R2

R2 − x2
dx = 2π

∫ a

a−h

Rdx

= 2π(Rx)|aa−h = 2πRa− 2πR(a− h) = 2πRh



10. °,šÀP7ñí$Õ2-.

j�: âú˚4ªø$Õ2-íP0@v y W,

dV = (
√

1− y2)2πdy = (1− y2)πdy

ȳ =

∫

ydv
∫

dv
=

π
∫ 1

0
y(1− y2)dy

π
∫ 1

0
(1− y2)dy

=
(y2

2
− y4

4
)|10

(y − y3

3
)|10

=
1
4
2
3

=
3

8

$Õ2-Ê (0,3/8)


