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1. (12%) Determine whether the series is convergent or divergent.

(—1) (e% - 1).
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(a) Y (=1)"(em — 1)

cen—1— 0asn— oo
and ex — 1 is decreasing in z,
1
(‘since f(z) =er — 1, f'(z) = —?e% <0 forz>1)

By alternating series test, the series converges.

oo

1
(b) Z n(lnn)3

n=2

Let g(x) = 5+ Then g(z) > 0, is decreasing to 0, and continuous for z > 2

1
x(lnx)
(since the function z(Inz)? is increasing.)

1
g(n) = and the improper integral
n(lnn)3

/00 d ——1(l )_200— ! converges
s z(lnz)d 2 P ~ 2(In2)? HVETEes.

By integral test, the series converges.

2. (12%)
. 1l—cosx
(a) Evaluate lim ———.
z—0 €x
1— 1
(b) Evaluate lim L(?).
n—o0 1 — cos (;37)

S 1
(c) Find the interval of convergence of the power series Z (1 — cos (—))x”

n
n=1

Sol:

(a) By L’Hopital’s rule,

. 1—rcoszx . sinx . COSZX
lim ——— = lim = lim =
x—0 ;1;2 x—0 2;1: x—0 2

DN | —



(b) By (a),

. 1 —cos(2) Chm 1 — cos(L) . (#1)2
PRIy o (T eosh)
1 —cos(L L2
= lim —=" 2(”) - lim —("+1) T
n—oo (E) n—oo | — COS(n_Jrl)
G
(3)
= 1
(¢) By (b), let a, = (1 — cos(+))z",
i |92 iy |- cos(2) |
im = lim |———~2| = [z]
n—oo | ay, n—oo | | — COS(n—_H)
Hence, the radius R = 1.
For x = —1, since 1 — cos(%) decreases to 0, so according to alternating test,
= 1
Z(—l)"(l — cos(—)) converges.
n
n=1
1 —cos(d 1 =1
For x =1, since nh_)r{.lo Tz(") =5 and Z e converges, so by comparison test,
n n=1
- 1
Z(l — cos(—)) converges.
n
n=1
Therefore, the interval of convergence is [—1, 1].
3. (10%) Let f(z) = sin (2%). Find f1*(0).
Sol:
. o (_1>nt2n+1 tS t5 t7 t9
t) = S T
sin(t) ; 2n+ 1) TR TR
o >, (—1)ngbnts T L -
= — S — _ - ..
sin(a”) HZ:O O R TR R R T
15!
15/ _ 2"
= °(0) = R

4. (12%) Find the curvature «, the unit tangent vector T, and the unit normal vector N of the
curve r(t) = (cost,sint,In (cost)) at r(0) = (1,0,0).
Sol:

P(#) = (= sint, cost, _CZIST) — F(8)] = V1 + tant =

= T(t) = (—sint cost, cos®t, —sint), so T(0) = (0,1,0)

(because cost > 0)
cost



T'(t) = (— cos*t + sin*t, —2sint cos t, — cos t)
_ T
7'(0)]

= k(0) = |dT/ds|i=o = |T'(0)|/|7(0)] = v'2: N(0)

. (10%) Where does the tangent plane of the surface z = e ¥ at (1,1, 1) intersect the z axis?

Sol:
0z 0z
O gy 5 pry 1
So, the tangent plane is
0z 0z
—1=—(1,1)(z—-1 — (1, )(y—1). 2
S 1= =)+ LD - )
z —axis = x =y = 0 input in equation (2), then we obtain z = 1 (3)

Therefore, the intersect point is (0,0, 1).

. (12%) You are wandering around in a strange desert where the temperature at the point (z,y)

is given by the function T'(x,y) = ev=*".

(a) You have stopped at the point (2,1). Suddenly you are feeling chilled and want to warm

up — in what direction should you go to warm up as rapidly as possible?

(b) Figure out the coordinates of all the points where there is no increase or decrease in

temperature in the (1,1) direction.
Sol:

(a) f(2,1) is the direction we need (you show that you known this property)

f(2,1) = e3(—4,1) (this answer can be replace by t(—4,1), for any ¢ > 0)

(b) f(a:,y)-(l,l):0:>x:%, y €R

. (10%) Let z = f(x,y) such that all the second partial derivatives of f are continuous. Let

xr =rcosf and y = rsinf.

(a) Evaluate or or 90 and @ Express the results in ( functions of ) r and 6.

oz’ Oy’ Ox’ Ay
(b) Express f, in terms of ( functions of ) r, 0, f,, fe.



<C> EXpI'eSS frx in terms of ( functions 0f> T, 07 frv f@a frr7 f?‘@a f99-

Sol:
(a) Since r = /a2 + y?
Hence—r = ! = reosf = cos
81‘ B ﬂ/(L’Q —|—y2 N T N )
. or Y rsin @ )
Similarly a_y = \/m =— = sin 6.
Since 6 = tan~! Z
T
Hence % = a? =Y _ —sinf
or 14 <y> 2 + 12 ro
x
1
- 0
Similarly Y — x z _ cost
Y 5y 1+(§) T 2242 7
x
) _of (9f87“ af 00 —sinf
(b) Follows chain rule = f, = 91— o1 9% + 2092 = frcosf + fy
(c)
L Oleost— )
= cos@ f,,—i-fr cos@—smeﬁfg—fgﬁsmg
r 0 ox r
060 .00
- COSQ (f'r'r_ + fyﬂ%) — fT Slne%

4 00
sm (fer Y 8_)
xXr

_f 381n68r+£sin6@
“Nor r 0x " 00 r Oz

= frrcos® + frgcosd <—SH;0) — frsind <_Sm9)

,
; 2
— <Sln¢9> 050+ fop <s1;1«9)
— < sin 6 cos )+ cos 6 <_sin0))
r T

sin 260 Sn9 $iné

8. (12%) Find and classify the critical points of f(z,y) = pye—Tt

4

sin 260
r2




Sol:

fo(,y) = 0.f,(,9) = 0 = (z.9) = (0,0), %, %» (% ;—;, %, ;—;, Q—; %

faa(,y) = (—6xy + 4aPy)e ™ ",
Fu(,y) = (=6ay + day*)e ™,
foy = (1= 22%)(1 = 22)e ™™V
D(x,y) = feafyy — (fay)*

= D(0,0) < 0,(0,0) is a saddle point

= D(% LQ) > 0, fm(% %) <0, (% %) attains maximum
:>D(_—; 71) >0, fm(\/_ f) ,(%,\_/—%) attains maximum
N D(;—%,%) >0, fm(% 73) (\7 7) attains minimum
N (2,\%) 0, fm(% ;f) -0, (\/' 7) attains minimum

. (10%) Use the method of Lagrange multipliers to find the extreme values of z on the curve of
intersection of 22 + 22 =1 and y? + 22+ z = 1.
Sol:

we want to find the extreme value of function: f(z,y,z) = z, Constrain functions: g(z) =
?+z22—1land h(z) =9y*+22+2—1

by the Lagrange multiplier, we have Vf = AVg + uVh That is

22 =0

—2uy =0
A2z)+p(2z2+1) =1

Then we discuss for conditions based on A and p

(1) A =0, =0 Contradiction to the equation A\(2z) + u(2z +1) =1

—1£+vV5
(2) )\:O,u#Owecangety:0—>z2+z—l:0—>z:T\/_. By examine 2%+ 2% = 1,
-1 )
we find that z = +\/—

3) A # 0,0 =0 wecan get z = 0 — z = +1. By examine y? + 22 + 2 = 1, we find that
( p g y y



z=-1

(4) X # 0,1 # 0 we can get x = 0 and y = 0 which are contradict to the constrain ? + 22 =1

and y? + 22 +2=1

Extreme values:

~1+5
2

Maximum: z =

Minimum: z = —1



