11
1. (11%) Evaluate the iterated integral / / sin (y*) dy d.
0 Jvz

1,1 Lory?
// sin(y3)dydx:// sin(y®) dx dy
0o Jyvz o Jo
1
:/ y?siny® dy
0

1 3, |
= ——cosy dy‘
3 0

Sol:

1 1
g—gcosl

2. (11%) Evaluate ]{(434 — ") dr + (132 + \/m) dy, where C'is the circle 22 + 3% = 4.
Sol: )
]{(4y — e dr+ (132 + /12 +y+ 1) dy = /(13 —4)dx dy, where A is the region enclosed
by ’
=9 x 47 = 367.

MG
3. (11%) Find the average value of the potential function f(x,y, z) = m on the

Vi +y?+ (2 —2)2
spherical shell r < /22 4+ 32+ 22 <1, where 0 < r < 1.

[[] f(z,y,z)dV

_ _E h
faverage — , where

%
V:///ldv
/ A / / p? sin ¢pdpdedd

(1—7’

3



And the numerator is

/E// fe,y,2)dV = /E// N +nyzj\iczz — 2)2dv

2m ™ 1 M
- / / / mMG o? sin ¢dpddd
o Jo Jr \/p2—dpcosg+4

s 1 1
=27 - 2 sin ¢pdpd
/0 /r \/p2—4pcos¢+4p Pdpdd
1 s 1
= 2mmMdG / / 2 sin pddd
( ) r Jo \/p2—4pcos<;5+4p Gdgdp

1
= (27TmMG)/ [g\/P2 —4pcos ¢ + 4] Iiig dp

— (2rmMG) / 2l(p+2) ~ o~ 2ldp

1
= (QWmMG)/ g - 2pdp

1
= (27TmMG)/ p*dp

= (gﬂmMG)(l — )
EZrmMG)(1 —1r3)

. _ 3
.. faverage - 4%(1 _ 7”3)

_mMG
D)

4. (11%) Evaluate the integral // cos (x — y) dA, where R is the region bounded by |z|+|y| = g

R
Sol:
T
IE//cos(x—y)dA R:|z|+ |yl < =
R 2
method1:
0 1
Let u =z +y, v=x —y, then |J| = ‘(‘)EZ::JJ; =3
Therefore,
7r/2 7'('/2 1 71'/2 1
I = / / cos(v) = dvdu = m sin(v) — =
—nj2)—n)2 2 2 2



method?2:

w/2—x

w/2
R, = / cos(x —y) dydx = 1

0 0

0 T
Ry, = / cos(z —y) dyde = — —1
—7/2+x 2

0 w/24x T
cos(x —y) dyde = ——1
—7/2J0 2

0 0
R, = / / cos(x —y) dydr = 1
—7/2J—7/2—x

I = R1+R2+R3+R4 = T

5. (11%) Evaluate //de, where S is the surface z =z 4+ 9%, 0<z <1, 0 <y <2
Sol:
Let r = (l’,y,x + y2), then r, = (1707 1)77ay = (07 1,23/)

Ty X1y = (—1,—2y,1) and |r, x 7| = /2 + 4y?

Thus, we have
1 2
//de://y\/Q—i—éldeydx
S 0o Jo

:/01 E §(2+4y) rd:c

= [ L[S - v s

[

13
=—V2
3
11%) Let T be the surface of the tetrahedron bounded by x = 0, ¥y = 0, z = 0 and
2 2
% + g + 3 = 1, given with outward orientation. Let F = o 2i + (zz + 1)j + (yi— 2)k

be a vector field. Evaluate / / curlF - dS, where S is the surface when the bottom surface

(z =0) is removed from 7.
Sol:
Method 1:



curlF = (=2*(y +2) 2 — o, —y*(z +2) 2 —22(y +2) ' 2 —2y(z + 2)71)

[[ewtr-as = [[ curtbie.p0)- 0,001 = [[ ~yax
S D D
1 p2-2¢ 1 5
= / / —ydydx:/ —~(2—2z)%dr = —=
o Jo 0 2 3

Method 2:

By stoke’s theorem,

//curlF-dS = Y{F-dr
S C

C=0CUC,uC; = {(t,0,0)U (1 —1¢,2t,0)U (0,2 —2¢t,0)}t€e[0,1]

/F~dr = /
Cq 0
1
/F-dr = /—2t2+2dt:—
Co 0
/F-dr = /
Cs 0

4 2
= IF-dS = 0+-—2=—2=
//Scur +3 3

7. (12%) (a) Let Fy(x) = % Calculate // F, - dS, where S; is the sphere centered at (0,0, 0)

1
with radius a. (You must show the details.)

X X—V

(b) Let Fa(x) =

where v = (2,0,0). Find // F, - dS, where S, is the sphere

P x— v
: .1
centered at (0,0,0) with radius 3"

(c) Find // F, - dS, where Sj is the sphere centered at (0,0,0) with radius 3.

Sol:

for any x € S

//Fl 5= //!X|3 de //|X\2 :%'Area(sl)z



X—V
x Y z
(22 + 92+ 22)7 (22 + 2+ 22)7 (a2 + 42 + 22)
3 (22 + y? +z)2—x-%(m2+y2+zz)%-2x
(m2—|—y2+22)3
—y'%(x2+y2—|—22)%~2y—z-%(x2+y2+z2)%~22
(22 + 12 + 22)°
3(x® + 9% + 2%) — 322 — 3y* — 322
= T 2)% =0 on R*\ {(0,0,0)}.
22 +y2 4z

divFy = div( T 3
2 2

Similiarly, divF3 = 0 on R?\ {(2,0,0)}

Therefore, we get // F,-dS = // F,-dS — /// divF3dV = // F,-dS =4n

by divergence theorem where E is the ball bounded by S.

(c) Let S! be the sphere centered at (0,0,0) with radius

l\?l»—‘ N

Let S? be the sphere centered at (2,0,0) with radius

Then by divergence theorem, / / F,-dS = / / F, - dS.

Stus?
// F, - dS = 47 as computed in case (b).

S1
Similiarly, / / F,-dS = —
SQ

Therefore, // Fy-dS =47 — 47 = 0.

8. (11%) Find the general solution of the differential equation y” — 2y’ + y = xe®.

Sol:
Yhomo = C1€° 4 coxe” where ¢y, ¢y are constants.
sub y = Ax’e

1
we can obtain : A = =

1
hence , the general solution is: y = c¢1€” + cowe” + EZL‘4€I

. (11%) Find all power series solutions to the (special case of ) Bessel equation z?y"+xy'+z%y = 0.

Can y(0) and 4'(0) be given arbitrarily?



Sol:

Let y = > 22 cpa™, then y = >0 ne,a™ ' =307 n(n — 1)e,a™ 2.
22y + ay + 2Py = Z (n—1)c ™ +chnx —i—ch
n=2

n(n —1)c,a" +chnx —|—ch ox"

n=2
= + Z(n(n — e, +ne, + ¢po)z™ =0.
n=2
By comparing the coefficients, ¢; = 0,n%¢, +cp_o = 0,Vn > 2, ie., ¢, = — 9.
C2k = (_(211)2) ’ (_(2ki2)2) """ (_QLZ)CO = (_1)k22kc((;€!)2

Thus we have for all k£ € N,

Cok+1 = (_(Qk_l;'_l)2) : (_(2k£1)2) """ <—3i2)01 =0

- 00 n __ oo (—1)kg2k
Hence Yy = ano ChT" = k=0 W

y(0) = cg, can be given arbitrarily, ¢/ (0) = ¢; = 0 is fixed, can’t be given arbitrarily.



