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1. (10%) Evaluate the integral /xa Inzdr, a € R.

Sol:
if a #£ —1,
o xa-i—l , xa-ﬁ-l $a+1 /
/x lnxdx—/(a+1)lnxdx— (a+1)lnx—/(a+1)(lnx) dx
xa-ﬁ-l e
= Inx — d
(a+1)nx /a+1 .
— 1 a+1 1 a+1
Tati1’ @rig’ T°
it = —1, lett—lnxﬁﬁ:l,
dr =z

1 1
/x_llnxda: = /tdt = §t2 +c= §(lnx)2 +c

V1
2. (12%) Evaluate the integral / Vit dz. (Hint. Make a substitution to express the inte-
T

grand as a rational function.)

Sol:
=\Vi+yVr=uw-1=yr=r=w-1)>=dr=2u*-1) 2udu
\/1—1- B 4
u®—1) du
—/md *4/u2_1
:/4du+2/ L 1du
u—1 u+1
:4u+2<ln\u—1\—ln|u+1|)+0
:4\/1+\/E+2<ln(\/1+\/5—1)—111(\/1+\/5+1))+C’
or
a1y vasomYIEVETL,
V1+x —l—l
3. (14%)



(a) Evaluate / sec” 6 df.

(b) Find the area of the surface obtained by rotating y = sinz, 0 < x < 7, about the z-axis.

Sol:

(a)
'.'/sec?’xdx = /secxdtanx
=secrtanz — /tanxdsecx
=secrtanz — /tan2xsec xdx
=secrtanz — / (sec2 xr — 1) sec xdx

=secrtanz — /sec3 xdx + /sec xdx

o [secd wdx = 1 (secxtanz + [secxdr) = 3 (secxtanx + Insecz + tanz| + C) .



(b) y =sinz, y/ = cos .

Area = / 2myds

:/ 2my\/1 + () da
0

4. (14%)

= / 2msinzV' 1 + cos? zdx

0

= —27r/ V1 + cos?xzdcosz
0

:—27r/ V1+cos?xdcosz (Letcosx = tanf)
0
:—27r/ " V1 tan? 0dtand

4

= 27r/4 sec @dtan

3

'NEla

=27 / sec® 0dp

1 b
=27 - 5 [sec @ tan € + In |sec § + tan 6],

s s T s —T —T
. secztan—jtln‘sec—jttanz‘ —sec—tanT—ln

[V m|Va] - vE (1) - |va -]
. _2\/§+1n‘gj:1

—7

4

™
4

4 4 4 4 4

T4
—_n

—T
sec — + tan —
4

Jovz4m (x/§+ 1)1

:2w~[\/§+ln<\/§+1ﬂ

dx

(a) Find the values of a for which the improper integral / ————— converges.
1

{1+ v/2)

(b) Evaluate the integral / sec? x dz.
0

Sol:




! < ! < ! when 1 <
en T
23:“"'% ZEa(l + \/E) xa"'% o

n /OO 1 - /OO dx - /OO 1
ence, —— S e—— E——
1 21,11—}-% 1 x“(l + \/E) 1 J}a+%

<1 1
/ converges if and only if a > 3
1

1
x0Tz

o0 d 1
hence, / @ converges if and only if a > 5
1

re(1+ /)

(b) lim sec? 2 = oo This is an improper integral.

m—>%
s s
sec? xdr = sec? xdr + sec? xdx
0 0 L
2
t T
= lim sec? zdr + lim sec? xdx

t—>g7 0 t—>g t

ISE]

= lim tant + lim tant

t—2

™
2 t—3

= OO

™
/ sec? zdx diverges.
0

5. (12%) Find the volume of the solid obtained by rotating about the y-axis the region between

. T
r-axis and y = cosx, 0 <z < 5



Sol: Sol.(I) Cutting into disks:

1
Volume:/ m(cos™ty)*dy
0
0

:/ ma?(—sinz)dr

/2
w/2
= / wa? sin xdx
0

w/2

w/2
= m(—a? cos 1) +/ 7 - 2x cos xdx
0

0

-~

=0

/2 /2
—/ 27 sin zdx
0

0
—_———

=72

=27sinx

/2
=712 4+ 2w cosx

0

=n-27
Sol.(IT) Cutting into cylindrical shells:

w/2
Volume = / 2mx cos xdx
0

/2 /2
=2rxsinw - / 27 sin xdx
0 0
— 2
w/2

= 712 4+ 27w cos x

0

=72 27

(y—4)(2x + 1)

. (12%) Solve the initial-value problem 3y’ =

(24 1)
Sol:
dy 2z +1
Sy
dx (y )x2—|—1
dy  2z+1
y—4 a2+1

/ dy _/233—1—1
y—4 ) 22+1

let © = cos™ 'y

integration by parts

integration by parts

integration by parts

y(0) = —1.

is seprable



Inly — 4] =n(x* + 1) +tan 'z +¢, c€R
y=4+ A+ 1) ", AeR
y(0)=—-1=44+A = A=-5

1

y=4—5(z* + 1)l *

7. (12%) Solve the differential equation z(z+1)y'+y+(z+1)*cosz = 0, z > 0, with y(7) = 7+1.

Sol:
1
v + Y :_x—l— cos T
z(r +1) x
1 x X
I(z) = exp! 7@ = explzhl =
() P . P r+1
= I(x)y + ——y = —cosx
()y (x+1)2y
= (I()y) = — cosa
= —sinzt+c=y=— siInx + ¢
r+1 T x
Sincey(m)=n+1=c=n
r+1 )
=y = (m —sinx)

8. (14%) Consider the cardioid given by » =1 —cosf, 0 < 6 < 2.

(a) Find the area enclosed by this curve.

(b) Find the length of this curve.

Sol:



»

o
3

<
o

U

)

Area =

o
3

(1 — cos0)?df

1 —2cosf + cos®0do

o
3

3 1
3 — 2cosf + §C082t9d9

wo\o\wo\o\

™
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2m dr
_ [v2 1 (952
Length—/o r +(d9> do

21
= V1 —2cos0 + cos?f + sin® 0d0

0
27
:/ V2 — 2cosfdb
0
2
:/ vV 2(1 — cos0)do
0

— /ng \/2(2 sin2(g))d8
e 6

= 2sin(—
/0 sin( 5 )db
0 27

= [—4(:05(5)} =38

0



