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1 2z

dx.

1. (8%) Evaluate the integral /1 e

Sol:

Let u = €”, then du = e*dx, and so

1 2z e
/ ¢ dq::/ Y du
a1+er -1 14+u
¢ 1
:/ 1-— du
e—1 14+u

— [u—In(1 + )]t

=e——-—1.
e

1

. (8%) Evaluate the integral / In <x +vV1+ a:2> dx
-1

Sol:

Note that for —1 <z <1,

2 —n—1 = —In(z 2
(—z+ 1+ (-2)?) =1 e = I +V1+2?).

So In(x + v/1 4 22?) is an odd function in [—1, 1], and thus the integral equals 0.

. (8%) Evaluate the integral /

— V1t
Sol:
0
Set t = sinf. Then the integral becomes to / ,L df. Now
sinf — cos @

cos 1
/SinQ—COSQ de:/tan@—l d0

Again we make a substitution. Let v = tanf. du = sec? 0d = (1 + u*)df. Hence

/faéiidez/fu—n@1+wd“:/(éw{4>‘2£;:n>d“

1 1
du = =1 -1+ C
/2(u—1) u 2n|u |+ Cy

Clearly,




1 1 1
/2(32——:_1) du:Zln|u2+1]+§arctanu+Cg

Hence one can get
1 1 1 1
—— df==-In|tanf — 1| — = In|tan®* O + 1| — =0+ C
/tan@—l 2n]an | 41[1|an + 1 5 +
WlthC:Cl—Cg Note
L i tan6 — 1) = S1n [ tan2 0+ 1] = ~In[tan 0 — 1| — ~In|secf] = ~ In|sin 8 — cos 6|
—In|tanf — 1| — = In|tan = —In|tanf — 1] — = In = —In|sinf —
5 a 1 a 5 a 5 I |sec 5l cos

Recall that sinf = t, cos = /1 — t2. Therefore

1 1 1
—dt=-Inl|t — V1 —t?| — —arcsint + C
/t—\/—l—ﬁ p =3

4. (8%) Evaluate the integral / d and / d a > 0.

. . M
cos?x + a2sin® x cos?x — a?sin’x

Sol:

/ dx B / sec?(z)dx
cos?(x) £ a?sin’(z) ) 14 a?tan?(x)

0 . . .
Let t = tan(x) (BR—4#k tan(§) R s —1x | 333% sin | cos AR F7 |, £REA)

dt 1 du
“Jixee =) 1z =Y

1 1
—tan"(u) + C = ~ tan"*(atan(z)) + C, for +a
a a

1 1
o tanh ™' (u) + C = . tanh ™' (a tan(z)) + O, for —a

or 1 In 1 + atan(x)

TP for —
2a l—atan(x)‘ orTa

5. (8%) Evaluate the improper integral / x"e " dx, n is a positive integer.
0
Sol:

oo ¢ o0
Let I,, = / z"e dr = lim —a"e | + n/ " e
0 t=o0 0 0



t

de =nl,_; (since tlim e | =0)
By Induction, I, =nl, 1 =n(n—1)I,, o =---=nll
Consider Iy = fooo e Tdx = tlim —e7 % =1
Therefore, I,, = n!lly = n!
© A3 —1
. (8%) Evaluate the improper integral /2 o (xx——il_)faﬂ Y dx.
Sol:
fa) Ao+ —1 1+ 2 +—2x+1
x) = = —
22(x—1)(22+1) 22 xz—1 2241

/Oof( ) /Ool+/°° 2 +/°° —2x +/°° 1
x)dr = — — —_
9 5 a2 o x—1 , 1241 s 1241

1 1
= tlim [—; +2Int — 1| —In[t* + 1| + tan~ ' ¢] — [—5 —1Inb5+ tan™' 2]
1 —1)2 1
= lim [—— —|—ln|u| +tan"tz] + = +In5 — tan"' 2
t—oo T 2 +1 2

1
:g+§+ln5—tan_12

d
. (8%) Solve the differential equation (cos x)d—y + (sinz)y = sin z - tan® x.
x
Sol:
d—y—l—tanx-y:sinx-tan?’x Q)
x

) _ eftanxdx _ efln|cosz| — sec

I(z
I(x)-®:secx-y’+secx-tanx-y:tan4x
; 1
d—secx‘y:tan‘lx:>sec-y:/tan4:cdx

T

tan4x:/tanzx(seCQ:ﬂ—1)dx:/tanZQ:dtana:—/tanzxda:
:§tan3$— (Seczx—l)d:r:gtan3x—tan$~l—x+c

Sy = gtaHQmsinx—sinm—l—cosx-a:—l—ccosx

. (8%) Find the orthogonal trajectories of the family of curves y = (Discuss for the cases

1+ a2
k=0and k #0.)

Sol:



casel(k # 0):

—k=>y +2y+a’y =0=y =

ly 22y

:l—l—x2 14 22

dy
so the T for the orthogonal trajectory is

dy 1+ 22 x?
2ydy = d 1 —
[da; 27y :>/yy / +adr =y = n|x|+2+C,y7é0]
case2(k = 0):

"k =0 .. the function is y = 0(x-axis)

so the orthogonal trajectory is z = ¢, ¢ €R

9. (20%) A curve is defined by

x =1 —2t
,teR.
y = —t* 4 3t
(a) Find the point at which the curve crosses itself.

(b) Find the points on C' where the tangent is horizontal or vertical.

(c) Let R be the region enclosed by the loop of the curve. If R is rotated about the line

x = —1, find the volume of the resulting solid.

(d) Find the centroid of R.

Sol:

(a) Let t; # to € R, and (t;2—2t; ,—t;°+3t,%)=( t22—2ty ,—t23+3t2?)

t12—2t;= t52—2t5
=
— 11343t 2=—1t53+-3t52

(tr = t2)(ts +t2) = 2(t1 — 12))
=

3(ty — to)(ty +ta) = (t1 — ta) (83 + t1ty + 13)



t1+to=2
Since t 7é to =
tito=—2

= t1, ta=1 £ v/3 So, we have the point (2,2) i.e. the intersection of the curve.

(b) (i) the point on C where the tangent line of horizontal
d
Let d—i/:() = —3t2+6t = 0= t=0 or 2 then we have the points (0,0) , (0,4).
d
(ii) the point on C where the tangent line of vertical (Sol) Let d_}t’:0:> 2t—2=0=t=1

then we have the point (-1,2).
(c)
V= / 2rr(dr)h
P /(:v +1)(de)2(y — 2)
e /t - 1) — gt — 1)

=1

a=v3
= —87r/ a*la® — 3]da

=0

_ 432+/37
35
(d) A= :1+¢§ —4(82 = 2)(t = D)[(t — 1) = 3](t — 1)dt = %
R /t:11+\/§ A=)t — 12— 3)(t—1) d(t — 1) = %
Te = % = ; Yo = 2

10. (16%) Let R be the region lying inside the curve r? = 2 cos § and outside the curve r = 2—2 cos .

(a) Find the area of R.
(b) Find the area of the surface of the solid obtained by rotating R about the z-axis.
Sol:

2cosf = (2 —2cosf)?

= 4cos’0 —10cosf+4=0



= (2cosf — 1)(cosf —2) =0

™
= 0 = +—, which is the angle where two curve intersect.

(a)

Jus

3 1 9
R=2 COSQ—§(2—2COSQ) do

S~

Wy

:/ —4 4+ 10cos8 — 4 cos® 0do
0

= /3 —6 4+ 10 cos @ — 2 cos 260d0
0
9V3

= — =27

2
(b)
A= /3 2myds = /3 2mr sin 0V 12 + r2df
0

0

3 in2 5
= / 27V 2 cos @ sin 9\/28m 6; + 2 cos 0df —|—/ 2m(2 — 2cos f) sin 0/(2sin 0)2 + (2 — 2 cos §)2dh

0 cos 0

:—27T/3 \/1+30082(9dC089+27T/3(2—2C089)gd(2—20089)
0 0

2 tan 6=/3 4
_ sec® 0d + =

\/§ tan@:@ 5

2 1 1 tan 6=+/3 4
= 77%(5 secftand + 51n|sec€—|—tan0|) = + i

147r_\/77r 7T1 443
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