1. (10%) 4kt v(t) = (t +sintcost)i+ (sin®t)j + (2cost)k, t € R, FiE#.

(a) KHHR EAYHZR ko
(b) K r BERKEZE, UK ELENEMYIAE (unit tangent) T KEf £k

& (principal unit normal) N,

Sol.
, L : i) 1,
r'(t) = (1 4+ cos2t)i +sin2tj + (—2sint)k =T =¢; = 0] =" (t).
r
Since
r7(t) = (—2sin 2t)i + (2 cos 2t)j + (—2 cost)k,
n=r"(t)— <r’(t),e; > e = (—2sin2t)i + (2cos2t)j + (—2cost)k
and

|n| = 2vcos?t + 1,
it follows that

1
N=—— " ((—sin2t)i + (cos2t)j + (—cost)k) .
e ((—sin20)i+ (con21)j + (—cost)k)

We have

<e N> 1
mzel’—:—\/cos2t+1.
7' (t)] 2

Therefore,when ¢t = mm, m € Z,k has mamimum. Moreover,T = (1,0,0), N =

\/Li((), 1,—1)(n is even) ,N = \%(0, 1,1)(n is odd).



2. (18%) 2R LA THRERBE AL (absolute convergence). WS (conditional con-

vergence) B H# (divergence)?

ZWJr\/_

)ZW—\/E

ZW+\/_

Sol.

7 1
a)(1) li “— = 2. Since Y - — is divergence, is di-
(a)(1) Jim —r— ince > .7 7= ivergence, » .-, W%—f is di
vergence.

(2) Since ﬁf is decreasing and lim \/7 =7 =0 > \/ler = Is conver-

r—00

gence.

(9] (=)™ . o
Hence ), ey L conditional convergence.

(b) Since \/— — Is increasing, > \/713(7-)1— 7= is divergence.

1

(¢) lim —¥%*— =2 Since 3%

1 .
—— is convergence, ———— is con-
n—00 W+\/7 n=1 1/ g Zn 1 w/n3+1+*/n3
vergence.
_(=ym
Hence >~ | T e is absolutely convergence.



3. (10%)
(a) # f(x) = tan~" & R o = 0 BYTRB (EFE— W),
1 -1
T Al R < o CROTRRRME 2

b) fEEHRS
(b) mﬁﬁj/o - -
B eEEFHER),
Sol.
x 1 r o T
Sol: (a) tan—lz — / it — / (82" dt = S (= 1) / 2 gt
TR T R e,
_ i (_1)n x2n+1
— 2n +1
_1)n .
Let a, = u, by Ratio Test, lim |a +1| =1 = R=1
2n+1 n—oo
tan~! 1 1 1
b oL osp g Loage
(b) Tz x 3% + £ T =T +
1
Ttan "z 2 2 2 2 1/4
do—[ 2032 _ 202 0 2 2 2 s
/0 N L TR TR
=30 G A - R
(=uy—us+us—us+ )

2L <10 and u, >0, u, \, 0 Vn

By The Alternating Series Estimation Theorem,

itan~lz 2 1 2 1 37
de~ 2(2) = 227 = 20 |Error| <107
/0 Ji Q) -G = gy o Bl <



z" .

4. (10%) HRERY Y !

2nlnn
(a) RUCRLBE 7
(b) BT = =r Bz = —r HIfCRHE,

I LEZR R sk

1 n+1

— X

li ’ (n—‘rl)lnin—&-l) .
(myn(n)*

| =l <1

WP Er =1.

(b)
r=1,
= 1
nz:; n(lnn)
Wi i

/:0 x(hll@dx = In(In(n))|3* — oo

—B, BMEOERE R

r=-1,

=~ 1
Z n(lnn) (=1)"

n=2

B—IHERE
H < n=234.. . FEERBHEE,

n(lnn)

AR B A, B, BRI .



5. (10%) & z = f(x,y) B—EEA MK, FHARE 2 =rcosf, y=rsinf AJHE—E

TSR 1R
0z, 0z, % ) % )
<8_x) +<8_y) —A(T,Q)(ar) +B(r,9)(89) .

Ak A(r,0) &k B(r,0) .

Sol.

x=rcosf,y =rsinf

2= f(z,y)
{ %= G4 B8 — & cost+ Gosind
% =5%+ 55 =5(-rsn0)+ F(rcos)
AT
(%) = (Zcosb+ & Zsind)?...... 1]
()2 = (Z(-rsind) + 8;(7"0039))2 ...... 2]



6. (10%) 4 z = ye® + cos%, REWELZE (r,y,2) = (1,5, <) WYFEREEHE
Eﬁo



7. (10%) BEE 2 = f(x,y) T (2,9, 2) = (7,7, 7) BT E HER
sin(x 4+ y) +sin(y + z) +sin(z +x) =0 ,

KEH 2 = f(o,y) (7, 7) B, WEWE T FH 5 EEE (directional derivative) &
R? BRRIERA?



8. (10%) KRKEL 2 = 2% — 2z + xy® + y + 1 WFTEEESREL (critical point), XA E 2
R, /N EE, (saddle point)o

Sol.

0z 2 2
Z=3r"=-2+y“=0

0z __ _

=y=—5 =30+ 5=2=122" -8 +1=0= (622 — 1)(22° — 1) = 0

=1z =t, i\/ii = (z,y) = i(\/ig, —\/76), i(\/ii, _\/Li) are critical points

Zaw = O, 2y = 20, 2y = 2y = D = 2pa2yy — 25, = 1207 — 4y

At j:(\/%,—\/?é):>D:12-%—4-§:2—6:—4<0aresaddlepoints

At (J5.—5) = D=12-3-4-3=6-2=4> 0,2, = 5 > 0is local minimum
point
At —(%,—%) =D=12-2-4-2=6-2=4>0,2, = —% < 0 is local

maximum point



2

2
zZ S _
Y L2 HE2E R —1RE1EL

2
(U%)$ﬁx+y+w@z:oﬁﬁﬁﬁ(&mmmﬂ%+4L "
(a) SROBSIE] b B ) 55 2 B B B B
(b) KHBEIER,

Sol.
Let f(z,y,2) =2+ y*+ 2
Y

9(z,y, 2)
h il
Then solve the equations

Vi=Avg+nuvh —(1)
g=0 —(2)
h=0 —(3)

¢From (1), we have

2 — A+u§ —(1.1) (4 — =\
2y = A+u% —(1.2) =9 @—py=2A
22 =+ pz —(1.3) (2—pz=A
Ifpu=4X=0,then z=0=2+y=0(..g=0)
+(V2,-v/2,0)

substitute y, z with —z, 0 in (3), we have (z,y, z) =

distance = V4 = 2

fu#d thenr=y=2 =z2=—2z(yg
- SOt

substitute y, z with x, —/2x in (3), we have (x,y, 2

g
distance = /-
1stance \/;

So the longest distance = 2, and the shortest distance = \/; —(4)

(2) Since the center of the ellipse is at O(0,0,0),
8

the semimajor axis = 2, and the semiminor axis = 3

Area = 2\/§7T



