1. (15%) (a) (7%) Sketch the region of integration and evaluate the integral

2 px ot
// Smydydx+// Smydydx
1Jyvz Y Nz

(b) (8%) Express and compute the moment of inertia I, of the solid hemisphere 2% + y* + 2% = 4,

z > 0, in spherical coordinates. Take density function §(z,y, z) = 1.

(a)

0 1 2 4

(2 points)

2 T y?
/ / siny dydx + / / siny dydr = / / sin y dzxdy (4 points)
1 vz

= sin2— C082 —sinl. (1 points)

27 5 2
/ / / (psin ¢)?p?sin ¢dpdpdd (7 points)
o Jo Jo

128
= 7 (1 points)



(10%) // (x + y)eIQ’deA, where R is the rectangle enclosed by the lines x —y =0, x —y = 2,
R
rx+y=0,and x +y = 3.

Let u =2 —y,v=u1o+y, then r = “F* y = “=* (2 points)

(2 points)

Il
N= D=

Il

I

|

1
5 dvdu (3 points)

5 3 2
//($+y)€$ Y dA:/ / ue™
R 0 0

1

3
1
= —/ (e* —1)du = ~(e® —7) (3 points)
2/, 4

% H Jacobian (+0 2)

Fj 2e8) % Jacobian (+0 4)

& Jacobian FJRMESHIEH (+0 6)

o Jacobian ZAE¥HE (40 8)

. (10%) Find the circulation of the field F = —2?yi+ 2y*j + 2>k around the curve C in which the
circular cylinder 22 + y? = 22 meets the cone z = 2\/m, counterclockwise as viewed from

above.

SOL1

Let g(z,y, 2) = 2 — 24/2? + y*(or 22 — 4(2* — y?)), (1 point)
then Vg = (—=2 —2v_ 1) (or (—8z,—8y,22) ) (1 point)

\/x2+y2 ’ \/x2+y2 ’
and V x F = (22 + y*)k (1 point)

fF-dt = //VXF ndo (by Stoke’s thm.)
c
Vg Vgl

= (2* + k- == dxd 2 points
//x 1)2442<1} y) ‘VQHVQ k| v )

2 cos 6
= // (2% + o d:cdy—/ / r3drdf (3 points)
)24+y2<1} z Jo

2 (2cosf
= / %d&z% (2 points)

(SIE]



SOL2

Py =2r= (-1 +y =1=z=rcosf+1,y=sind = 2 =222+ 42 =2/2(cos + 1)
Let C(0) = (cosf + 1,sin6,2y/2(cos@ + 1)) (3 points BZELERE)

2 —924inb
/ F.dT = / (cos@ + 1,sin6,24/2(cosf + 1)) - (—sin b, cos b, $)d9 (3points)
c() 0 V/2(cos @ + 1)

2
— / ((COSQ +1)%sin? @ + (cos @ + 1) cos fsin® @ — 81/2(cos ) + 1sin 9) do
0

3
=5 (4 points)

4. (10%) Evaluate the line integral /(ye“”y + 32%y)dr + (ve™¥ 4+ 2 + 1)dy, where C' is the circle
c
z? + y? = 1 connecting the points A = (1,0) and B = (0, 1). Orientation from B to A.
Let F(x,y) = (M(z,y), N(z,y)) = (ye™ + 32y, ze™ + 2° + 1)

oM N
—— ="+ aye™ + 3%, —— = ™ + xye™ + 32° (3 points )
dy ox
oM  ON = Floy) i .
— = — x is conservative .
By Oz Y
. there exists a function f : R* — Rsuch thatVf = F. (1 point)
af _ Ty 2 _xy 3 :
Fp = Ve H3ty = fry) = e +a’y +g(y) (2 points)
0
8_5 =z + 20+ g'(y) = e + 27 +1=¢'(y) = 1= g(y) =y (2 points )

S flmy) =Y+ Py+y

Eﬁ:/AVﬁdr:f(A)—f(B):f(l,o)—f(o,l):(1+0+0)—(1+0+1):—1

5. (25%) A piece of surface S is cut out from z = zy + 1 by 22 + y? = 1, and given a vector field
F(z,y,2) = (zz + vy, y — 3z, 2?)
(a) (5%) Compute surface area of S.
(b) Suppose 0S is the boundary of S and is oriented counterclockwise when viewed from above.
(

i) (5%) Compute the line integral j{ F - dr directly.
oS



(ii) (5%) Compute the line integral ¢ F -dr by any theorem.

(c) (5%) Surface z = xy + 1, 2% + 3/* :851 and zy plane enclose a solid region V, find the total flux
of F across V.

(d) (5%) (i) Find the total flux of curl F across V.

(ii) Find the total flux of curl G across V, for G is any other given smooth vector field in R3.

¢(x,y,2) = (z,y, 1y +1)

(@) dr = (1,0,y) @2 x by =(-y,—2,1) ¢, =(0,1,2)

A= [ [,z x ¢yldzdy = [ [, 7”/2?2“@4 (2 points)

= 27 [INZ A drdrdd = 2n(1+ r¥2) ] = 2(2v/2 — 1) (3 pionts)
(b) (1)

r(0) = (cosf,sinf, cosfsinf + 1)

F(0) = (cos?0sin + cosf + sin 6§, sin § — 3 cos ), cos? §) (1point)

7(0) = (—sin#, cos ), cos? § — sin? #)(1point)

27
%Fdr = / [— sin® @ cos? 0 — sin B cos @ — sin? 0 + sin 0 cos § — 3 cos? 6 + cos*  — cos? O sin? 9} df
0

— /27r _lsiHZ 90 — 1—cos20 31 + cos 20 N (1 +cos20)2d0
0 2 2 4
15

=~ (3 points)

(2)
VF = (0, —z,—4) (1 point)

%Fdr = //SVXF~ﬁda://D(:c2—4)dxdy (1 point)

27 1
= / (r* cos® 0 — 4)rdrdd
o Jo
27 1

= /0 <ZCOSQQ—2) do

1 15
= 7" 2.2 = 57 (3 points)

4



(c)

[ ps = [ fan
1)

= 4—87'(' (3 points)

(d)
) [ [y VxF-fdS = §¢F dr =0 (2 points)

2) [ [V xG-i=[][, div(VxG)dS =0 (3 points)



6. (15%) Find the outward flux of the vector field V(z,y,2) = (5 + 2y + 32)i+ (% + 2 + 32)j +
(5 + 2 + 2y)k across the boundary of the ellipsoid region D = 1122 + 12y% + 1322 < 14 where
r = /22 +y?+ 22. (No points without complete computation and explanation.)

V' is not differentiable in D since v = 0 at (z,y,2) = (0,0,0)
so we take the ball B = {(z,y,2)|z*> + y* + 22 < 1} in D and
consider the region {2 = D — B with 02 = 0D + 0B

Since V' is differentiable in 2, we can apply divergence theorem. (4 points)

0 0 0
divV = (%+2y+3z)+—(%+3z)

= (St 2)
ox dy 'r 923 T
0

(3 points)

= // V~ﬁda:///dideV:0
B Q

= // V-fidaz—// V -nfido (2 points)
oD oB

n=(—x,—-y,—2)at 0B , =V -1 =1+ 3zy + 4xz + byz (1 point)
Let BT = {(z,y,2) € O0B|z > 0} and dB" = {(z,y,2) € 0B|z < 0} C = {(z,y)|z* + y* < 1}
Then — [ [,V -iido = — [ [,p V -fdo+ — [ [,,- V -7ido (2 points)

Let T+(:E7y) = (:ana \/1—1'2—?/2) and Tﬁ(xvy) = (xayv_\/ 1_1,2_?/2)’ Then |T;:F X T; =
1
1—z2—y2

1+ 3zy
— V.-ndo = —// V~ﬁda+—// V-ﬁda://Q—dA
//BB OB+ B~ c 1—x2—1y?

Tl 14+ 3r2cosfsinf
= 2 rdrdf
/0 /0 V1—1r2

= 4r (3 points)

ry x| =




7. (15%) Find T (unit tangent vector), N (principal unit vector), B (unit binormal vector), s

(curvature) and 7 (torsion) for the space curve r(t) = (e'sin 2¢t)i + (e’ cos 2t)j + 2¢e'k at t = g
We calculate r/(t),r"(t),r”(t) directly:
r'(t) = (e'sin2t+ 2e cos2t, —2e'sin 2t + e’ cos 2, 2¢’),  1'(3) =e2(-2,-1,2)
( s

r’(t) = (—3e'sin2t + 2e’ cos2t, —4e’sin 2t — 3ef cos 2t,2¢),  r"(5) = e2(—4,3,2)
r”(t) = (—1le'sin2t — 2e’ cos 2t, 2e' sin 2t — 11ef cos 2t,2¢'), 1" (%) = e2(2,11,2)

and |r'(t)] = 3¢
So, we have

(€' sin 2t + 2¢' cos 2t, —2¢' sin 2t + €' cos 2t, 2¢")

et
B 2 12
N 37 3’3

dT (2 cos2t — 4sin2t —4cos 2t — 2sin 2t

R0
=t = o)

~+
I
[SIE]

Si — =
ince 3 , 3

7 ,0) we get the unit normal vector

dT
N|t:%

__ _dt
dt

= <_§7%70) _ 12
t:%_\/<—§)2+(§)2+02 <\/5\/50)

By definition, we have Bl,—z = (T x N)|;—z = (—4/2v/5,-2/3v/5, =5/3/5)

Next, at ¢ = §
dT dT dt ar| 1 2v/5
K=l = |——— = | — = =
ds dt ds dt | |v'(t)]  9ez
Finally, at t = 7
-2 -1 2
-4 3 2
(I‘/ % I.//) Ar 2 11 2 4
T ' <2 180e:  Oe:



