1. (10 %) Find the area of the region that 1 <r < 34 3cos#.
Sol.

3+3cosf>1
3cosfh > —2
cos @ > _?2

0 range from — cos™'(52) to cos™'(52), Let ) = cos™ ' (—-)

91 (3 +3cosh)?—1
area = / 3+ CO; ) do
—6;

01
:/ (34 3cosf)?* — 1db
0

01
2
= 759—1—18811&9—1-%811&29

0

25 9
= ?01 + 18sin 0, + 1 sin(26,)
25 —2
= 5\/5 + 3 COS_l(?)

here we need to use

V5

sin 81 = —

3
4
sin(260;) = 2sin 6 cos 0; = —5\/5

2. (10 %) Assume x > 0. Solve the initial value problem z%*y’ + 3y = Inz with y(1) = 0.
Sol.

Inx

v +iy="%

then v(x) = el 3lnz _ 4.3

I
®
8

SO
3y + x3%y =zlnz

we have (yz3) = zInzda

(ya3) = [ xInxdx

using integration by parts, so 3y = %:1:2 Inx — % [ axdr = %m2 Inx — %2 +C

and then, yzx%(%:czlna:—§+0) =he_ Ll C



with initial value y(1) =0
_1
soC =3

1/1 2 1 1 1
hence y = 5 (52°Ina — 7 +C) = 53F — - + 43

3. (20 %) Given the ordinary differential equation vy = y*(y* — 1).

(a) Identify the equilibrium values and state those which are stable and which are unstable.
(b) Make a phase line of the differential equation and identify the signs of ¢ and y” on it.
(c) Sketch several solution curves.

)

(d) Solve the equation by separation of variables. An equality in y and ¢ is enough.
Sol.

(2) ¥*(y* =1) =0 y=—-1,0,1
y <0on (—1,1) and ¢y > 0 on (—oo0, —1) and (1, c0)

Hence -1 is stable, and 0,1 are unstable.

(b)
y' = =2yy + 4%y = (4 - 29)y = (40° — 29 (v — 1) = 272" - D(y* - 1)
— 4y %)(y T %xy ~ 1)y +1)

Thus, on (—o0, —1): ¢ > 0,y" <0

on (—1,—\%): y <0,y >0



—1 1 —1
)dy = dt
2(y+1)

/—dy+ /— dy=5 [ = [ a

ln|y—1|——ln|y+1|—t+C

4. (15 %) At the point Py(1,3), a function f(z,%) has a derivative of —/5 in the direction from

Py(1,3) toward P(2,1) and a derivative of v/5 in the direction from Py(1,3) toward P(3,2).

(a) Find the directions in which the function f increases and decreases most rapidly at Py(1,3).

Then find the rates of change in these directions. (12%)

(b) Estimate how much the value of f(z,y) will change if the point P(z,y) moves from FPy(1,3)
straightly toward P(0,0) with 0.05 unit. (3%)

Sol.

(a) Let (Vf(z,y))p, = Vf(1,3) = f.(1,3)i+ f,(1,3)j. By the theorem of the directional

derivative, we have the formula:

A
(£> u,Pp a <Vf)PO

Since the unit vector from FPy(1,3) toward P(2,1) is \/51 - f-] and the unit vector from
Py(1,3) toward P(3,2) is \/lgi — 75j, we get

L1(1,3) = 2£,(1,3) = =5 . fx(1,3) =5
2 £a(1,8) = = £,(1,3) =5 fy(1,3) =

Thus, the direction in which the function f increases most rapidly at Py(1,3) is

VALY 1. 1.
VL3 Ve V2T

and the rate of change in this direction is |V f|p, = v/52 + 5% = 5v/2.
The direction in which the function f decreases most rapidly at Py(1,3) is

Vi3 1. 1

T 2 —=J,
MiCOIRC R
and the rate of change in this direction is —|V f|p, = —v/52 + 52 = —5v/2.



(b) Since the unit vector from Py(1,3) straightly toward P(0,0) is u = —\/Ll—oi — \/ifoj’

we get

1

0F = (V' flr, - w)(ds) = (51 + 53) - ( =

1. 3 .
—\/—1_01 - \/—1_()]) (0.05) = —

2

5. (15 %) Let w = f(z,y), x = rcosf, and y = rsinf. Express g_w and @a—f in terms of r, 6, and
r r

partial derivatives of f(x,y) with respect to = and y.

Sol.

ow_0for 050y
or  O0xdr Oyor
Pw 9 _ 0 0 :

5 = E(fxcosﬁ%—fysm@ = (E(fm)cosﬁ—i— E(fy)smg)

= (foxsinb + fy, cosf)sin @ + (fy,; cosd + f,,sinf)sinf

= fycos + f,sinf

= frw €08 0 + (fuy + fye) sinfcos 6 + f,, cos® 0
(or = foucos®0 + 2f,, sinfcosb + f,, cos’0)

6
6. (10 %) Assume f(z,y) = 3wy* — 2° — ggf’. Find all the local maximum, local minimum and saddle
points of f. Please still determine the types of critical points even if the second derivative test

is inconclusive.

Sol.

fo=3y*>—322=0
[y = 6zy — 6y* =0
T ==y

= (l‘,y) = (070)7 (_17 _1>7 (17 1)
r=1yory=0

Second derivative test:

Joe = =62, f, = 62 — 24y37fxy =6y = fya



Hf _ fzm fmy _ f:z;a:fyy _ J?y = —36(1’2 - 433’@}3 + y2)

fyz fyy

(0,0) : H¢(0,0) = 0 = inconclusive,
consider f(z,0) = —2® = f(2,0) > 0 when x < 0, f(2,0) < 0 when z > 0

= (0,0) is a saddle point.

(—1,-1): Hf(—1,-1) =72 >0 and fu,(—1,-1)=6>0

= (—1,—1) is a local minimum point.

(1,1) : Hp(1,1) =72 > 0 and f,,(1,1) = —6 < 0

= (1,1) is a local maximum point.

. (20 %) Suppose T is the intersection curve of z + 4 + 2z = 2 and 2? = 227 4 2y°.

1 -1
(a) Find the tangent line of I' at (5, = 1).

(b) Find all the points on I' that lie closest and farthest from the origin.
Sol.

(a) Let f(x,y,2) =x+y+22—2,g(x,y,2) =222+ 2¢y*> — 22, P = (3, -1,1)
VS =(1,1,2),V/]p = (1,1,2)
Vg = (4x,4y,—22),Vyglp = (2,2, —-2)
The direction of tangent vector of I' is
Vflp x Valp = (1,1,2) x (2,-2,-2) = (2,6, —4)

The tangent line of I" at (3, 5+, 1) is

r=142t
y=-1+6t teR
z=1—4t



(b)
d(z,y,2) =2>+y*+2°,Vd=AVf+sVgand f =0,g=0=

( (
2r = A\ +4sx (2—4s)x = A
2y = A+ 4sy (2—4s)y=A
22=2\—2sz = § (24+2s)z= A
f=0 202 + 2y — 22 =0
\g:O \$+y+22—220
222 + 2% = 0 ‘
Casel. (2—4s)=0=A=0=2=0= =z =y =0 and z +y = 2, no solution
r+y=2
4a? = 22
Case2. 2—4s)#0=>ax=y= = z = +2z and 2v + 22 = 2
20+ 22 =2

If 2 = 22 = (z,9,2) = (3,1, 2)

If 2=-2z= (z,y,2) = (—1,—-1,2)



