1. (18%) Evaluate the limits

. - 1
(a) lim (e = 1)1

sol.

Let f(z) = (¢* — 1wz = In f(z) = =D lim In f(z) = lim (e =d)
z—0

L e e 1)

xhjél+ 1/

Because e is continuous at z, lim (¢ — 1)mz = lim f(z) = lim ¢™/@ =

x—07t z—0t z—0t
ewlirg+ In f() _
2
1 [F t
b) lim — dt
<)w1£>r(l)1:4/0 t2+1
sol.
2 2
1 [t — 2% 1 1
lim — dt = lim = " —fjm — = =
xlgtl)x‘l/o 241 200 4 rlg(lJQ(x‘*—i—l) 2
()1‘(n+n+n++n++n)
c¢) lim S S T T
n—oon2+4 n2+16 n?24+36 n? + 4k? 5n?
sol.

lim (5t e ) = lim Y
1m “ .. e “ .. _ ) = 1m - .
n—oon?+4 n?2+16 n2?+ 36 n? + 4k? 5n2 n=c0 1+

1 Yoda 1 1
— —:—t _12 1:—t _12
n /0 T (e 2t =g tan
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2. (18%)

(a) Find the equations of the tangent line and the normal line to the curve

4
3x2——y:5atx:3.

x

sol.

x:3:>27—4?y:5:>y:3—;

3x2—4—y:5;»6x—4xy/—2_4y:0;»18—w:0:y’:19
x x 9

tangent line: y—% = 19(x — 3); normal line: y—% = I—gl(x—3)

. d
(b) Let y = 2% +a* 4+ a”, a >0, b> 0. Find d_y
T

sol.

d
%(mab) — abxabfl

1
Let y = o = Iny=2"lna= ~y =bz"'lna =y = b(ln a)xb_lamb
)

b

Let y=a" = Iny =b"Ina = In(lny) = rInb + In(lna)
11 ! ! _ r b"
lnyyy =Inb=y = (Inb)(Iny)y = (Inb)(lna)b”a
di( a4 gty abz) = abz?" 1 ¢ b(In a):vb_laxb + (Ind)(In a)bxabz
x

I COST

(c) Let f(z) — S e Rt Find f'(0).
sol.
b cos T xi cos T
fl(x) = (x;rl)(g;+n) + da:<(:lz'+1)-“(x+n))
2 f0) =~

n!



. (12%)

3

(a) Find the derivative of the function f(x) = / te'dt.
2x2+1

sol. Use Fundamental Theorem of Calculus,
%f@) = 23 32 — (222 + 1)e2x2+14x

= 3z%e*” — (823 + 4x)e2* 1

2 2

d v g
(b) Find % ify+ax= / sin(t?)dt +/ cosv/tdt.
y T

sol. EHXME2RIRFE 21857,

d d d
S A - 2y—ysin(y4) — —ysin(yQ) + 2xcos|z| — cosy/x

dx dx dx
d
= (sin(y?) — 2ysin(y*) + 1)d_y = 2zcos|x| — cosy/x — 1
x
dy  2xcos|z| — cos\/x — 1

dr — sin(y?) — 2ysin(y*) + 1



4. (12%)

(a) Give an € — § proof to show that glcliré f(z) = L implies :1613(11 |f(x)| = |L|.
sol.
For anye > 0,there is a 6 > 0 such that if 0 < |z —a| < ¢
Then |f(x) — L| <e
Choose the same §,whenever 0 < |z — a| < 0
1f @) = [LIP = (If(2)] = [L)? = f(2)* + L = 2| f(2) L]
= (f(x) = L)* +2(f(2)L — | f(x)L])
<|f(x) —LP*+2-0<¢e?
Thenl|f(z)] - [L]| <&

That is

lim /()| =[]

(b) Show that the reversed direction of the above statement is not true.
sol.
Let f(x) = lfor x 2 0, f(z) = —1for z < Oand |f(z)| =1
Since

lim|f(x)|=1=1L

x—0

However lim f(z) =1= L,

z—07t

lim f(z)=—-1#1L

z—0~



5. (8%)
Find the total area of the region between the curves y = sinz and y = cosz for

0<z<zsm.

[\eJ o]

sol.
Let A be the area of the region between sinz and cosz for 0 < z < %ﬂ'.
3m/2

w/4 5m/4
A= / (cosx —sinz)dx + / (sinx — cosx)dx + / (cosx —sinz)dz
0 w/4 5m/4

= (sinz + cosz)|}/* + (— cosz — sin a:)\f:/rf + (sinz + cos x)@ﬁ

=(V2-1)+(V2+V2) + (-1 +v?2)
=42 -2



6. (12%)

Let f(x) be the function representing the upper half of the circle 22+ (y—1)? = 1

centered at (0,1). A triangle RST is formed by the tangent lines to the circle at

P(xg, f(x)) and Q(—xo, f(zo)) as shown in the figure, where x4 € (0, 1).

(a)
(b)

sol.

(a)

2
Show that the area of the triangle is A(xg) = — f’(xo) [a:o - ;‘}(ﬂ} :

z0)

Determine the height of the triangle with minimum area.

Q(—xo, f(0)) P(xo, f(w0))

>

Tangent line: y = f(xg) + f'(zo)(x — z0),

f(zo0)
f'(z0)’

r-intercept: x; = zg —

y-intercept: y; = f(xo) — wof' (o).

The area of the triangle ARST is

Alo) = i = (w0 — L90Y( F (o) — o (20)) = —F(ao) (w0 — 152012,
Let O be the origin, and let h = OR > 2.
Thus, PR- +12= (h—1)2and OT : h = 1 : PR.

—_ == 2 h2(h—
A(h) = OT - OR = e, A'(h) = Gty

A(h)=0=h=3.
Since h? > 0 and (h? — 2h)%*? > 0, we have A’(h) < 0 when h < 3 and

A'(h) > 0 when h > 3, that is, A(h) decreases when h < 3, and increases



when h > 3.

So h = 3 minimizes A(h).



7. (20%)

I’g—ZL'—

1
Let f(x) = — Answer the following questions.

(a) The domain of y = f(x) is R\{0}

(b) f'(z) = 1+ 4+ 2 = digs? _ (4Dl aid)

T 3 3

(¢) y = f(z) has critical point(s) at r=—1.

d) f'x)= -2 -5 =20t
(¢) y = f(2) is increasing on interval(s) (—o00,—1) and (0,00)

y = f(x) is decreasing on interval(s) (—1,0)

(f) y = f(z) is concave up on interval(s) (—o0, —3) :

y = f(x) is concave down on interval(s) (—3,0) and (0, 00)

(g) Find the (z,y)-coordinates of the following points if exist.

Local maximum point(s) : (—-1,-1) )
Local minimum point(s) : none ,
Inflection point(s) : (—3,=2)

(h) Find the asymptotes of the graph y = f(z) if exist.

Vertical asymptotes(s) : =0 ,
Horizontal asymptotes(s) : none as xr — none ,
Slanted asymtotes(s) : y=ux as r — 00 Or —o0

(i) Sketch the graph of y = f(x) on the next page.



ans:

The domain of f(x) is R\{0}

1 2 B4 r+2 c+ D)2 —z+2
R ) )

3 3

f'(x)=0 = r=—1
f(z) has critical point at x = —1
and f'(z) > 0 on (—o0, —1) and (0, c0)
f'(z) <0on (—1,0)

f(z) increasing on (—oo, —1) and (0, 00) and f(z) decreasing on (—1,0)

and f"(z) > 0 on (—oo, —3)
f"(z) <0 on (—3,0) and (0, c0)
f(z) concave up on (—oo, —3) and f(z) concave down on (—3,0) and (0, c0)
since f'(—1) =0, and f"(—1) <0,
f(x) has a local maximum point at(x,y) = (—1,—1)

and f'(—=3) >0, and f"(-3) =0,



f(z) has inflection point at(z,y) = (=3, —)

f(z) has no local minimum points

f(z) approaches to y =z as x — oo and * — —00
f(z) has a slanted asymptote y = z
and ilir[l) f(z) = -0
f(z) has a vertical asymptote x = 0

f(z) has no horizontal asymptotes

3

Figure 1: f(z) = ~—%=L

2

gooooo
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圖形見下頁。
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