sol.

. (24%) Evaluate the integral.

(a) / sin? /zdx (b) / ?E x () / \/%

(a) Let v/ =u , dv = 2udu ,
sin? v/xdr = / sin u - 2udu

1— 2
/ cos “u - 2udu

/udu— /ucos 2udu

(g sin 2u — / 5 sin 2udu)

u

2
Ve

1
- sin 2u — ZcosQu+C

sin 2v/z — ZCOSQ\/E—FC

2 , 2 , 42
_mdl.:/%.gudu:/%du

(x+1)2 u? —1)2 2—1)2
( 1 n —1 n 1 L 1 d
= u
u—1 u+1 (u—12 (u+1)
1
=hnju—1|-nlu+1] - ——— +C
u—1 wu+1 ) .
=hnjVe+2-1-In|vVz+2+1|— — +C
| | | | ve+2-1 Vrx+2+4+1
vV 2
= —2(tanh ™' (vx +2) + le )+ C
x
>/ x L/ 2zx+1 /
¢) | —m——=-
Vilta+1l 2) Valtatl \/x2+x+

1 d(m +z+1) / dx
Vet 2 e




2. (16%) Determine whether the integral converges or diverges. Give reasons for
your answers.

o[ = e

sol.

< dx
(a) OS/O m
_fl x3+f0 \/Edixz‘]
Oogclx_i_fl dx
= -5zl +2\/_’o
=3+2
=2<o0

< d
Then /0 ﬁ converges
1
1
@)/1$+ d

x+1 x+1

B A
:/_l(xs +x5)d$—|—/(a:5 —|—x5)dx

0
= (3’ — 52 )2, + (3% — 5= ))
5} 5)

:40—£%5f”%—(1+®+41—@—40—£%sfﬂﬂ

=

1

z+1

Then / dx diverges
1 Vab &




3. (28%)

‘ ‘ 2 (z+4)"
Find the interval of f E —
(a) in e interval of convergence o 2 on
sol. o
r+4)" r+4 x n x
Ratio Test %(T;g = |_§4| ) "n+1| > | J2r4‘ <1

Then |z + 4] <2, that is =6 <z < —2
—1)n

But when z = —6, Z (

o0 o0 1

when x = —2 Z o = Z — diverges
n - 2" n
x

n
So convergent 1nterva1 s —6 <

converges by Alternating Series Test

VnoVnt

vergent. Give reasons for your answers.

1 1
(b) Determine whether the series Z —— sin(—=) tan(—=) is convergent or di-

sol.
By Limit Comparison Test
. L sin(—L)tan(L) .
lim,,_ o 2 oV — lim sin( ) sin( 1) =
n 2 naoonsin(ﬁ)tan(ﬁ):limn_,oo ‘F \F sec(ﬁ)
v

1

o0 o0

_3 1 .1
Since E n”2 converges, — sin(—=) tan(—=) converges
Vn n Vn
n=1 n=1

o0
—1)"
(c) Determine whether the series Z ) is conditionally convergent, ab-

— Vn+1
solutely convergent, or divergent. Give reasons for your answers.

sol.
Since each term \fl —7 is positive and decreasing to zero

1)n
\/_

By Alternating Series Test we have derive that Z is convergent

Also, |f+1’_f+1 \/m\/ﬁ*ﬁ

and Z
Hence Z |

Then Z \/% 1 is not absolutely convergent

is divergent p-series for p = %

| diverges

It’s Conaitionally convergent

(d) Determine whether the series Z(—l)" cosn is conditionally convergent, ab-

n=1

3



solutely convergent, or divergent. Give reasons for your answers.

sol.

Since limy, rightarrowso cOsT doesn’t exist and limy, yigntarrowso cOST 7# 0
o0

We can not apply by the Alternating Series Test to Z(—l)” cosn

n=1

Hence Z(—l)” cosn is divergent
n=1



4. (10%)
(a) Find f(x) such that /(lnx)”dx = f(z) — n/(lnw)”_ldx :

1
(b) Prove that / (Inz)"dxr = (—1)"n! for any positive integer n.
0

sol.

(a) Use integration by parts, /(ln z)"dx = z(Inzx)" —n /(ln z)" tda.
o f(z) = z(lnz)™.

b) First we check that lim z(Inz)*|} = 0 for any finite positive integer k.
b

b—0+

lim z(Inz)*[; =1-(In1)* — lim b(Inb)*. Use L'Hopital’s Rul
b_lgiat(nm) | (In1) Jim, (Inb)". Use opital’s Rule,

In b)* k(Inb)-11 In b+~
bgr(gb<1nb>k=blgr(gg(n;b) ZbEIg%:—kb%(n? =
b b2 b
Inb) ;
= (=1)* k! 1 ( = (=1)" k! lim -
(FU7R i (D =1

; &
= (=1)*k! lim b = 0.

b—0+

Next We use mathematical induction to prove the result.
1 1
Forn =1, / (Inz)dz = lim x(Inz); —/ dr=0—-1=-1 (ok)
0 b—0% 0
1
Suppose this is true for n = k, that is, / (Inz)fdr = (—1)"k!.
0

Then forn =k + 1,

1 1
/ (In2)"dr = lim z(lnz)*} — (k + 1)/ (Inz)"dx
0 0

b—0+

=0— (k+1D(=DFk! = (=D (k + 1)

By mathematical induction, this is true for any positive integer n.



5. (12%) Find the area of the surface generated by revolving the curve y = e~

x > 0, about the z-axis. sol. 1

(0.9} o d
Area = / 2myds = / 2my\ /1 + (—y)zd:p
0 0 dz

:/ 2me” 2\ /1 + (—2e22)2dx

0
0

= —7r/ VvV 1+ 4uldu (Let u = e™%7)
1

0

S— V1 + tan? § sec” §df (Let 2u = tan6)

2 Jian-1(2)
tan~1(2)
= z/ sec® db
2 Jo
w, 1 1 tan—1(2)
= 5( §Sec9tan0 + 51n|sec€ + tanf| )|,

= 7(2V5+mn(v5+2))

Here we use

/Sec3 0do = /Sec 0 (sec? 0d0)
= / sec fd tan § = sec tan § — / tan f(tan 6 sec d0)
= secftanf — /(sec2 0 — 1) secdb
= secftanf — /sec3 0do + /sec 6do
3 1
= sec® 0df = §(secetan9+lnlsec9—|—tan9])
and
sec(tan™'(2)) = V5
sol. 2

Area:/ 27ryds:/ 2me™ /1 + (—2e~2%)2dx
0 0



0
= —77/ V14 4u?du (Let u = %)
1
0 ho inh 0
= / V14 sinh? 0222240 (Let u = =)
sinh—1(2)

2 2
sinh=1(2)
_r / cosh? 6db
0

2
sinh~—1! (2) h 26 1
= g / %d@ ("double angle formulas”)
0

m sinh20 1 gnn-1(2)
== -0
2 b

inhfcoshf 1  gnn- _
= g(% 59) 0 hH(2) ("double angle formulas” again)

= g(cosh(sinh’1(2)) + %sinhl(Q))

= %(2\/3 +In(v/5 + 2))

(coshsinh™'(2) = \/ 1+ sinh?(sinh™'(2)) = v1 + 4 = V5)
(and sinh’l(;c) = In(z + m))



6. (10%)
(a) Find the Taylor’s series of sin(ax) —tan™'z —z at x = 0.

sin(az) —tantz —x . .
is finite

(b) Find the value of a for which the limit lim
xz—0 3+ xt

and then evaluate the limit.

sol.
: o (= " (qz)2nt1 az)3 ax)®
(a) sin(az) = ZO( 1227(L+1))! — ar — (3!) 4 ¢ 5!)
_ 0 —1 nx2n+1 mg x5
tan~tx = Z_:O(Q)n—H:a:—?ng—...
= sin(az) —tan 'z — 2 = (a — 2)x + 21(_1)71[(12”“ — (Qn)l]%
= (a—2)x — (a® = 2)% + (a® — 4L — ...
31 51
(b) hH(l) sin(ax):;f;—gl -z _ hl’I(l) % . a33T2 i a55_!4!,1'2 o %_'_1
is finite if a=2 »
Then Ly Saleron-tems 2 _



