1. (18%) Determine whether the given series converges or diverges. Give reasons for your
answers.

en
a) E sin { — |, where 6 # 0 is a fixed nonzero constant,
n!
n=1

(b)

i (1+(3—732)”2n2)g,

n 1

Cn+1)2n+2)---2n+n) \ 4 )

n=1
Ans. The series in (a) is (convergent /divergent) ;
the series in (b) is (convergent/divergent) ;
the series in (c) is (convergent/divergent) .
Solution:

(a)

Let a,, = %.

|| _

|5
1

lim lentil — 1im

n—oo ‘ ”‘ n—oo

= lim |- 1|—0<1

n—oo

By ratio test, > - !9 ‘ converges = » .~ % converges.
Let b,, = sin (1—7,1)

9TL
lim 2l = lim |Sm(n" ) =1 and a,| converges,
%] g
nt

n—oo ‘a”| n—oo

. . . . n n
By limit comparison test, Y >~ |sm (%)| converges = » . sin (%) converges.

3n2

1
3

. n Y 1+(-1)"2n2 |3 . 1 2/ _1\n|3
Jim, Viaal = Jim |55 = i 500 <,
1+(=1)"2n2\n 1+(=1)"2n2\ n
By root test, Y >, ‘(%)3 converges = Zzozl(%)a* converges
_ n! 27\" __ nl(2n)! r27\n
Let an = Gon@nra @ (7)" = Gn)! ()" an >0 .vn.
(n+1)!1(2n+2)! [ 27\ +1
hm An 41 — hm (3n+3)! (T) — hm (n+1)(2n+1)(2n+2) . z _ 1
nooo @n oo n('éi’r)z')'(ii) n—oo (3n+1)(3n+2)(3n+3) 4

We cannot decide from the Ratio Test whether the series converges.

Notice that &t — (n+1)(2n+1)(2n+2) 27 _ 2(n+1)(2ntl) 27 _ 1 243 n+2 > 1

(Bn+1)(3n+2)(3n+3) 4 — 3(3n+1)(3n+2) 4 n2+n+

then a, . is always greater than a,,

9

Therefore all terms are greater than a; = %,

and a, - 0. The series diverges.



2. (10%) Find the radius and interval of convergence of the power series
k

— 3
p(z) = Z e (22—1)*. For what values of x does the series converge absolutely /conditionally?
—2

Ans. (a) The radius of convergence is

(b) the interval of convergence is

(c) {x | p(x) converges absolutely} =

(d) {x | p(x) converges conditionally} =

Solution:

Let ap = 22— (22 — 1)*

Fink
lim [%1] = Jim mEEm e a0 gy
koo | Ok k00 2 (2z—1)k
If [3(2z — 1)] < 1 ,p(x) is convergence absolutely = |z — 3| < g = R=1§, 3 <z <
« If o = &, then p(3) = Y0, %ﬁk(—%)k = ey (k_rll): is an alternating series.
Y res % converges, since o > (k+1)11n(k+1) > 0 Vk > 2, and kll_{go 2z =0.
But Y .2, % =Y r, iy diverges by integral test (.- [~ =% = oo).
Therefore p(3) converges conditionally.
« If o = 2, then p(3) = Y1, %ﬁk(%)k =Y pe, i diverges by integral test.

So
(
(

a) The radius of convergence is %.

)
b)
(¢) {z|p(z) converges absolutely} = (3, 2)

) 1

(d) {z|p(x) converges conditionally} = {5}

the interval of convergence is [3, )



T
3. (12%) Represent sin® z as the sum of its Taylor series centered at 3

Ans. sin?x =

Solution:
Method1:
f(x) =sin®x, f'(x) = 2sinz cosz = sin 2z, f"(z) = 2cos 2z, . . .,

f@(z) = (—1)"+122 " cos 2, f" () = (—1)"2%"sin 2z . . .

FE) =3 7G) =5 f(5) = 1. fO(F) = (-1)n22=2 fe0(5) = (—1)m22 13,

o] f<n)(£) T\n o0 2k71C05(27r+57r) T\n
= fla)=2 = =) =+ (= §)

Method2:
. 9 1 —cos2x
sinfz =
2

1 1 2

= 3573 cos[2(x — g) + gw]
1 1 2 2

= — — —[cos =mcos2(x — z) —sin —7sin2(z — z)]
2 2 3 3 3 3
1 1 o0 n22n n22n+1 T _—

R Z 3 T4 7; Gnion 3
3 =2kt cos(§7r+ kr) T,

T4 * Z n! (w = g)

n=1
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4. (10%) Evaluate the sum of the infinite series a+?+§+§+' . -+w+- =9 .

Ans. S =

x __ ooz
€ _anon!

gt =30

n=0 mn!
%(CE ) =14x)e" =307, (n+n1!)a:"
(¢ 4 22)er = Y00 ) (e

(@ +a2)e”] = (1+ 3z + a2)er = Y00 (ntlfa”

dx >, D

Letz=1=85=3", ()2 5

n!



5. (10%) Assume that all the first and the second partial derivatives of u(z,y) are con-

tinuous and that u(z,y) satisfies Pu = () Let a,b be two constants and f(z,y) =
Y oxdy Yy

u(x,y)e®® . Find the values of a, b such that g%gy - Qg—j: — 33—5 +abf =0.

Ans. a = , b=
Solution:

OF — Qupartby 4y (g ) - ae®

Ox Ox

of _ @eaz+by + U(CE ) . beam+by

By dy Y

8 (9f\ _ 0%u ,ax+by ou | 1, ax+by ou ., azx+by . az+by
Oy (8m) - ayaxe + oz be + Ay ae + U(JT,y) abe

0 (9f) _ 9%u ax+by ou ., ax+by ou | 1 ax+by . az+by
9w <8y> = oz0y© T oy tac + 5 " be + u(z,y) - abe

—3- (22 4 u(a,y) - ber ] ab - ua, et
=Queartby(p — 2) 4 %e““by(a —3) + u(w,y)e®™ ™ (2ab — 2a — 3b) = 0.

=b=2,a=3.



6. (15%) Let F(z,y,2) = 2* + 2z + fy" 12+ 1 — y2dt.
(a) Find the plane tangent to the surface {(z,y, z) € R¥| F(z,y, z) = 2} at (2, -1, —1).

(b) Let z = z(z, y) be the function implicitly defined by F'(z,y, z) = 2 around (2, —1, —1).
Find the direction(s) at the point (z,y) = (2,—1) along which z(x,y) increases
most rapidly. That is, find unit vector u € R? such that (Dy2)(2,—1) attains its
maximum.

(c) B(?:gy at (x,y,z) = (2,—1,—1) for the function z(z,y) given in (b).

Ans. (a) The equation of the tangent plane is ;

(b) the direction(s) is(are) ;

(c) At (z,y,2) = (2,—-1,-1), % =
Solution:
(a) VF(z,9,2) = (2, [*(1)(E+1- ) ) (=29t — /B F Ty, 2+ YF 1= 57)
VE2,~1,-1) = (4,-1,2+1) = (4, —1,3)
tangent plane: (4,—1,3)-(x —2,y+ 1,2+ 1)=0= 4z —y+ 32 = 6.
(b) z(x,y) is differential at (2, —1) and Dyz = Vz-u < |Vz]|

Dyz =" |Vz|

when u = ¥ IV £

F(x,y,2(v,y)) =2

oF or
OF 0: (L 0s_ 0r OF 0P pe_ o 0e_ Oy
azv_'—az ox 0:>833_ 6F’8y+8z Oy O:>8y_ oF

(¢) 22 = 22 _ 0 (_ 22 _ gy 3@ 52022 -2}
0x0y Oydx Ay 943 (ZJr\/‘ZQJrl y)

14.09(-1).1_9(—
AM&—L—D,fzzza.N@(US%”}:%Q_%}:g



7. (12%) Find all the local maxima, local minima, and saddle points of G(z,y) = 2% —

2? + 32ty — 4wy — 3y® + Sy

Ans. G has a local maximum = at (z,y) = :

G has a local minimum = at (x,y) = ;

G has saddle point(s) at (z,y) =

Solution:
G, = 32 — 22 + 62y — 4y
G, = 3z% — 4z — 9y* + 13y

Gypr = 6x — 24 6y
Goy = Gyp = 62 — 4
Gy, = —18y + 13

6r —2+6y 6z —4
6r — 4 —18y + 13

= Hession of G = ’
G,=0
{20 = @) = 00.04-0. GG
y
fRA Hession #151: = (0,0), (14, —7), (3, 3) &%= saddle point

_ 109

= (37 ) & minimum, G(%, %) —

Ol



8. (13%) Find the extreme values of H(z,y,z) = zy + 2% on the intersection of the plane
x —y = 0 and the ellipsoid 2 + 2y* + 322 = 9.

Ans. The maximum of H is at (x,y,2) = :
the minimum of H is at (z,y,2) =

Solution:

VH = (y,z,32%)

V(x—y)=(1,-1,0)

V(22 + 2y* + 32%) = (2w, 4y, 62)

3\ u, s.t.

(y=A+pu-2x (1)
r=—-A+u-4y - (2)
322=0+p-62 - (3)
r—y=0 - (4)
2 +2y2+322=9 ---(5)

\

By (4): 2 =y, (1)+(2): 2z =6xp, s =y=0o0r p =3
Casel:

Ifr=0y=0,2==+V3 H=43/3
Case2:

If p=3%plugin (3): 322 =2z =2=0,2=2

If 2=0,z=yplugin (5): 32> =9 = 2 =y = £/3 ,H = 3.
Ifz=§,x=yplugin(5): 3x2:?:>x:y:i@,]{:;—;<3.

. The maximum of H is 3v/3 at (0,0,1/3), the minimum of H is —3v/3 at (0,0, —v/3)



