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1. (15%)
3 2x+1
(a) Find a nonzero number a # 0 that satisfies lim (SI i a) =4.
z—o0 \ 3T — a
1
t
(b) Determine whether the improper integral Iy = / —C;% dt is convergent or
0
divergent.
1
t
(c) Evaluate the limit Ly = lim 9:1/6/ 8Tt
Ans. (a) a = :
(b) Iy is (convergent /divergent), (¢) Ly =
Solution:
(a) Method 1:
lim (§x+a)21+1
e z—a 2a(2z+1) z—a - lim 2a(2z+1)
:xllrgo(l—}—_gfia)QaH*l :JL%(1+-3EZG)32a . (Sx—Jg) :[JL%(1+3EZQ)3T]xLOO 3z—a
—e3% =4,
= Zéa:21r12:>a: %ln2
Method 2:
. 2 2
T [(1+ o) o] (L ) e
= [Jim (1 g2eg)™ ] - Jim (14 g2eg)teie
= (*)3 - 1=e3" = 4.
= 2a=2In2=a=2n2.
Method 3: et
2 2 im (2z n
lim [(1-+ 22557 - 1+ o) e OGED
By L’ Hopital Rule lim 3a4f;§$ =4 =In4
=a= %ln 2.
: cost __
(b) tl_l,%i 3 — 00,
Method 1:
Apply limit comparison test
lim <22 = lim cosz =1

xz—0t 4/3 z—0t+

Since [} % div. < p > 1. so [, BLdt div.



Method 2:
Apply comparison test <555 < <%, € (0, 1]

Since fol i—i div. & p>1. so fol ‘,;;’—7; dt div.

cost

() lim 2255 (e (b) 518 type)

z—07F
cos\f/ 1,-1/2
. 4/3 2 N

= lim m—m (L’Hopital’s rule)

r—0t ~6¥
= lim 3-cosy/x

z—0t
= 3.

2. (24%) Evaluate the following three integrals.

3

[1:/ (Inz)? dz, I, = /

I _/ sinz(1 — cos z) i
° (sin®z + 2 cos? x)(1 + cos 1)2

d;v

Solution:

(1) (Letu—(lnx) dv = duz, :>du—21nx Ldx v—x)
L=/’ (lnx)de—x(lnx f 2Inzdr = 9¢* —2f:3 In zdx
(Let u =Inz, dv = dz, :>dU—% v=uz.)
=9¢® —e —2(zInz|¢ — f€3 ldx) =9¢® — e — 2(3e* —e — €® + €) = 5e? — 3e.

(2) fo V1= (Let z = sin® 0, /z = sinf, /1 — x = cosf)

5 50 9 gin 0 cos Odh 2f0 sin? 0do 2f6 1= COSQedQ

0 cosf
_[0 _ 5111511’120] T ﬁ

= |0_6 4"

f sinz(1—cos x) dx
(sin® z+2 cos? x) (14cos )2

f (lJrCOsé zg?lsicosx)Q dcosx (Let U = COs J})
2(u—l—l)d

__f1+u 1+u2 - L2
lnll—i—ul et s ) mdut f1+u2du
:——ln|1+u|——+1ln|1+u2|+ tan~tu + C
—+In|1+cosz|+ ;1n|1+cos z| + 3 tan"!(cosz) + C

1+Cos:p



. (10%) Find the area of the region in polar coordinates that is inside the curve
r =2+ 2cosf and outside the curve r = 3.

Ans. The area =

Solution:
The curves intersect when r = 2 4+ 2cosf = 3
<:>20059:1<:>0059:%<:>9:j:
Let f(0) =3, g(@) =2+ 2cosf
Then A = § [ [g°(0) — £(0))d0

2(9) — f2(0)]d0
4+ 8cosf + 4cos* 6 — 9]db
8 cos B + 4 cos® 6 — 5|df
8 cos O + 4(1+<=28) _ 5]dp
8 cosf + 2 cos 20 — 3)db
sin @ + sin 26 — 30]0%
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. (10%) Find the arc length parameter s = s(f) along the curve (in polar coordi-
7
nates) 7 = 3 cos’ 3) —m/2 <0 < /2, from the point where # = 0. Then solve

for 0 as a function of s : 6 = 6(s).

Ans. s(0) = ;

0(s) =

Solution:

= fo v/ (3cos? £)2 + (=3 cos ¥ sin ¥ )2du
U U 1.2 U
= fo \/9C084——|—9C082§SH1 Ldu

= fo \/90082; cos? ¥ + sin” ¥)du

= fo /9 cos? Ldu

= fo 3cos %du
_ 0 s s
—681n§, -3 SQS 5



5. (15%) Find the unit tangent vector T, the principal unit normal vector N, and
the curvature s of the curve r(t) = (e’sin2t)i + (e’ cos2t)j + (2¢')k, t € R.

Ans. T = ,

N - )

Solution:

V=% — ¢!(sin2t + 2 cos 2t)i + €' (cos 2t — 2sin 2t)j + 2e'k,

V| = /e (sin 2t + 2 cos 2t)? + e (cos 2t — 2sin 2t)? + 4e? = 3¢
T = %I = £(sin 2t + 2 cos 2t)i + 3 (cos 2t — 2sin 2t)j + 2k,
4L = 2(cos2t — 2sin 2t)i + Z(—sin 2t — 2 cos 2t)5,

|4L) = \/ (cos2t — 2sin 2t)2 + (— sin 2t — 2 cos 2t)? = g\/g,

\/Lg(— sin 2t — 2 cos 2t)7,

dr
N = &f' = 7(00321& - 231n2t)i +

__ 11dT 2
K__’E 3(:‘t‘ \/_ Qet'

Hence T' = (sin 2t 4 2 cos 2t)i 4 3(cos 2t — 2sin 2t)j + 2k,
N = %(cos?t—Qsm%)z—i— f(_ sin 2t — 2 cos 2t)j,
2V5

1
6. (16%) Let y = f(z) = §(x —1)? and r(z) = (z, f(2)),1 < < 2, be the curve
representing the graph of the function y = f(x) for z € [1, 2].
(a) Find the arc length of this curve.
(b) Find the area of the surface generated by revolving this curve about the y-

axis.
Ans. (a) The arc length = ;

(b) The area of the surface of revolution =

Solution:

(a) Method 1:
Arc length:f12 1+ (x—1)%dz
= [} VI+uldu (Let u =z —1).
= ['secOsec? §df = [ sec®0df. (Let u = tan, du = sec® 0d0).
=secHtanfd — [(sec? § — 1) sechdf
=3 secf tan 0 + 3in|secd + tan 6|

=L+ 1w+ V@ + 1 +ufh = 1v2+ 1In(v2 +1).

Method 2:
Arc length= ff\/l—i-f’ de:ff\/l%— x—1) dx—fol V1 + t3dt
=MVT+ 2+t +VE L} = f+ Ln(1+v2).



(b) Surface area= [ 27rsds = ff orx/1+ f/(x)2dx = ff 21x/1+ (v — 1)2dx
= tfo w(t+ D)V + 2dt = 27 [, /1 + £2dt + 2 [} /1 + £2dt
=2 (1+t2) 5+ 27 H{V2+In(1+v2)}
= %71'{22 — 1} + {2+ In(1 +2)}

7. (10%) Find the area of the infinite region bounded by the positive z- and y-axis

1
and the graph of f(z) = m,o <z < oo
Ans. The area =
Solution:
o dx r= t dLE 2tdt 2tdt o
Area= fo Vz(2t7) 2+x) A}EHOO fo Vz(2+7) fo t(2+t2) 2 fo oy f)2

=2t (G =V2 5= 5



