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(14%) 1. Given curve r = 1 + cos#.

(a) Find the length of the curve.
(b) Find the area of the region that is bounded by the curve.

Solution: (a)

FJ%S—2/7r 2+ﬁ2d9
I A VR 77

= 2/ V(14 cos0)2 + (—sin 0)2d6
0

= 2/ V2 + 2cosfdb
0

_ 4/ /1—|—cos@d9
0 2

7

= 4/ cos —| db
0
= 4-2-sin—
2]y
= 8
(b)
2/ 17“20lc9
0 2
= / (1+ cosf)*do
0
T 1 1
= (14 2cosf+ - + = cos20) db
; 272
3
= -7
2
) _ 2yx3
12%) 2. (a) Find 1 .
(127) 2. (&) Find 0oy 2 + 20
. . Ty
b) Find lim ————.
(b) (2,9)=(0,0) /22 + y?
Solution:
2yx®
(a) Let f(z,y) = b
lim (2, 0) = lim 0 = 0
. o b .
limy f(z, %) = lim 55 = Im 1 =1

Since 0 # 1, limit does not exist.
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Ty

(b) Let f(z,y) =

,x=rcosf, y=rsind.

r? cos fsin 0

lim f(rcosf,rsinf) = lim ————— = limrcos@sinf =0
r—0 r—0 r r—0
S0 .
lim Y 0.

(2.y)—(0,0) /22 4 92 B
(12%) 3. For f(z,y,z) = In(2? + y?) + z.
(a) Find V.

(b) Consider the cylinder of radius 5 with axis along the z-axis. Find the normal
vector to the cylinder at the point (3, —4,4).

(c¢) Find the rate of change of f in the direction normal to the cylinder at the
point (3, —4,4).

Solution:
2 2
V. N
I‘2 + y2 .732 + y2
The cylinder is 22 + y? = 25. So its normal vector is < 2z,2y,0 > which
equals < 6,—8,0 > at (3,—4,4). A unit vector in this direction is

3 4
U =<—-,—=,0>
TSR TR
The rate of change of f in this direction is

6 8 3 4 46
Vi td=<—-,—2,1>-<-,—,0>= —.
fri=<pg 55 15
(10%) 4. Find the parametric equation of the tangent line to the curve of intersection of
the surfaces 22 + 2y* + 22 = 4 and 2% + y* — 22 = 1 at the point (1,1, 1).

Solution:
f=a? 422+ 22 -4, g=2>+y*—22—-1, P=(1,1,1).
Vf=<2x4y,22z > Vg =<2x,2y,—2z >.
Vf(P)=<2,4,2> Vg(P)=<2,2-2>.

i j k
Vf(P)xVgP)=1|2 4 2 |=<-12,8—-4>.
2 2 =2
r=1-—12¢ r=1+4+3t
i B { y=1+8 R y=1-2t .

z=1—4t z=1+1

(18%) 5. (a) Suppose f.(0,0) =2, f,(0,0) = 3. Suppose v = g(u) satisfies f(u,v?+v) =0
and ¢g(0) = 0. Find ¢'(0).

(b) Find all points at which the direction of fastest increase of the function
flx,y) = 2% +y* — 22 — 4y is 2i + .
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Solution:
(a) Let z = u, y = v* +v.
df 0f@ of Oy dv

du rou  dyovdu

flu, v +v) =0

folw, 0 +0) - L+ fy(u,v? +0) - (20 + 1) - g/ (u) = 0.
u=0,v=0RA

f2(0,0) + f,(0,0) -1 ¢'(0) = 0.

243-4¢(0)=0.
-2

'(0) = —-.

g0) =

(b) Vf=<2x—-22y—4>=k<2,1> k>0.
2r —2 =22y — 4)
=r—-2y+3=0,2>1.

(12%) 6. Find the absolute minimum and maximum values of f(z,y) = zy* on the curve
2?2+ Toy +y? =45, 2>0,y > 0.

Solution:
Let g = 22 + Toy + y? — 45.
Vg=<2x+Ty,Tx+ 2y >
Vi =<y?2zy >
y? = A2z + Ty) — —(1)

2xy = M(Tx + 2y) — —(2)
(1) x (T +2y) — (2) x (2x + Ty)
y(2y? — Toy — 42%) =0

=y=0,y=dr,y=—3.
y=—5 T&.
AKX g

y=0= 2 =35
y=4dr=zx=1y=4.
f(3v/5,0) = 0 &4
f(1,4) =16 K44

(10%) 7. Find the volume of the solid in the 1st octant bounded by the surface z = 9 — 1>
and the plane x = 2.

2 3 2 yS
//(9—y2)dydrﬂ=/ 9y — =
0 0 0 3

1,
(12%) 8. Evaluate/ / Smxdxdy.
0 y x

Solution:

3 2
dx:/ 18 dz = 36.
0 0




Solution:

T

. 1 .
Smxdydm:/ (a:—a:Q)Slnxdx
x 0

U rv¥sing Lo
dedy = //
/O/y x 0 Jz2
1

= / sinx — asin @ de = [~ cosz + x cosx — sin 2]
0
= —cosl+cosl—sinl —(—1)=1-sinl

Where/xsinxdx:—xcosx—/—cosxdx:—xcosx+sinx+0.



