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(12%) 1. �����
"

D

|y| dA,  "! D #"$&% r = 4 + 3 cos θ ')(+*-,/.�0

Solution:

"

D

|y| dA = 2
∫ π

0

∫ 4+3 cos θ

0
r sin θ r dr dθ

= 2
∫ π

0
sin θ

[

r3

3

]4+3 cos θ

0

dθ

=

2
3

∫ π

0
(4 + 3 cos θ)3 sin θ dθ

=

2
9

∫ 7

1
u3 du =

2
9
· u4

4

∣

∣

∣

∣

∣

∣

7

1

=

1
18

(74 − 1)

(12%) 2. �����
∫ 2

−2

∫

√
4−x2

−
√

4−x2

∫

√
16−x2−y2

√
3(x2
+y2)

√

x2
+ y2
+ z2 dz dy dx 0

Solution:

1+2436547�8
z =
√

16 − x2 − y2 ⇒ x2
+ y2
+ z2
= 16⇒ ρ = 4 0

z =
√

3(x2
+ y2)⇒ ρ cosϕ =

√
3ρ sinϕ⇒ tanϕ =

1
√

3
⇒ ϕ =

π

6
0

9 % 2 x2
+ y2
+ 3(x2

+ y2) = 16⇒ x2
+ y2
= 4:<;>=?2

0 ≤ ρ ≤ 4, 0 ≤ θ ≤ 2π, 0 ≤ ϕ ≤ π
6
0

∫ 4

0

∫ 2π

0

∫ π
6

0
ρρ2 sinϕ dϕ dθ dρ =

∫ 4

0
ρ3 dρ

∫ 2π

0
dθ
∫ π

6

0
sinϕ dϕ

= 128π(1 −
√

3
2

)

(12%) 3. �����
"

D

x2

x2
+ 4y2

dA,  "! D #A@+BDC x2
+ 4y2

= 1,

x2
+ 4y2

= 4 ')E�FG,?.�0
Solution:

1



Use transformation x = r cos θ, y =
1
2

r sin θ (0 ≤ θ ≤ 2π, 1 ≤ r ≤ 2)

∂(x, y)
∂(r, θ)

=

∣

∣

∣

∣

∣

∣

cos θ −r sin θ
1
2 sin θ f rac12r cos θ

∣

∣

∣

∣

∣

∣

=

1
2

r

⇒
"

D

x2

x2
+ 4y2

dA =

∫ 2π

0

∫ 2

1

r2 cos2 θ

r2
·

1
2

r dr dθ

=

1
2

∫ 2π

0
cos2 θ dθ

∫ 2

1
r dr

=

1
4

∫ 2π

0
1 + cos 2θ dθ ·

∫ 2

1
r dr

=

1
4
· 2π

1
2

(22 − 12) =
3π
4

(12%) 4. H F(x, y, z) =
x i + y j + z k
x2
+ y2
+ z2 I

(a) JLK&M6N/O f (x, y, z), PAQ ∇ f = F I
(b) R

∫

C
F · dr, S"T C U�V (1, 1, 1) W (2, 3, 4) XZY+[ I

Solution:

(a)

fx =
x

x2
+ y2
+ z2

f =
∫

x dx
x2
+ y2
+ z2
=

1
2

ln(x2
+ y2
+ z2) + g(y, z).

\A]
f =

1
2

ln(x2
+ y2
+ z2) ^Z_ ∇ f = F.

(b)
∫

C
F · dr =

∫

C
∇ f · dr = f (2, 3, 4) − f (1, 1, 1) =

1
2

(ln 29 − ln 3).
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(12%) 5. `�a�b
∮

C
(4y + 3x + sin y) dx + (3y + 2x + x cos y) dy,

C c6d (x − 2)2
+ (y − 5)2

= 9 e
Solution:

,

C

(4y + 3x + sin y) dx + (3y + 2x + x cos y) dy

=

(Green)

"

D

∂

∂x
(3y + 2x + x cos y) −

∂

∂y
(4y + 3x + sin y) dA

=

"

D

2 + cos y − (4 + cos y) dA

= −2A(D) = −2 · π · 32
= −18π

(14%) 6. f"gih C c x = cos t, y = sin t, z = t, 0 ≤ t ≤ 2π ekj C l�mZn�oAp (x(t), y(t), z(t)) q
(0, 0, z(t)) rsh+tAu+vAw , xAy)giz S , {G|>}s~Z�)}i� z- ��}�e�f F(x, y, z) = x i+y j+z k,

`
"

S

F · dS e

Solution:
ru × rt =< sin t,− cos t, u > .

So
F · n dS = tu dt du.

So "

S

F · n dS =
∫ 2π

0
t dt ·
∫ 1

0
du = π2.

(12%) 7. F(x, y, z) = y i + z j + x k, S c)g?z x2
+ y2
+ z2
= 1, z ≥ 0, {<|�}Z~��D}?� z- ��}�e��

`
"

S

curl F · dS e

Solution:

3



C : x2
+ y2
= 1

r(t) = cos t i + sin t j + 0 k

r′(t) = − sin t i + cos t j + 0 k

F · r′(t) = − sin2 t

[ ��� ]: � Stokes ���
"

S

curl F · dS =
∮

C
F · dr =

∫ 2π

0
− sin2 t dt = −4 · π

4
= −π

[ �-� ]: �+�-�
curl F =

∣

∣

∣

∣

∣

∣

∣

∣

∣

i j k
∂
∂x

∂
∂y

∂
∂z

y z x

∣

∣

∣

∣

∣

∣

∣

∣

∣

= −i − j − k,

n = x i + y j + z k

���
=

"

S

curl F · n dS = −
"

S

x + y + z dS

(y =
√

1 − x2 − y2,

√

1 + z2
x + z2

y =
1

√

1 − x2 − y2
)

= −
"

D

(x + y +
√

1 − x2 − y2) ·
1

√

1 − x2 − y2
dA, D : x2

+ y2 ≤ 1

(x, y �i�>�i� )

= −
"

D

1 dA = −π

(14%) 8. �"�?� S � x2
+ y2
+ z2
= 1 �

(a) �A�A�6�/� F(x, y, z) �A G¡ S ¢ F · n = x4
+ y4
+ z4 �

(b) �
"

S

(x4
+ y4
+ z4) dS �

Solution:

(a) F(x, y, z) = x3 i + y3 j + z3 k£
on S ,

F · n = x4
+ y4
+ z4.
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(b)
"

S

x4
+ y4
+ z4 dS =

"

S

F · n dS

Divergence Theorem
=

$

E

div F dV, E : x2
+ y2
+ z2 ≤ 1

= 3
$

E

x2
+ y2
+ z2 dV

= 3
∫ 2π

0

∫ π

0

∫ 1

0
ρ2 · ρ2 sinφ dρ dφ dθ

= 3 · 1
5
· 2 · 2π = 12

5
π
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