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(20%) 1. Let

r(u) =
1− u2

1 + u2
i +

2u

1 + u2
j.

(i) Find the arc length s(t) of the curve r(u) from u = 0 to u = t, t > 0.

(ii) Use the result in (i) to reparametrize the curve with respect to arc length
measured from the point (1, 0) in the direction of increasing u.

(iii) Show that the set {r(u)|0 ≤ u < ∞} is the semicircle {(r, θ)|r = 1, 0 ≤ θ <

π}.

Solution: (i)

~r(u) = (
1− u2

1 + u2
,

2u

1 + u2
) = (

1− tan2 θ
2

1 + tan2 θ
2

,
2 tan θ

2

1 + tan2 θ
2

) = (cos θ, sin θ).

u = tan
θ

2
, du =

1

2
sec2 θ

2
dθ,

dθ

du
=

2

1 + u2

r′(u) =
dr

dθ

dθ

du
= (− sin θ, cos θ)

2

1 + u2

|r′(u)| = 2

1 + u2

s(t) =

∫ t

0

|r′(u)| du = 2

∫ t

0

1

1 + u2
du = 2 tan−1 t.

(ii)
s = 2 tan−1 u

u = tan
s

2

~r(u) = (
1− tan2 s

2

1 + tan2 s
2

,
2 tan s

2

1 + tan2 s
2

) = (cos s, sin s).

(iii)

u = tan
s

2
0 ≤ u < ∞ → 0 ≤ s < π

~r(u) = (cos s, sin s).

(20%) 2. Let

f(x, y) =







xy2

2x2 + 3y4
, if (x, y) 6= (0, 0),

0, if (x, y) = (0, 0).

(i) Is f continuous at (0, 0)? Give your reason.

(ii) Let ~u =< cos θ, sin θ > be a unit vector. Find the directional derivative
D~uf(0, 0) if exists, or show that it does not exist.
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(iii) Is f differentiable at (0, 0)? Give your reason.

Solution: (ii)

D~uf(0, 0) =







sin2 θ

2 cos θ
, ç cos θ 6= 0;

0, ç cos θ = 0.

(20%) 3. Suppose that w = f(u, v) is a differentiable function with continuous second
partial derivatives. Let u = 2xy and v = x2 − y2.

(i) Express wx(=
∂w
∂x

), wy, wxx, and wyy in terms of x, y, wu, wv, wuu, wvv and
wuv.

(ii) Find the relationship between wxx + wyy and wuu + wvv.

Solution: wx = 2ywu + 2xwv

wy = 2xwu − 2ywv

wxx = 4y2wuu + 4x2wvv + 8xywuv + 2wv

wyy = 4x2wuu + 4y2wvv − 8xywuv − 2wv

wxx + wyy = 4(x2 + y2)(wuu + wvv) = 4
√

u2 + v2(wuu + wvv)

(20%) 4. Let
z = f(x, y) = x2y + xy2 − xy − x2 − y2.

(i) Find all the critical points of f , and determine whether they are local max-
imum points, local minimum points, or saddle points?

(ii) Find the absolute maximum and absolute minimum of f on the region R =
{(x, y)|x2 + xy + 2y2 ≤ 8}.

Solution: (i)

∇f(x, y) = < 2xy + y2 − y − 2x, x2 + 2xy − x− 2y >

= < (y − 1)(2x + y), (x− 1)(x + 2y) >

∇f(x, y) = 0 ⇒ (x, y) = (1, 1), (−2, 1), (1,−2), (0, 0).

D(x, y) =

∣

∣

∣

∣

fxx fxy

fyx fyy

∣

∣

∣

∣

,

fxx = 2y − 2
fyy = 2x− 2
fxy = fyx = 2x + 2y − 1

The Second Derivatives Test:

D(0, 0) = 4− 1 > 0, fxx(0, 0) < 0 (local max)

D(1,−2) = D(−2, 1) = 0− 9 < 0 (saddle)

D(1, 1) = 0− 9 < 0 (saddle).

Answer. critical points: (0, 0), (1, 1), (−2, 1), (1,−2).
local maximum point:(0, 0).
local minimum points: none.
saddle points:(1, 1), (−2, 1), (1,−2).
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(ii) The absolute extrema are located at the critical points in the interior
of the region R or located on the boundary of R.
Let g(x, y) := x2 + xy + 2y2, clearly

g(0, 0) < 8, g(1, 1) < 8, g(1,−2) = 7 < 8, g(−2, 1) = 4 < 8.

Use the method of Lagrange multipliers to find extreme value of f on
g(x, y) = 8.

∇g(x, y) = < 2x + y, x + 4y >

∇f = λ∇g ⇒
{

(y − 1)(2x + y) = λ(2x + y)
(x− 1)(x + 2y) = λ(x + 4y)

(1) If y = −2x, then x2 − 2x2 + 8x2 = 8 ⇒ (x, y) = (±
√

8
7
,∓

√

32
7
)

(2) If y 6= −2x, then λ = y − 1. Thus,

x2 − x− 2y + 2xy = xy + 4y2 − x− 4y

⇒
{

x2 + xy + 2y − 4y2 = 0
x2 + xy + 2y2 = 8

⇒ 6y2 − 2y = 8 ⇒ (3y − 4)(y + 1) = 0 ⇒ (x, y) = ( ,
4

3
), (3,−1), (−2,−1).

f(0, 0) = 0

f(∂R) = x2y + xy2 − 8 + y2

f(±
√

8

7
,∓

√

32

7
) = ±16

7

√

8

7
− 24

7
f(3,−1) = f(−2,−1) = −13

f( ,
4

3
) = (8− 2y2)y − 8 + y2 = − 8

27

Answer. absolute maximum= 0, at the point (0, 0).
absolute minimum= −13, at the points (3,−1), (2,−1).

(20%) 5. (i) Evaluate the integral

∫ 1

0

∫ 3

3y

ex2

dx dy.

(ii) Find the volume of the solid that is above the cone z =
√

x2 + y2 and inside
x2 + y2 + 2z2 = 4.

(iii) Find the surface area of the solid given in (ii).

Solution: (i)

∫ 1

0

∫ 3

3y

ex2

dx dy =

∫ 3

0

∫ x

3

0

ex2

dy dx =

∫ 3

0

yex2

∣

∣

∣

y= x

3

y=0
dx

=

∫ 3

0

x

3
ex2

dx =
1

6
ex2

∣

∣

∣

∣

3

0

=
1

6
(e9 − 1)
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(ii) x2 + y2 + 2(x2 + y2) = 4 ⇒ x2 + y2 = 4
3
, r = 2√

3
.

Volume =

∫ 2π

0

∫ 2
√

3

0

[

√

4− r2

2
− r

]

r dr dθ

= 2π · (−2

3
· (4− r2

2
)

3

2 − r3

3
)

∣

∣

∣

∣

2
√

3

0

= (
8
√

2

3
− 16

√
3

9
)π

(iii) For z =
√

x2 + y2 part:
zx = x√

x2+y2
, zy = y√

x2+y2

Area =

∫ 2π

0

∫ 2
√

3

0

√

1 +
r2

r2
r dr dθ = 2π ·

√
2

2
r2

∣

∣

∣

∣

∣

2
√

3

0

=
4

3

√
2π

For z =
√

4−x2−y2

2
part:

zx = −x√
2(4−x2−y2)

, zy = −y√
2(4−x2−y2)

Area =

∫ 2π

0

∫ 2
√

3

0

√

1 +
r2

8− 2r2
r dr dθ = 2π

∫ 2
√

3

0

√

8− r2

8− 2r2
r dr

= 2π

∫ sin−1 1
√

3

0

2
√

2 sin t
√

2− sin2 t dt

(

r = 2 sin t

dr = 2 cos t dt

)

= 2π

∫ 1

√
2

3

2
√

2
√

1 + u2 du

(

u = cos t

du = − sin t dt

)

= 4
√

2π

∫ π

4

tan−1

√
2

3

sec3 v dv

(

u = tan v

du = sec2 v dv

)

= 2
√

2π(sec v tan v + ln | sec v + tan v|)
∣

∣

∣

π

4

tan−1

√
2

3

= 4π − 4

3

√
5π + 2

√
2π ln

√
3 +

√
6√

2 +
√

5
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