0425 T2 AR T —a b %
(20%) 1. Let
1—u2,+ u .
T+ T 1ra2?

r(u)

(i) Find the arc length s(t) of the curve r(u) from v =0 to u =t, t > 0.

(ii) Use the result in (i) to reparametrize the curve with respect to arc length
measured from the point (1,0) in the direction of increasing w.

(iii) Show that the set {r(u)|0 < u < oo} is the semicircle {(r,0)|r =1, 0 <0 <

T}

Solution: (i)

1—u? 2u 1—tan?% 2tan?
r(u) = = = 6,sinf).
(u) <1+u2’1+u2> (1+tanzg’1+tan2g) (cos ), sin )
1 2
u:tane, du:—sec2€d8, ﬁ:
2 2 2 du 1+ u?
dr df
r'(u) = d_E@ = (—sin@,cos@)1 i
2
/ —
) = s
t t 1
s(t):/ |r’(u)|du:2/ du = 2tan"'t.
0 0 1+U2

s=2tan " u

. 5
u = tan —
2
1 —tan®$ 2tan$
r(u) = ( -, 2—) = (cos s,sin s).
1+ tan 5 14 tan 5
(i)

u:tamf
2

0<u<oo — 0<s<nw
r(u) = (cos s, sin s).

(20%) 2. Let
2

flx,y) = 21;2937_%33/47 if (z,y) # (0,0),
0, if (z,y) = (0,0).

(i) Is f continuous at (0,0)? Give your reason.

(ii) Let @ =< cosf,sinf > be a unit vector. Find the directional derivative
Dzf(0,0) if exists, or show that it does not exist.
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(iii) Is f differentiable at (0,0)? Give your reason.

Solution: (ii)

sin’ @ "
Daf(0,0) =14 2cosf’ = cos¥ 7 0;
0, % cosf =0

(20%) 3. Suppose that w = f(u,v) is a differentiable function with continuous second
partial derivatives. Let v = 2xy and v = 22 — y2.

(i) Express w,(= 2%), wy, Wy, and w,, in terms of T, ¥, Wy, Wy, Wyy, Wy, and

ox
Wy -

(ii) Find the relationship between wy, + wy, and wy, + Wy,.

Solution: w, = 2yw, + 2zw,
wy = 2xWw, — 2yw,
Wae = 4Y*Wyy + 42%Wey + STYWy, + 2w,
Wyy = 422 W0 + 4y Wey — STYWyy — 2w,
Wey + Wyy = 4(3:2 + y2)(wuu + wvv) =4y u? + 'U2(wuu + wvv)

(20%) 4. Let
z= f(z,y) =2y +xy® —ay — 2 — .

(i) Find all the critical points of f, and determine whether they are local max-
imum points, local minimum points, or saddle points?

(ii) Find the absolute maximum and absolute minimum of f on the region R =
{(z,y)|2* + wy + 2y° < 8}

Solution: (i)

Vi(z,y) = <2oy+y*—y— 2w 2%+ 20y —a — 2y >
= <(y—-1DR2zx+y),(z—1)(z+2y) >
Vf(xay) = 0= (l‘,y) - (17 1)> (_2? 1)7 (17 _2)7 (070)

D(z,y) = Jow Jay y fyy=22x—2
fy:c fyy fzy:fyx:2x+2y_1

The Second Derivatives Test:

D(0,0) =4—1>0, f.(0,0) <0 (local max)
D(1,-2) = D(-2,1) =0—9 < 0 (saddle)
D(1,1) =0 —9 < 0 (saddle).

Answer. critical points: (0,0), (1,1), (=2,1), (1,—2).
local maximum point:(0,0).
local minimum points: none.
saddle points:(1,1), (=2,1), (1,-2).



(ii) The absolute extrema are located at the critical points in the interior
of the region R or located on the boundary of R.
Let g(z,y) := 2% + zy + 2y?, clearly

9(0,0) <8, g(1,1) <8, g(1,-2) =7<8, g(-2,1) =4 <8

Use the method of Lagrange multipliers to find extreme value of f on
g(z,y) =8.

Vy(z,y) = <2x+y,x+4y >

(y—1)(22 + 1) = A2z + 1)
Vi=AVg = {(i—l)(erQZ):)\(erﬁ/)

_ _ _ 8 32
(1) If y = =2z, then 2* — 22 + 82 =8 = (z,y) = (£4/3, /)
(2) If y # —2x, then A =y — 1. Thus,
2 —r—2y+ 2y =ay+ 4y’ —x — 4y
? +ay+2y—4y* =0
T\ 2t 2 =
y+2y° =38

=6y —2y=8= By —4)(y+1)=0= (z,y) = ( ,%), (3,—-1),(=2,-1).

s 32 16 /3 24
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) = f(_2> _1) =—13

1
— _22 - 2:__
)=08—-2y")y—8+y 5

Answer. absolute maximum= 0, at the point (0, 0).
absolute minimum= —13, at the points (3, —1), (2, —1).
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(20%) 5. (i) Evaluate the integral / / e du dy.
0 3y

(ii) Find the volume of the solid that is above the cone z = /2% 4+ y? and inside
2?2 +y? 4+ 222 =4,

(iii) Find the surface area of the solid given in (ii).

Solution: (i)

L3 3 % 3 =t
//er dedy = // e’ dydx:/ ye’ dx
0 J3y 0o Jo 0 y=0
3 3
1
= /O%ezzdarzaeIQO:—(eg 1)




_ 2
Volume = / / [\/ 4 r] rdrdf
3

o (-2 (AT (21045,
= ﬂ' _ . [— J—
3V 2 37, 3 9
(iii) Forz—\/xz—i-y part
2
27 2 2 73
% 2 4
Areaz/ /3\/1+T—27’drd9:27r-£r2 N
o Jo r 2 . 3

For z = \/w part:

—z o —y

T o) VT )

— 2
Area = / / rdrd0—27r/ "
\/ —27"2 \/8—2T2

-1 _1

= 27r/ 2\/_smt\/ 2 —gin’tdt (r—2smt
0

dr = 2costdt

du = —sintdt

= 4\/§7r/4 fsec?’vdv (Zu:—tzgcgvdv )
tan—1 % -

= 2V27(secvtanv + In|secv + tanv))

l J—
= 2ﬂ/f2ﬂ\/1+u2du (U_COSt. )
3

e

tan—1 \/g

- fyr+2f In §+§

)



