06 Spring Final Exam

. (20%)Evaluate the following two integrals.

\/4 y \/4 z2—y2
) I = / / / y* /a2 + 2 + 22 dz dx dy.

4— wQ—y

(b) I = // ydS, where the surface I' is the part of the cylinder z? + 2% = 22 with y > 0

r
and is inside the cone z = y/x2 + 2.

Solution:

(a) The region of integration is the solid hemisphere 22 + y? + 2% < 4, z > 0.
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/ / / y* /22 +y2 + 22 dzd dy
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(b) The surface I' is parametrized by r(0,y) = (cosf,y,1 + sinf), D = {(0,y)|0 < 0 <
7,0 <y <+/(1+sin6)? —cos?@}. Thus rg x r, = —(cos6,0,sinf) and

// ydS
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= // ylre x ry|dA
D

w4/ (14sin0)2—cos? 0
= / / ydyd6f
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= / ((1+sin6)® — cos®0) df
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2. (20%)Consider the vector field H(z,y, z) = (y*z, 2zyz — 2%siny, 2z cos y + zy?).

(a) Evaluate curl H.

(b) Find all possible potential functions of the field H if it is conservative. Otherwise,
explain why it is not conservative.



t t
(c) Evaluate the line integral /H - dr along the curve C : r(t) = (sinw—,t2 —t 7T—),

p 2 "2
0<t<l.

Solution:

(a)

_OR 0Q,. 0P OR. . 0Q 0P
OR 9 )
3—y = a—y(chosy—i—xy ) = —2zsiny + 2xy
3@_@ = ag(Qxyz — 2% siny) = 22y — 2zsiny
z z
3P_ a 2 2 aR_ a 2\ .2
0z 8z(y A=y or ax(chosy—l—xy )=y
3@ o a 2 . _ ap 2 .
5% = B2 (2xyz — 2" siny) = 2yz, o (y°z) = 2yz
csecurl H=0
(b) H Z—EFI2Y, S FE— B RE (ALEH) o #45F H = Vo, 7B
8_90 — 2 8_90 —9 — 2 9 _ 2 2
o =9z, oy Yz — z°siny, 9. ZCosy + xy

AR o =xy’z+ f(y, 2), RNFE Z=RFE|

0
2xyz + —f = 2zyz — 2%siny
dy

B A g—‘g = —2?siny, % f(y,2) = 22 cosy + g(2). Bk

0 = xy?z + 22 cosy + g(z)

RNFE =172
xy* + 2zcosy + ¢'(2) = 2z cosy + xy°
AR ¢'(2) =0, #T g(2) = C. ik, LHRH%

0 = zy’z + 2> cosy + C
()
m w2
3. (20%)Consider the vector field W (x,y, z) = (2 + 3y + tan 2z, y*, 2% + y* + 32%).

(a) Find divW.

(b) Find the flux of the vector field W across S, which is the part of the surface 1 — z =
2% + y? with 0 < 2 < 1 and is oriented upward.



Solution:

By Divergnece Theorem

//SW.dSJr/SIW.dS:///EdI-V Wl

Where S is {(rcosf,rsinf,0)[0 <r <1,0 <6 < 2r}.

/ W . dS

S1

= / W - ndS
S1

= // (z® + 3y,9°,2° + y*) - (0,0,—1)dS
S1

2 1
= - / / r3drdé
o Jo
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On the other hand, E = {(x,y,2)|(z,y) € Ryy,,0 < 2 < 1 — (2> +4*)} and R,, =
{(rcos@,rsinf)|0 <r <1,0 <6 <2r}. Hence

/ / / divwW dV
E
1—(z?4y?)
= // / (32% 4 3y® + 62) dz dx dy
Rey J0
2 1 1—72
= /// 3r3 + 6rzdzdr df

27
= / /3r (1 =7 +3r(1 —r*)drdf

= /3r—3r dr
0
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2
So the answer is 27.
4. (15%) Let F(x,y, z) = <$2_+yy2, . f_ 7 2%) be a vector field on Dy = {(x,y, 2) | 2? + y* # 0}.
Let » = a2+ y?>+22 and G(z,y,2) = (%, %, %) be a vector field on
r3 3y
Dy = A{(z,y,2)|2*+y*+ 22 #0}. Let C be the simple closed curve

r(t) = (cos(sint) cost, cos(sint) sint, sin(sint)),0 < ¢ < 2m. See the figure below.
(a) Compute curl F on D; and curl G on Ds.

(b) Evaluate the line integrals /

F-drand/G-dr.
c c

3



(c) Is F conservative on D7 Is G conservative on Dy? State your reasons.

Solution:

(a) curl F = curl G = 0.

(b) Since there is a surface S; C Dy, such that 05, = CU(—C}). Where C} is {(acost, asint, 0)|a <
1,0 <t < 2rw}. By Stokes” Theorem, we have

/ F-dr—i—/ F-dr:// curl F-dS = 0.
C —C1 S1

Hence
/ F-dr
c
= / F-dr
C1
27

asint acost

2’a2

= (—

,0) - (—asint,acost,0)dt
0 a

I
)
3

On the other hand, there exists a surface Sy C D,, such that 9S; = C. Hence by
Stokes” Theorem, we obtain

/ G-dr:// curl G - dS = 0.
C S1

(c) F isnot conservative since |, o, F o-dr # (0. Since any closed curve 7 in Dy bounds a
surface 2 C D,y. Therefore by Stokes’ Theorem, we obtain

/G -dr://cur]G -dS = 0.
ol Q

5. (15%) Let Ey be the bounded region in R? that is bounded by the surface \/z+/y++/z = 1
and the coordinate planes.

So G is conservative.



(a) Find the volume of Ej.

(b) Let L : R® — R3 be a linear transformation given by L(u,v,w) = (z,¥, 2), where

z(u,v,w) = ayu+ asv + azw,
y(u,v,w) = byu + byv + byw,
z(u,v,w) = cu+ v + czw,

and a;,b;,¢; € R;i = 1,2,3. Evaluate the Jacobian of this transformation. Is it a
constant?

(c) Define a transformation T'(u,v,w) = (—w, 5 + v + w, —u + 2v + w). Let E; be the
image of Ey under the transformation 7', E5 be the image of E; under T, E5 be the
image of Fs under 7', and so on. That is, F), is the image of E,_; under T,n > 1. Find
the volume of FE,,.

Solution:

(a) Let z =u? y=1% 2 = w?

oz,y, 2)
O(u, v, w

V = ///dx,dy,dz
Eo
1 1—u 1—u—v
= // / Suvw dw dv du
0o Jo 0

1 1-u
= / / duv(l —u — v)*dv du
o Jo
1 1-u

/ 4u(1 — u)?v — 8u(l — u)?v? + 4uv® dv du
0

= Suvw

1

J
J

1 1
- —u(l —u)tdu = —
3 90
(b)
a; as das
det b1 bg 63
Ci1 C2 C3
(C) Let T(U, U7w) = ($7 Y, Z)a
0 0 -1
O,y,2) _ 11 1 |=-1-(1+1)=-2
O(u, v, w) 1 9
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= volume(E,,) = 90

6. (10%)Evaluate // curlU - dS = // curl U - ndS, where U(z,y, 2) = (ye*, x + y°e*, ze™)
r r

and I is the part of the surface z = 1 — 22 — 2y? with 2 > 0 and upward orientation.

Solution

i j k
curlU = | 0, Oy 0, | = <a:ze$y — y2e?, yet — zye™, 1 — ez>
ye* x +y*e® ze™

//curlU-dS://curlU-ndS://l—ezz:O//l—1:0,
r
T

T r
where n =< 0,0,1 >and 1 —e* =0 for 2 =0 X — Y plane.

=

]
//curlU dsS = U dr—/Qﬂ_—lsin29+Lc0829+icos¢9$in29d6—0
g or 0o V2 V2 2v/2

1
O 2> +2y* =1, 2 =0(x = cosf, y = —=sinh)

V2



