
06 Spring Final Exam

1. (20%)Evaluate the following two integrals.

(a) I1 =

∫ 2

−2

∫

√
4−y2

0

∫

√
4−x2−y2

−

√
4−x2−y2

y2
√

x2 + y2 + z2 dz dx dy.

(b) I2 =

∫∫

Γ

y dS, where the surface Γ is the part of the cylinder x2 + z2 = 2z with y ≥ 0

and is inside the cone z =
√

x2 + y2.

Solution:

(a) The region of integration is the solid hemisphere x2 + y2 + z2 ≤ 4, x ≥ 0.

∫ 2

−2

∫

√
4−y2

0

∫

√
4−x2−y2

−

√
4−x2−y2

y2
√

x2 + y2 + z2 dz dx dy

=

∫ π

2

−
π

2

∫ π

0

∫ 2

0

(ρ sin φ sin θ)2(
√

ρ2)ρ2 sin φ dρ dφ dθ

=

∫ π

2

−
π

2

sin2 θ dθ

∫ π

0

sin3 φ dφ

∫ 2

0

ρ5 dρ

=

[

1

2
θ − 1

4
sin 2θ

]
π

2

−
π

2

[

−1

3
(2 + sin2 φ) cosφ

]π

0

[

1

6
ρ6

]2

0

= (
π

2
)(

2

3
+

2

3
)(

32

3
) =

64

9
π

(b) The surface Γ is parametrized by r(θ, y) = (cos θ, y, 1 + sin θ), D = {(θ, y)|0 ≤ θ ≤
π, 0 ≤ y ≤

√

(1 + sin θ)2 − cos2 θ}. Thus rθ × ry = −(cos θ, 0, sin θ) and

∫∫

Γ

ydS

=

∫∫

D

y|rθ × ry|dA

=

∫ π

0

∫

√
(1+sin θ)2−cos2 θ

0

ydydθ

=

∫ π

0

(

(1 + sin θ)2 − cos2 θ
)

dθ

= 2 +
π

2

2. (20%)Consider the vector field H(x, y, z) = 〈y2z, 2xyz − z2 sin y, 2z cos y + xy2〉.

(a) Evaluate curlH.

(b) Find all possible potential functions of the field H if it is conservative. Otherwise,
explain why it is not conservative.
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(c) Evaluate the line integral

∫

C

H · dr along the curve C : r(t) = 〈sin πt

2
, t2 − t,

πt

2
〉,

0 ≤ t ≤ 1.

Solution:

(a)

curl H = [
∂R

∂y
− ∂Q

∂z
] i + [

∂P

∂z
− ∂R

∂x
] j + [

∂Q

∂x
− ∂P

∂y
]k

∂R

∂y
=

∂

∂y
(2z cos y + xy2) = −2z sin y + 2xy

∂Q

∂z
=

∂

∂z
(2xyz − z2 sin y) = 2xy − 2z sin y

∂P

∂z
=

∂

∂z
(y2z) = y2,

∂R

∂x
=

∂

∂x
(2z cos y + xy2) = y2

∂Q

∂x
=

∂

∂x
(2xyz − z2 sin y) = 2yz,

∂P

∂y
(y2z) = 2yz

∴ curl H = 0

(b) H
���������
	

, �
�
� ����������� ( ��� 	 ) ϕ ��� H = ∇ϕ, ���
∂ϕ

∂x
= y2z,

∂ϕ

∂y
= 2xyz − z2 sin y,

∂ϕ

∂z
= 2z cos y + xy2

���
ϕ = xy2z + f(y, z), �� "!$#
%&��'

2xyz +
∂f

∂y
= 2xyz − z2 sin y

(*) ∂f

∂y
= −z2 sin y, +�� f(y, z) = z2 cos y + g(z). ,.-

ϕ = xy2z + z2 cos y + g(z)

�� "!
/�%&��'
xy2 + 2z cos y + g′(z) = 2z cos y + xy2

���
g′(z) = 0, 0"1 g(z) = C. ,.- ,

�������2�

ϕ = xy2z + z2 cos y + C

(c)
∫

C

H · dr =

∫

C

∇ϕ · dr = ϕ(r(1))− ϕ(r(0)) = ϕ(1, 0,
π

2
)− ϕ(0, 0, 0) =

π2

4

3. (20%)Consider the vector field W(x, y, z) = 〈x3 + 3y + tan z, y3, x2 + y2 + 3z2〉.

(a) Find divW.

(b) Find the flux of the vector field W across S, which is the part of the surface 1 − z =
x2 + y2 with 0 ≤ z ≤ 1 and is oriented upward.
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Solution:

By Divergnece Theorem

∫∫

S

W · dS +

∫∫

S1

W · dS =

∫∫∫

E

div WdV.

Where S1 is {(r cos θ, r sin θ, 0)|0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π}.
∫∫

S1

W · dS

=

∫∫

S1

W · n dS

=

∫∫

S1

(x3 + 3y, y3, x2 + y2) · (0, 0,−1) dS

= −
∫ 2π

0

∫ 1

0

r3drdθ

= −π

2

On the other hand, E = {(x, y, z)|(x, y) ∈ Rx,y, 0 ≤ z ≤ 1 − (x2 + y2)} and Rx,y =
{(r cos θ, r sin θ)|0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π}. Hence

∫∫∫

E

div W dV

=

∫∫

Rx,y

∫ 1−(x2+y2)

0

(3x2 + 3y2 + 6z) dz dx dy

=

∫ 2π

0

∫ 1

0

∫ 1−r2

0

3r3 + 6rz dz dr dθ

=

∫ 2π

0

∫ 1

0

3r3(1− r2) + 3r(1− r2) dr dθ

= 6π

∫ 1

0

3r − 3r3 dr

=
3π

2

So the answer is 2π.

4. (15%) Let F(x, y, z) = 〈 −y

x2 + y2
,

x

x2 + y2
, z2〉 be a vector field onD1 = {(x, y, z) | x2 + y2 6= 0}.

Let r =
√

x2 + y2 + z2 and G(x, y, z) = 〈 x

r3
,

y

r3
,

z

r3
〉 be a vector field on

D2 = {(x, y, z) | x2 + y2 + z2 6= 0}. Let C be the simple closed curve
r(t) = 〈cos(sin t) cos t, cos(sin t) sin t, sin(sin t)〉, 0 ≤ t ≤ 2π. See the figure below.

(a) Compute curlF on D1 and curlG on D2.

(b) Evaluate the line integrals

∫

C

F · dr and

∫

C

G · dr.
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(c) Is F conservative on D1? Is G conservative on D2? State your reasons.

Solution:

(a) curl F = curl G = 0.

(b) Since there is a surface S1 ⊂ D1, such that ∂S1 = C∪(−C1). Where C1 is {(a cos t, a sin t, 0)|a <

1, 0 ≤ t ≤ 2π}. By Stokes’ Theorem, we have

∫

C

F · dr +

∫

−C1

F · dr =

∫∫

S1

curl F · dS = 0.

Hence
∫

C

F · dr

=

∫

C1

F · dr

=

∫ 2π

0

(−a sin t

a2
,
a cos t

a2
, 0) · (−a sin t, a cos t, 0)dt

= 2π

On the other hand, there exists a surface S2 ⊂ D2, such that ∂S2 = C. Hence by
Stokes’ Theorem, we obtain

∫

C

G · dr =

∫∫

S1

curl G · dS = 0.

(c) F is not conservative since
∫

C1

F · dr 6= 0. Since any closed curve γ in D2 bounds a
surface Ω ⊂ D2. Therefore by Stokes’ Theorem, we obtain

∫

γ

G · dr =

∫∫

Ω

curl G · dS = 0.

So G is conservative.

5. (15%) Let E0 be the bounded region in R
3 that is bounded by the surface

√
x+

√
y+

√
z = 1

and the coordinate planes.
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(a) Find the volume of E0.

(b) Let L : R
3 → R

3 be a linear transformation given by L(u, v, w) = (x, y, z), where







x(u, v, w) = a1u + a2v + a3w,

y(u, v, w) = b1u + b2v + b3w,

z(u, v, w) = c1u + c2v + c3w,

and ai, bi, ci ∈ R, i = 1, 2, 3. Evaluate the Jacobian of this transformation. Is it a
constant?

(c) Define a transformation T (u, v, w) = (−w, u
2

+ v + w,−u + 2v + w). Let E1 be the
image of E0 under the transformation T , E2 be the image of E1 under T , E3 be the
image of E2 under T , and so on. That is, En is the image of En−1 under T, n ≥ 1. Find
the volume of En.

Solution:

(a) Let x = u2, y = v2, z = w2.
∂(x, y, z)

∂(u, v, w)
= 8uvw

V =

∫∫∫

E0

dx, dy, dz

=

∫ 1

0

∫ 1−u

0

∫ 1−u−v

0

8uvw dw dv du

=

∫ 1

0

∫ 1−u

0

4uv(1− u− v)2 dv du

=

∫ 1

0

∫ 1−u

0

4u(1− u)2v − 8u(1− u)2v2 + 4uv3 dv du

=

∫ 1

0

1

3
u(1− u)4 du =

1

90

(b)

det

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣

∣

∣

∣

∣

∣

(c) Let T (u, v, w) = (x, y, z),

∂(x, y, z)

∂(u, v, w)
=

∣

∣

∣

∣

∣

∣

0 0 −1
1
2

1 1
−1 2 1

∣

∣

∣

∣

∣

∣

= −1 · (1 + 1) = −2
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⇒
∫∫∫

E1

dV =

∫∫∫

E0

2 dV = 2 · 1

90

⇒
∫∫∫

E2

dV =

∫∫∫

E1

2 dV = 22 · 1

90

⇒ volume(En) =
2n

90

6. (10%)Evaluate

∫∫

Γ

curlU · dS =

∫∫

Γ

curl U · n dS, where U(x, y, z) = 〈yez, x + y2ez, zexy〉
and Γ is the part of the surface z = 1− x2 − 2y2 with z ≥ 0 and upward orientation.

Solution

[ 3�4 ]

curlU =

∣

∣

∣

∣

∣

∣

i j k

∂x ∂y ∂z

yez x + y2ez zexy

∣

∣

∣

∣

∣

∣

=
〈

xzexy − y2ez, yez − zyexy, 1− ez
〉

∫∫

Γ

curlU · dS =

∫∫

5
Γ

curlU · n dS =

∫∫

5
Γ

1− ez z=0
=

∫∫

5
Γ

1− 1 = 0,

where n =< 0, 0, 1 > and 1− ez = 0 for z = 0 X − Y plane.

[ 326 ]

∫∫

Γ

curlU · dS =

∫

∂Γ

U · dr =

∫ 2π

0

−1√
2

sin2 θ +
1√
2

cos2 θ +
1

2
√

2
cos θ sin2 θ dθ = 0

∂Γ : x2 + 2y2 = 1, z = 0(x = cos θ, y =
1√
2

sin θ)
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