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1. (20%)Evaluate the following integrals.
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Solution:
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b—oo +5
blim ((x +5)In(zx +5) —xlnz — 5ln(z + 5)) |2
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2. (20%)Let y = f(z) be an increasing function that passes through the origin. Suppose
that the arc length of the curve from (0,0) to (z, f(x)) is given by s(z) = / V1+etdt.
0

(i) Identify the function y = f(x).
(ii) Denote s(2) = A; + Ayv/2 + AsvV/1+e2 + Bln(l + v/2) + Cln(1 + V1 + €2),

Aq, Ay, Az, B,C € Q. Determine Aq, Ay, Az, B, and C.

(iii) The arc of the curve from (0,0) to (2, f(2)) is rotated about the z-axis. Let u(2)

Solution:

be the area of the resulting surface. Denote u(2) = D — 4ms(2). Determine D.



Vitelt=y /\/@ 23/2 d
Y

vi Y-l
(2y +In(y — 1) — In(y + 1)) 74"

= 2(\/1+62—\/_)—2ln(\/1+62+1)+2—|—21n(\/§+1)
Al =2 Ay=-2 A3=2 B=2C=—
(iii)

area = 41 %\/ + et dt — 4mws(2)

0

tan~le

%\/1+etdt ot B 87?/ sec? 6 do

0 T

= 47T(se00tan9+ln|se09+tan9\)‘t%anfle

= dr{eVe+1+In(Ver+14e)—vV2-In(vV2+1)}

3. (15%)Determine whether each series is convergent or divergent. State your reason. If
the series converges, find its sum.
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Solution:

1
(a) Let f(x) = — , then f(x) is continuous, positive, and decreasing on [3, 00). So
rxvVInzx

the Integral Test applies

t Int
1 1
)dz = lim - dzr = lim u” 3 du
/ f t—oo J3 xv/Inx t—oo fins

= lim (g(lnt)% — g(ln?))%) = 00.

t—o00

= lim —ud
t—o0

In3
So the series diverges.
2 43 g
(b) € —1=x+ — 4+ — + — + - - - converges for every z € R.

ol T 31 T
1 1 2
Th 1 In3 — 1 —= 3_1 = — — 1 —
e sum is e~ ¢! 3 3

1
(c¢) Use the Limit Comparison Test with a, = T and b,, =
n " vn
n . . 1
lim 2 = lim — — = lim =1,

n n—oo nl‘f‘ﬁ n—oo pl/vn

since lim zv7 = 1 by L’Hospital’s Rule.

T—00

The harmonic series > + diverges, so > a,, diverges.
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4. (10%)Given a power series Z (= , find
n=1

(i) the radius of convergence;

(i) the interval of convergence;

(iii) the value(s) of = for which the series converges absolutely;
iv)

(iv

the value(s) of « for which the series converges conditionally.

Solution:
A1 (.I — 1)3n+3 V 2n -+ 1 | 1‘3 2n -+ 1
a, V2n+3  (z—1)% V.2n+3
lim [ c1sjp— 1P <l=jr—1<1l=0<z<2
At 0 N LY b ison t i Z !
xr = U —— dlverges comparison to p-series —.
RV e T b na

[o.¢] _1 n
Atz =2: Z (-1 converges by Alternating Series Test.

‘—Van+1

et —1

dx.

5. (15%)Consider the indefinite integral /

(i) Represent this indefinite integral as a power series centered at 0. Also find the
values of x for which this representation holds.

0 _x
(ii) To evaluate /

dx, let ag € R be the approximation obtained by using the
x

=

0 T _ 1

first three (nonzero) terms of the power series found in (i). Thus / dz
L

= a3 + error. Estimate the error and express the answer in reduced fraction. NO
need to compute ag.
(Inz)> (Inz)?

5.9l + 3.3l 4+, > 0.

d
iii) Deduce the identity X C4n|lng|+Inz+
Ded he id ]
nx
(Hint. You may start from the result obtained in (i))

Solution:

n

e’ —1 2 gt e’ —1 =z
= ; i = / . de =C + ; p— with radius of convergence equal to




infinity. Let Inz = u, then

/—dx = /e—du:0+ln
Inz U

= C+In|lnz|+Inz+

(Inz)?  (Inz)?
2.2l 33!

. (20%)Define

e ifz=0.

f@%:{ﬂ+@5ﬁx>—Lx#m

(i) Show that f(x) is continuous at 0.
(ii) Find f'(x) for x > —1,2 # 0.
(iii) Evaluate f'(0).

(iv) Let Z cp,x™ be the Maclaurin series of f(z). Determine c¢g, ¢; and c¢s.

n=0
Solution:
(i) hr% f(z) = lir%(l + x)% = hr%e P limgg SR L limg g # =el=e=
f(0)
1
(i) Let y = (1 + x)* then Iny = = In(1 + z), y’-é = (—w—gln(l—kx)—l—m). So
(@) = (14 2)F (=Ml +2) + 55k ).
h 0
(iii) f/(0) = }L 0% = }Ln(l)f( c) = lir% f'(c) where ¢ is between h and 0 by the
Mean Value Theorem. For x # 0, we have
() — O I A 1o
fl@ = (1+a) [me S T R
1 1 1z 2P
= (1+2)7 (= S_oryr ),
(1+2) <x+1+2 371 )
1
Therefore f'(0) = lim f'(c) = (—1+§+0y:—§
(iv)
1 1 1z 2? ? 1 1 1 =z
" = 1 z —_ - — —  — ... 1 T - — -
P =t (g 455+ o) 00 (a3t
1 1 11
As above, f"(0) =e(—1+ 5)2 +e(1— g) ¢
Therefore
co=f(0)=e ¢
a=f(0)=—3
[0 _ 1
I
_ e G2
or f(z)=e 293—1— 51



