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Ch11.Chl4 z#=. sms

1. o] aak f(oy) = 702 T ©HY 700
0 & (:U,y):(O,O)
& p(t) = (tat), P(t) = (1, 1?), a AESERSHE, HT
56 . ?
(i) lim f(p(#)) = lim f(3(2)), (ii) f 4 (0,0) 4.
sol.
(1) 2
lim f(ip(t)) = lim 77757 = lim 2545 = 0
lim f((t)) = lim 24 = lim 1 =

lim f((t)) # lim f(1b(2))

(ii) % f £ (0,0) &4, 2 . 1)1m( f(z,y) = £(0,0),
z.y)—

fe sk, ATl @, Y

i £(6(0) = 0 = 0.0 = lim fo(0) = 1 =

0= 1, 7. # f & (0,0) Fitk,

2
[b] Fase f(z,y) = { g v Fy#0
0

RIAER  lim x,y) BEE!
(:v,y)—>(0,0)f( v)



]

lz] —2 s
fla,y) =3¢ #¢ " Fy70
0 %1y=0
58 p(t) = (2.0), lim f(elt) = lim f(P.) =
|t<]
m ! ’e i2 = lime ! = e 1.
t—>0 t t—0

3| _
28 (1) = (£%,1), f((¢) = lim Hle ™,
wt>0,t#£0%t<O0, lim f(t)) = lim +te! = 0.
ER t)) # li t), % i x
st, lim f(p(t)) 7 I f((2)), @y)lg%o’o)f(%y)
B Ao

o Btk (circular helix) 7 (t) E%,

7 (t) = (acoswt, asinwt, bwt)

a] Mtz iz % (speed) &5 &% #”7

sol.

d7(t)
dt

H .
7| = Va?w? sin? wt + a?w? cos? wt + bw?

speed= | 7’| = Va? + b%w, constant.

[b] ReF ez @g (velocity vector) f 2 #42 % A

velocity vector= = (—aw sin wt, aw cos wt, bw)

sol. _ .
Zzxgua% k =(0,0,1), 7 & k t9xAk 0,
7k bw b
Al cos = L5 = — = T

7| k| (a2+b2)?w (a2+62)§

2



6 = cos b ), —Ewk.
(a?2+b2)2

[c] #1A (b) sws 7 () Lo ={adsokss, AT FIm
A mEa (o (1) EARERT R [0, b] —
R z Mean Value Theorem ? (% [ AHRPTEZ R AFIE
%)
sol.

VA 7(75) = (acoswt, asinwt, bwt) Al Bty = 0,1y =

1) = (a,0,0), 7(t2) = (a,0,27b), szt 7 (t) —
(t1) = (0,0,27h), ey &2 H@2&h» x,y F@ (&
b

62 R A AR R L HET R Mean Value
Theorem BIA € Aat ts t (Fﬂﬁ/@iﬁ- T (ta)— T (t) =
(to— tl)_”(f) 2 (0,0, 2mb) = 2T (—aw sin wé, aw coswé, bw),
# sinwé = 0, coswé = 0, ﬁbﬁﬂ’f t2F, % () 25
ERAEGEH,

[d] REFiesk (AEAT—25) sheh %
sol.

— —
v

Hesz unit velocity vector= T = il

VA S B B 354 2
parameter,



—  d7 ds d?

T =
dtdt ds
d

ds
dt d

—(—aw sin wt, aw cos wt, bw)

~ds dt
S

dt
1= (=) (a*w?sin® wt + a’w* cos® wt + b*w?)
ds

= (O (@ + 1)

dt 1 ;
o= W, 2P T = W(—a sin wt, a cos wt, bw)
1

—
dT

—(a coswt, asinwt, bwt)

ds  aZ+ bQ%(—a sin wt, a cos wt, bw)
1

Va2 +LL(—qsinwt, acoswt, bw)

L 2,2 cos2 2,2
i K = md8|\/aw cos® wt + a“w= sin

Z LA éi‘db BAEFT—EZ th B 5

2ot

2+b2'
3. Let r(t) = (¢! — t,2¢/6e?, v/3t), —1 < t < 1,

[a] Find the length of the curve;
sol.



I'():( —1\/7@2\/7) t 1
(( 1)2 + (v6e?)? + (v/3)2)2 = (e +

L= ler ||dt f (¥ +2)dt =e—et 4 4.
[b] Find the curvature of r(t) at ¢t = 0;

sol.
r’(t) = (€', 3v/6e2, 0),
r'(0) = (0,v/6,v/3), " (0) = (1,%2,0), r'(0) xx"(0) =
(=52, V3, —V6).
I Ox") _ 1
S0 k(0) = S =2

4. Let r(t) = (1%, —sint + tcost,cost + tsint), t > 0,
find an equation of the osculating plane of the curve
r(t) at the point (72, —m, —1).
sol.

r'(t) = (2t, —tsint, tcost),

IE/(8)]| = ((2¢)%+ (—tsint)?+ (tcost)?)? = V/E|t| =

V5t (by t > 0).

T(t) = |f-1’§t)|| — \/_( —sint, COSt/) 1
T'(t) = 75/(0,—00875 ,—sint), [|T(t)|| = N

N(t) = ||$’(g|l (0, — cost, —sint),

B(t) = T(t) x N(t) = E(l,Zsmt, —2cost).

So the osculating plane of the curve r(¢) at the point
1
v5(1,0,2)°

(m?, —m, —1) has normal vector B(r) = SO
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an equation is 1(z — 7))+ 0(y + 1) +2(z + 1) =0
orx +2z=m>—2
xy—i—yz?’ :
5. Let f(l’, v, Z) — 22440 lf (.’E, Y, Z) 7& (07 O: O) :
0 if (z,y,2)=1(0,0,0)
termine the set of points at which f is continuous.

sol.

The function f(z,y, 2) is continuous for (z,y, z) #
(0,0,0) since it is equal a rational function there.

For (z,y,z) — (0,0,0) along curve r(t) = (kt3, kt3, t),

3\2 343
we see that f(z,y, z) = f(kt?, kt®,t) = % =
(k2 +k)

k241

So f(x,y,2) — (izj) as (x,y,z) — (0,0,0) along
r(t) = (kt?, kt?, 1).

Therefore, different path leads to different limit val-
ues, hence the limit of f(z,y, z) at (0,0,0) dose not
exist, so f(x,y, z) is not continuous at (0,0, 0).

Chl15 ¥

6. %(z3+y2)+xyz2+8z =0. fewot (—1,—1,0) —%
2. 2y, Zyy Zaws Zay BBHEBZ T @ (KRR 20, 200, 2oy
Y- )
sol.
2y



1622 4 y22 + 22yz2, + 82, = 0
16482, =0, 2, = —2

y-

1623/ + x2% + 2azyzzy +82, =0
32 C s

=8z =3

2o

ple+1)+qly+1)+(=1)-2=0

2@ +1)+35y+1)—2=0

Zex

32T + 2yzz, + 2yzz, + Qxyzi + 20y22p0 + 820 = 0
32x + Qxyzg, + 824, =0

—3242(4) + 824, = 0

—24 +8z,, = 0
Zor = 9O
2y

22+ 2yzzy + 2022, + 20Y2y 2y + 20Y225y + gy = 0
222y + 82y =0

B L CHIOES
T. R 2y, 2y, F@, R (—2, —11) B2 22 fh3HA,
sol.
z=0+—2(0.1) + 5(—0.1)
4
—02— 4
_2 4 _ _10_ _1
10 30 30 3"

8. Find the absolute maximum and minimum values of



flx,y) =4x+6y — 2> —y*inz? +9> < 1.

sol.

At a critical point, f, =4 —22 =0, f, =6 — 2y =
0 = x = 2,y = 3. So there are no critical points in
22 +1? < 1. Need only look at boundary x247y? = 1.
method 1

Use x = cos 6,y = sin6

g(0) =4cosf+6sinf — 1

g'(0) = —4sinf +6cos =0 if tanf = 3
:>sec2(9:1+tan29:1+%:%

— cos’f = %,SiHQQ = 1 — cos’l = %. So 2
possibilities, (\/%_3’ J%)’<_\/L1_3’ —\/il—g) The first gives

\3—% — 1 =2v/13 — 1 «— maximum.

The second gives —24/13 — 1 «— muinimum.
method 2.
Lagrange multipliers:

4 —2x =2\x (1)
6 — 2y =2\y (2)
4yt =1 (3)

(1),2)= 21l + Nz = 4, 21+ Ny = 6 =
3(1+ Az =21+ Ay = z = 2y. Then (3)=
Y =1= ¢y’ = = y=E7= Soget
(\/%_3’ \/%_3) or (_\/%_3’ —\/il_g) Finish as in method 1.
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9. Find the maximum value of f(z,y,2) = zy+zz+yz

10.

subject to the constraints x > 0,y > 0,z > 0 and
r+y+z=1

sol.

If the maximum occurs in the interior of the set, then
the equation y+ 2z =Nz +z= M Nrx+y=\x+
y + z = 1 must hold for some \. Then

Yyt+tz=r+z=—cr=Yy
r+z=r+y—y==z

Sox:y:zzéﬁf(x,y,z):g:%.

The other possibility is that the maximum occurs

where one of z, vy, z is 0.

Suppose x = 0. Then y + z = 1 and f(0,y,2) =

yz = y(1 — y). The maximum of this in 0 < y <1
1

is 5. Similarly, if y = 0 or z = 0 we get a maximum

of %l. Hence the maximum value must be %

The plane 2x + y + z = 10 intersects the paraboloid
2z = 2? + 9% in an ellipse. Find the highest point on
the ellipse.

sol.

We want to maximize f(z,y, z) = 2z subject to z° +
> —2=0,20+y+2—10=0.



11.

By the method of Lagrange multipliers, we get

0= A2z + 2u (1)
0=y + p (2)
l=—-A+p (3)
P4yt —2=0 (4)
20 +y+2—10=0 (5)

(1),2)= A =2 \y = A=0or x = 2y.

If A =0, then (1) = p = 0 which contradicts (3).

So x = 2y. Then (4)= z = 2° + y* = 5y°.

5= dy+y+5°—-10=0= 1y’ +y—2=0=
+2)(y—1)=0=y=—2,1.

y=—-2= (x,y,2) = (—4,—2,20) «— highest point.
y=1= (x,y,2) = (2,1,5) «— lowest point.

Show that the ellipsoid 322 4+ 2y* + 2? = 9 and the
sphere 22 4+ y? + 22 — 8z — 6y — S8z + 24 = 0 are
tangent to each other at he point (1, 1,2).

sol.

Let f(x,y) = 32* +2y* + 2° — 9 and g(x) = 32* +
202 +22—9. Then f(1,1,2) = g(1,1,2) = 0 and the
ellipsoid and the sphere are the level surfaces of f and
g. Thus Vf(1,1,2) and Vg(1,1,2) are orthogonal
to the ellipsoid and the sphere (1,1,2).

Vf(x,y,z) = (6x,4y,2z) and Vg(z,y,2) = (2x —
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12.

8,2y — 6,2z — 8). Hence Vf(1,1,2) = (6,4,4) is
parallel Vg(1,1,2) = (=6, —4,—4). This implies
that the ellipsoid 322 + 2y* + 22 = 9 and the sphere
2? + 1y + 22 — 8x — 6y — 8z + 24 = 0 are tengent to
each other at he point (1,1, 2).

If f(z,y) =0 define y as a function of z, show that

d2y . fxxfg? T 2fxyfxfy"’fyyf:§
dx? f;’

sol.
Differentiate f(x,y) =0 w.r.t z. We have

d
fot fygo =0 (1)

Hence if f, # 0, % = _f—f Differentiate (1) w.r.t x.
We have

_)2"‘fy— =0

We assume that f,, and f,, are both continuous,
and hence f,, = f,.. Also, from the equation (1),

we have

— fa — Ja —fr\o d’
fxx"‘fxy fy "’fyx fy "‘fyy( fy) +fydxy2 0
Thus

d2y B fxxny T Qfmyfxfy+fyyf§
dz? [
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13. Let f(z,y) = 22(22 + y2) " 2e"2@™) if (2, y) # (0,0)
and f(0,0) = 0.
(1) Let @ = {cos8,sin @) and find D £(0,0).
(2) Prove that f is continuous at (0, 0).
sol.

f(hcos@,hsin®) — f(0,0)

D~ £(0,0) = lim

h—0 h
h )2 sin(h3 cos® #sin 0)
_ }1{% (cosB)’e ' _ (cosB)’

\xQ(:BQ _|_y2)—%esin(x2y)’ < \:1:|61.

Since lim |x| =0, it follows that ~ lim T,yY) =
o o 12 o F )

0= f(0,0).

Chl16 ##%5

14. D = {(z,y)|z*+y* < 4}, 3% [[, /4 — 22 — y2dA.
sol.

12



W
S

2
27 2
}"?ﬁ\‘:/ / 4 — r2rdrdf
/ /fdud@
1 (22
z—/ Zuz| do
20 37,

g [T 1
:—/ d@——67r
3/, 3

15. ’T‘fo f cos(y?)dydz.

sol.
1 4
f\?i\:/ / cos y2dxdy
0 Jo

SRR SIB )T,

1

:/ y cos y°dy
0

_ sin y? !
2 o

~ sinl

2

16. ’T‘fo fo 2+y2+1dydx
sol.

13



hbu=a"+y* +1

PR
X = / —T / d—udaj

1
:/ 5\/2+az2d:c—/ g\/l-l-xQdZC
0 0

1 1

%(2+x2)%0
:%[3\/3—2\/5—2¢§+1}

-~ %[3\/5—4\/§+1}

1 3
— (1 2\2
(1+27)

0

17. &£k fo fl ye dacdy
sol.
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x:\/§2>y:x2

L[
1
= /azedaj

2
_ L
f 0
L)
) &k [[, 2+2 ————dA, n A¥#%. D : {(z,y),a <
\/a:2+y2§b}

sol.

2T
R = / /—rdrd@
—27T/ —dr

(b) & a — 07, RENfaik ML IR 75 22,
sol.

(%)
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19. &K@ 2 = /22 +y? i@ 2° +y° =20 & xy F
w0 AT I Z AR
sol.
(z—1)°+y*=1,7=2cosf

5 2 cos
B = / / rrdrdf
~-7.J0
5 2 cos
=2 / / r?drdf
0 0

20. p(z,y) = zy*, D = {(r,0),0<r <a,0<60 < I}
AR D HE s,
sol.

(#%)
21. Consider the iterated integral f08 < 1l SRVAET :U4dx> dy.
y

1

3
Sketch the region of integration and then evaluate it
by reversing the order of integration.

sol.

foQ dx f0x3 dyv/1+ z* = f02 v V1 +atde =3 4(1+ x4>%
3

{17 -1}

2

0

22. Consider the iterated integral f02 ( f;z ysin(:vQ)daz) dy.
Sketch the region of integration and then evaluate it
by reversing the order of integration.
sol.
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23.

(= cos(2))[g =

DO —
DN | —

x : 4, .
f04 dz fo\/_ dyy sin(z?) = fo 5 sin(z?)dr =
H(1 = cos 16)

By making an appropriate change of variables to
evaluate the integral [, H9j—i9y2’ where R is the
region bounded by the ellipse 922 + 9y? = 4.

sol.
x=rcost,y=rsinf

2
[ 2T 10 [} dr— 2W1n(11%97~2)

0 1492 —

2
3

— 715
0 g
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