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1. (10})°

∫∫

D

ex2
−xy+y2

dA, ¤T D = {(x, y)|x2 − xy + y2 ≤ a2}�

(Tý:x = u− 1
3
v, y = u + 1

3
v)

2. (10})°

∫∫∫

H

z3
√

x2 + y2 + z2 dV , ¤T H Ñø7-ÊŸõ, š�Ñ 1, Ê xy �Þ

,jíõ-š7ñ–��

Solution:

Use spherical word

I =

∫ 2π

0

dθ

∫ π

2

0

dφ

∫ 1

0

(
ρ3 cos3 φ

) (
ρ2 sin ρ

)
dρ =

π

14

3. (10})q E Ñâ z = (x2 + y2)
1

2 , x2 + y2 = 9, D z = 0 ú�ÞFˇAí–�, v–�

íò�ƒbÑ ρ(x, y, z) = z� t° E í”¾D”-�

Solution:

Let D = {(x, y)|x2 + y2 < ρ}, then

m =

∫∫∫

E

ρ(x, y, z) dV =

∫∫∫

E

z dV =

∫∫

D

(∫ √x2+y2

0

z dz

)
dA

=

∫∫

D


 1

2
z2

∣∣∣∣

√
x2+y2

0


 dA =

1

2

∫∫

D

x2 + y2 dA =
1

2

∫ 2π

0

∫ 3

0

r2 · r drdθ

=
1

2

∫ 2π

0

1 dθ ·
∫ 3

0

r3 dr = π · 1

4
· r4

∣∣∣∣
3

0

=
81

4
π.

Because of the symmetry of E and ρ about the yz-plane and xz-plane, we get
Mxz = Myz = 0, therefore x = y = 0. The moment

Mxy =

∫∫∫

E

z · ρ(x, y, z) dV =

∫∫

D

(∫ √x2+y2

0

z2 dz

)
dA

=
1

3

∫∫

D

(
x2 + y2

) 3

2 dA =
1

3

∫ 2π

0

∫ 3

0

r3 · r drdθ

=
1

3

∫ 2π

0

1 dθ ·
∫ 3

0

r4 dθ =
3

5
· 2π =

162

5
π

∴ the center of mass is

(x, y, z) = (
Myz

m
,
Mxz

m
,
Mxy

m
) = (0, 0,

8

5
)

1



4. (10})Ê‰Ò
−→
F = x2y

−→
i − xy2−→j 2, °øøÅäJLv‡j²•OÆ x2 + y2 = 4 �

�ø˛FdíŠ�

Solution:

Let C denote the counterclockwise circle x2 + y2 = 4 and D denot the region
x2 + y2 ≤ 4. Then the work

W =

∫

C

−→
F ·d−→r =

∫

C

x2y dx−xy2 dy =

∫∫

D

−
(
y2 + x2

)
dA =

∫ 2π

0

∫ 2

0

−r3 drdθ

Thus W = −8π.

5. (10})#ìÆ C ,âõ A ƒõ B í�²�(, óÉÇýà-:

°• C âõ A Bõ B í(	}
∫

C[A,B]
x ds 5M�

Solution: I¬šÆ¶,â A ƒ B íC¡b“,qx = a cos t, y = a sin t, −π
4
≤ t ≤ π

2

ds =

√(
dx

dt

)2

+

(
dy

dt

)2

=
√

a2 sin2 t + a2 cos2 t dt = a dt

∫

ÂB

x ds =

∫ π

2

−

π

4

(a cos t)(adt) = a2

∫ π

2

−

π

4

cos t dt = a2[sin t]
π

2

−

π

4

= a2(1 +
1√
2
)

6. (10})J²¾ÒÑ
−→
F (x, y, z) = z

−→
i +y

−→
j −x

−→
k , �²�( C : −→γ (t) = t

−→
i +sin t

−→
j +

cos t
−→
k , 0 ≤ t ≤ π, t°

∫
C

−→
F · d−→r �

7. (10})q²¾Ò
−→
F (x, y) = (3 + 2xy)

−→
i + (x2 − 3y2)

−→
j

(a) °P?ƒb (potential function) f(x, y) U) ∇f =
−→
F �

(b) °
∫

C
F · dr 5M, ¤T�(¨ C : −→γ (t) = cos t

−→
i + sin t

−→
j , 0 ≤ t ≤ π

2
�

Solution:

(a) fx = 3 + 2xy, fy = x2 − 3y2 ⇒ f(x, y) = 3x + x2y − y3 + k.

(b)
∫

C
F · dr = f(0, 1)− f(1, 0) = −4.

8. (10})q²¾Ò
−→
F (x, y, z) = xy

−→
i +yz

−→
j + zx

−→
k , C ÑJ (1, 0, 0), (0, 1, 0), (0, 0, 1)

ÑÝõ5úi$�(, t°

∮

C

−→
F · −→T ds�

Solution:

2



S : x + y + z = 1, −→n =
1√
3

< 1, 1, 1 >, curlF = − < y, z, x >
∮

C

F · T ds =

∫∫

S

curlF · −→n dS =
1

2
.

9. (10})J²¾Ò
−→
F = x2yz

−→
i + yz2−→j + z3exy

−→
k

(a) °
−→
F íì� (curl)�

(b) l�

∫∫

S

curl
−→
F · −→n dS, ¤T�Þ S Ñâ7Þ x2 + y2 + z2 = 5 \ z = 1 Fi

|í,j¶}, 7 −→n u7Þ,í%ÕÀP²¾�

Solution:

(a)

curl
−→
F =

∣∣∣∣∣∣

−→
i

−→
j

−→
k

∂
∂x

∂
∂y

∂
∂z

x2yz yz2 z3exy

∣∣∣∣∣∣

=
(
xz3exy − 2yz

)−→
i −

(
xz3exy − x2y

)−→
j − x2z

−→
k .

(b) By Stokes’s theorem

∫∫

S

curl
−→
F · −→n dS

=

∮

C

−→
F · d−→r

=

∮

C

x2yz dx + yz2 dy + z3exy dz

=

∫ 2π

0

4 cos t sin t(−2 sin t) + 2 sin t(2 cos t) dt

=

∫ 2π

0

−8 sin2 t cos t + 2 sin 2t dt

=

[−8 sin3 t

3
− cos 2t

]2π

0

= 0.

10. (10}) °

∫∫

S

−→
F ·−→n dS, w2

−→
F = x2−→i +xy

−→
j +z

−→
k , �Þ S uâ�ÓÞ z = x2+y2

D�Þ z = 1 FˇAõñí[Þ�

Solution:

3



∫∫

S

−→
F · −→n dS =

∫∫∫

V

div
−→
F dV

=

∫∫∫

V

2x + y + 1 dV

=

∫∫

D

(∫ 1

x2+y2

2x + y + 1 dz

)
dA, where D = {(x, y) : x2 + y2 ≤ 1}

=

∫∫

D

(1− x2 − y2)(2x + y + 1) dA

=

∫ 2π

0

∫ 1

0

(
1− r2

)
(2r cos θ + r sin θ + 1)r dr dθ

=

∫ 2π

0

∫ 1

0

r − r3 + (2 cos θ + sin θ)(r2 − r4) dr dθ

=

∫ 2π

0

[
r2

2
− r4

4
+ (2 cos θ + sin θ)

(
r3

3
− r5

5

)]1

0

dθ

=

∫ 2π

0

1

4
+

4

15
cos θ +

2

15
sin θ dθ

=

[
1

4
θ +

4

15
sin θ − 2

15
cos θ

]2π

0

=
1

4
· 2π =

π

2
.

4


