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1. (8% total) (a) Write down the general terms of the Maclaurin series of f(x) = Inv1+ 22. (5%)

(b) Find the values of f19(0). (3%)

Sol:
8 1
0
22__ __x oo
(a) f(z)= fracx 4+6 8+1O
1 T T 8 0 1
ety = L g o
(b) f(z) = 2n +9c N 5 4+5 so fU7(0) O10 9
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. (10%) Find the curvature of the curve r(t) = 3ti + sin(3t)j + cos(3t)k at t = 7.

Sol:
|I.I X r/I| .
= —| I = 7 Note that x is a scalar, not a vector.
r
r T/
Or one can use another formulae: T = m, K = m
r r

REMBGARTIDS | ERHAL S
CGEEC VSRS L E T

Jun

. (10%) Find the first three terms of the Maclaurin series of ((1 — z%)(1+z)) *.

Sol:



Using the binomial theorem,

_ 1
(1—x2)%:1+1x2 ..... (3 pts),
1 1 5
(1+ZE)T:1—ZZL‘+3—2£(Z2 ..... (3 pts),
- 1 13
—>((1—x2)(1+x))T1:1—1x+3—2:U2 (4 pts)

or

)
1 (w2 — )+ (-2 — 2P
4(3: T x)+32(:v z° —2°)%.....(6 pts),
-1 1 5
—>((1—x2)(1+x))4 :1_ZI+§I2 ..... (4ptS)

4. (10%) Find the tangent plane to the surface 2° + y* + 2% = 6zyz — 3 at the point (—1,1, —1).
Sol:
Set f(z,y,2) = 2® +y* + 2* — 6ayz + 3,
Vf(z,y,z) = (2x — 6yz,2y — 62,2z — 6zy) (6 pts).
Vi—=1,1,—-1) = (4,—4,4) (2 pts).

The tangent plane is
dz+1)—4y—1)+4(2+1)=0,—2—y+2=—-3 (2 pts).

5. (10% total) Determine the convergence of the following series (5% each)

() Y Vrtl=vn

(v i\/—ni
Sol: -
(@
_Vntl-VnVntl+vn 1
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The above equation is

By Comparison Test : a, > b,

1
2n+ 14 /n(n+1) dn + 3

The series Z b, is divergent and for all n , then Z a, is also divergent.
n=0 n=0
Remark:

1.The rationalizing denominators of question (a) get zero points.

2. The answers are correct, but the derivative process is incorrect, they get zero points.

1 1
(b) We use the Limit Comparison Test withma, = y/sin(—) , b, =1/ —
n n
and obtain
@/sm % (%
lim b_ lim ——— = lim 1 =1>0

The series Z b, is convergent because it is a p — series with p=3/2.

n=0
o0
Since this limit exists and E b, is a convergent series, the given series converges by
n=0

the Limit Comparison Test.

Remark:
1.The answers are correct, but the derivative process is incorrect, they get zero points.

2.1f Z a, = 0,we cant not conclude that Z a, is convergent.
n=0 n=0

- (10%) Given a > 1, let C, be the curve y = 2, x > 0. Find the limit of ——— as

tend
PR (x,y) tends

towards (0,0) along the curve C,. Warning! The limit asked depends on a.

Sol:
a+1
. Ty T
Let y = 2%, then PRy R 7S (2 pts)
xa+1 ) x3
(i) fa+1=3thena=2, lim ——— = lim —— = 1. (2 pts)

z—0 g3 — p3e -0 g3 — g6



a+1 a—2

(11) Ifa+1>3thena>2, i%h:y_%mzo

Since when x — 0, 72 — 0 and 2°*™® — 0. (3 pts)
:L.a—&—l 1
(iii) If a4+ 1 < 3 then a < 2, ilir(l)m :glcii%m — 00.

2a—1

Since 2 —a >0and 2a —1>0, 2% “ —x —0asz — 0. (3 pts)

doesn’t exist, if 1 <a < 2.

Hence, if y = 2 the limit is 1, if a = 2.
0, if a > 2.

7. (10%) Let z = 724 cos Y.

1
(a) Find%andg—Zatx:Oandyzé.

19) 0
(b> Let v = u2 +v3+1 and y = u—i-:‘l—i—l. Fmdé)_i anda_i at the point u =0 and v=1.
Sol:
0 i =2 1
(a) 8_;26I2+1ﬁ(:08ﬂ-y:0asx:0’y:§ (2%)
9 1
(9_; = —W@Pﬁ sinty = —meas x =0,y = 5 (2%)

1
(b) :U:O,yziasuzo,vzl

0: _0:00 0:0y 929200 0:0y
ou Orxdu Oyou v Ordv Oyodv
or —uwr+v3+1 1

u ey g sushv=1h)

oy —v 1

ou " (urorr1p geu=0v=l (1%)
ox —3uv?
%:m:Oasu:O,vzl(l%)
oy u—3t+1 1

0 w1 5 asu=0.0 (1%)

Asu=0,v=1

0z 1 e
90 —GW(—Z) =7 (1%)
0z 1 ern

5, = —¢"(=5) =+ (%)



8.

10.

(10%) Find the critical points of f(z,y) = 2° + y* — 2zy + 72 — 8y + 2. Which of them give
rise to maximum values? Minimum values? Saddle points?

Sol:

Let V f(z,y) = (0,0), then

fx(l’ay) :3$2—2y—|—7 :07

fulz,y) =2y—22x—-8 =0.

(3%)

1 11
So we can get (_57 3) and (1,5) are critical points. (2%)

Since for (2, y) = 62, foy(2,y) = fya(2,y) = =2, fyy(z,y) = 2 and

1
Jee fa 6r —2 <0, z=—3
= =120 —4= 3 (3%)

fyz  fuy -2 2 >0, z=1
1 11 ) ..
Moreover, f..(1,5) =6 > 0, (_5’ 3) and f(1,5) are saddle point and local minimum value,

respectively (2%).

2
z

(10%) In what direction does f(x,y,2) = — attain the maximum rate of change at the point
Ty

(1,2,4)? What is this maximum rate of change?

Sol:
—22 =22 2z
(1) (far fys f2) = <xTy’ Pl x_y) (4 pts)
(2) vf ( = (—8,—4,4), therefore the direction is t(—2,—1,1), t > 0. (4 pts)

1,2,4)
(3) The maximun rate of change is /82 4 42 + (—4)2 = 4v/6. (2 pts)

(12%) The temperature at the point (x,y, z) is given by T'(z,y, z) = 6y + 8zz.

Use Lagrange multipliers to find the highest temperature and lowest temperature on the sphere
2 +y® + 22 = 50.

Sol:

Part 1 (3 pts)

T(l‘7yu Z) = by + 8wz, S(l’,y,Z) = 2 + y2 + 22 — 50
VT = (6y + 82,6z, 8z), S = (2, 2y, 22)
vI=Av S



Part 2 (1 pt)
6y + 82 = A2z — (1)
6 = N2y — (2)
8r = A2z — (3)
° 4+ y* + 2% =50 — (4)
Part 3 (4 pts)
If A =0, then (z,y,2) = (0,4V2, —3v/2) or (0, —4v/2,3V/2)
IF A0, by (2),(3), y = 0,2 = 2

A A
If x =0, then (z,y,z) = (0,0,0), by (4),—+«

7’2:

Ifz # 0, by(1), A =5 or —5

Part 4 (2 pts)
If A\=5,by (4), z =5 or =5 then (x,y, z) = (5,3,4) or (=5, -3, —4)

If \=—5,by (4), x =5 or =5 then (x,y,z) = (5,—3,—4) or (—5,3,4)

Part 5 (2 pts)
Since T'(z,y, 2) = 0 if (x,y,2) = (0,4v2, —3v/2), (0, —4V/2, 3/2),
T(x,y,z) =250 if (z,y,2) = (5,3,4), (=5, -3, —4),
T(x,y,z) = —250if (z,y,2) = (=5,—-3,—4), (=5, 3,4),

then T'(x,y, z) has maximum 250 and minimum —250.



