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1. (10%) Find the values of real number p for which the series is divergent, conditionally

convergent, or absolutely convergent.

(3 Zo;(— v
(b) il(—msm (n—) Inn
Sol: -
(a) Since
) B S e

is decreasing for n large enough. (n > e™?)

Hence Vp € R, we have (I n)?
1
If p > 0, then lim = 0. And if p < 0, then by L’hospital Law, we have
n—oo n(lnn)P

—p(lnn)_p*% ~ m —p(Inn)=P~t

lnn)—?
lim = (Inn) = lim
n—oo n(ln n)P n—oo n n—oo 1 n—oo n
g EOTPT O+ D +2) - (A [ (Inn) D
N N n—00 n -
- 1
Hence by alternating series test , Z(—l)” is convergent for all p € R.
s n(lnn)p
N id (=)™ 1 L S # 1, si h
ow consider a, = |(— = . Suppose , since we have
n(lnn)p n(lnn)p pPpose p

proven a,, is decreasing for n large enough, thus ”integral test” is available here

00 1 0 1-p\ b
/ dr = / u Pdu = lim (u )
2 1 b=oo \1—=p /9

z(Inz)P n9 -

plr — (In2)l?

= lim 1—
In2)* 7
b—oo ]_—p (n) fOI‘p>]_
\ _
E , is convergnet for p > 1
“—~ n(Inn)

8
—_

Z ()’ is divergnet for p >< 1
n(lnn

Suppose p = 1, we also use integral test, since

<1

1
/ dx:/ —du
o (Inw) In2 ¥

= blim (Inb —In(In2)) = co.

u=Inz



So we get the answer is

i( e 1 absolutely convergent for p > 1 (2.5 pts)
— is
n=2 (Inn) conditionally convergent for p <1 (2.5 pts).
- 1
(b) For p <0, since lim sm( )lnn # 0, thus Z( " sin(—p) Inn is divergent.
n—oo n
n=1

Now suppose p > 0, by limit comparison test, since

_ sin(E)Inn
lim ——nf/ "

n—00 L nn
npP

=1VpeR" = (0,0)

1
Thus we can examine Z - Inn to get the answer.
n

n=1
Inn
For 0 < p <1 ,by comparison , since — > — for n > 3, and Z — is divergent
nP np
. Inn .
for 0<p<1,sois —_—.
For p > 1 then
Inn 1 Inn
n? B n% n%
Inn Inn Inn
Since lim —— = 0, thus —— < 1 for n large enough, that is — < n=" for
n—00 Ty n 2z np
1 > ptl Inn
n large enough, since d > 1, thus by compare with Zn_T, we get Z
n=1

converges for p > 1.

So we get the answer is

divergent for p <0 (1 pt)

o

.1 :
Z(_l)n sm(ﬁ JInn is conditionally convergent for 0 < p <1 (2 pts)
n=1

absolutely convergent for p > 1 (2 pts)

/\#&_ﬁ
. BBFFAR ey By Ao
2. alternating series test A #AFHFRES, A GH oy

3. BERRGHEGLAT TS

S 1
. (8%) Determine whether the series Z(—l)"ln (1 + tan~! —) is absolutely convergent,

n
n=1

conditionally convergent, or divergent.

Sol:



1 1
Let f(x) = In(1 +tan~' =), then
x

1 -1
(z) = 0, ¥z > 0.
f() I+ (ban (22241 0 7

1
That is , @ = In(1 + tan~'(—)) is decreasing , and

n
. 1
lim In(1 +tan™" —) = 0.
n—o0 n
1
Hance by alternating series test , we have Z )" In(1 +tan™" —) converves.
n

n=1

1
8 pts) Now consider b, = In(1 + tan~ =) > 0, since by Taylor expansion
( y Tay
n
1 1 11 1/1 11 2
In(l+tan 'Y= = — Z(2)2 ... ) =2 Z = Z(2)2 ...
n(l+tan™" =) ( B(n) + ) 2( B(n) + +

=1
Hance compare with Z —, we have
n=1 n
. In(1+tan"t1) . In(1+tan~'¢) . TnhiTE
lim T - = lim = lim ———— =1

n—oo o t—0+ t t—0+ 1

- 1
So we get Zln(l +tan~' =) diverges , that is
n

n=1

- 1
Z(—l)” In(1 4+ tan~" =) is conditionally convergent

n
n=1

AR
1. R EagBLy 77 X5
2. alternating series test RIFRAKIFRF0, A & A Hady.

3. BARAERHEIRTL

. (15%) The Fibonacci sequence {f,} is defined as f1 = fo =1, fi, = foo1 + fu—2 Vn > 3.

fﬁ+1

Let a, = —.
In

(a) Show that a, =1+

and 1 < a,, < 2 for all n.
Qp—1

(b) Show that {as,+1} is a monotonic sequence and is convergent.

(c) Find lim ag, ;.

(d) Find the radius of convergence of the power series Z fnsin (%)x”

n=1



Sol:

Jov1  Jot faa 1
fn fn ffn Qp—1
1 n—1
1 S ap = I =1 S 2,

assume that 1 < a; < 2,

(a) an (2 pts)

11 1 1
forn=k+15<—<1=1<145 <1+ —<141=2=1<a <2

3 Qy,
Hence, 1 < a,, < 2 for all n by induction. (2 pts)
3
(b) a1:1§§:a3,
assume that agr_1 < agrr1 = 1+ >1+ = Aok > Aokio
A2k—1 A2k+1

1
=1+ —<1+
A2k A2k+4-2

Hence, {ag,11} is increasing by inducion and bounded by (a) = convergent. (1 pt)

= Qg1 < Goprs (3 pts)

(c¢) Assume lim ag, 1 = «
n—oo

1 2a2n_1 +1
=14+ — =1 - 2 pt
2n41 o + e @i_l P (2 pts)
li li 2a2n,1 + 1
im as,+q = lim —————
n—00 2n+l n—oo A9,_1 + 1
20+ 1 ) 14++/5
o= a’—a o' 5 (1 pt)
(@) D fasin(5)a" = D (1) fanraa™ (1 pt)
n=1 2 n=0
. 1 1 145
Aopio = 1+ = limagpo=14————=14+—= V5 (1 pt)
A2n41 n—oo hmn—>oo A2n41 « 2
By ratio test, lim Mﬁ <1< |lim Sonts lim @ﬁ <1 (1pt)
n—00 | fon 11 n—0o fon 9 n—oo fon 4

2 V5 —1
<1<:»]9;|<1 =

++/5 2

1++5
2

( )21,2

& | lim A2 +2 lim a2n+1$2‘ <l&
n—00 n—00

o—1
Hence, R = \/—2 (1 pt)

4. (8%) Find the Maclaurin series for In (x + v1+ 22). (You must write down the nth
term.)
Sol:
f(a) = In(z +V1+2?)

- N
= f(x)_(x+\/1+x2)_\/1—l—x2 (2 pts)



= f’(m):Z(_5>x% (2 pts) Vx| <1 (1 pt)
X /LN g2kt
C+/f da;—C+Z( 2> — Vlel<1 (2pts)
f0)=In1=0 = C=0 (1pt)

> /1 2kl s 1 2]€)' p2k+1
2 1
ZO( )2k+1< Z 22 (R1)2(2k + 1 )) viel <

k=0

5. (15%) Let r(t) = (t,v/2Incost,tant — t), —g <t< g, and P be the point r(%)

(a) Find the length of the arc r(t), 0 <t <

e~

(b) Find the unit tangent vector T, the principal unit normal vector N and the binormal

vector B at P.
(c¢) Find the curvature k at P.
(d) Find the center of the osculating circle (the circle of curvature) at P.

Sol: r'(t) = (1, —V2tant, tan’t) = |r'(t)| = sec’t

jus

(a) /4 sec’tdt (1 pt) :tant; =1 (2 pts)
0

) T = g (o)
o=t -2 )
N(t) = |FTF((3| T/(f) = (— sin2t, —vZcos2t, sin2t) (1 pt)
Np = (-2, 0. %) (1py
B(t) = T(t) x N(t) (1 pt)
By — (1.2 -1) (1py
© )= O @ pis) wp =2 (130

1
(d) The radius r = —. The center Cp = P +rN (2 pts)
K
Cp = (% ~1,—v2Inv2,2 - %) (1 pt)

1

6. (12%) Let f(x,y) = x3ys.

OJ\I\')

(a) Find f,(0,0) and f,(0,0).



— L
(b) Let L(z,y) be the linear approximation of f at (0,0). Does  lim . y) (z,9)]
(2,4)—(0,0) \ x4 y?

exist?
(c) Find the directional derivative of f at (0,0) in the direction (1,m).

(d) Is f(z,y) differentiable at (0,0)?

Sol:

f(h,()) B f(070)

(a) By definition of partial derivative, f,(0,0) = ]llir% . = 0.
Similarly f,(0,0) = 0.
(b) By definition, L(z,y) = f(0,0) + f.(0,0)x + f,(0,0)y.
Since f,(0,0) = £,(0,0) = 0, we have L(x,y) = 0. Therefore
12
ey L) e
(,9)—(0,0) \ x4 y? (=.y)—(0,0) /22 + 12
Along = =y,
. ’;ﬁy%‘ v || 1
im —=lm—=—.
(@9)—00) /22 + 92 == 2lx| V2
Along z = 0,
: w5y |
lim @———=
(2.9)—=(0,0) /22 + 2
Therefore, the limit does not exist.
(¢) First normalize the vector < 1,m > to unit vector u = ——— < 1,m >. By

1+ m?
definition of the directional derivative, we have

t tm
Do (0,0) = tim L0 T O+ i) ~ /0.0)
" ’ t—0 t

W
W

! m m
= lim = .
t—0 \/1 1+ m?2 \/1 +m?

Wi

(d) By (c), Duf(0,0) = i
By (a), vf(0,0)-u=0.

Therefore, 57 f(0,0)-u # D, f(0,0) in general. Hence f is not differentiable at (0, 0).

Grading Policy :

Question (a) worth 2 pts. Only correct answer would get 2 pts.



Question (b) worth 5 pts. You would get 1 pt if you write down the linear approximation

L(z,y) of f at (0,0). Another 4 pts depends on your answer to the limit

(@0)-00 /22 4+y2
Question (¢) worth 3 pts. You would receive 2 pts if you did not normalized the vector
< 1,m > and the answer you give is ms.
Question (d) worth 2 pts. If you only answer NO, you would get 1 pt. The other 1pt

depends on your explnation .
7. (12%) Let f(x,y) = zye ™"

(a) Find the gradient of f.

(b) Find the directional derivative of f at the point (1, 1) in the direction (

)

S
S

1
(c¢) Find the tangent plane of z = f(z,y) at the point (1,1, ).
e

(d) Let z = f(x,y) and = u* + 3v, y = uv — 3v. Find% .
ov (u,v)=(2,—1)

Sol:

2

(2) Vf(z,y) =™ (y —ay’,x — 22%y7).
(b) Since f is differentiable on R?, we have

1

2 1 —
D 7%>f(1, ]_) = Vf(l, ].) < E,E >= E

<

S

1
(c) The tangent plane of z = f(x,y) at the point (1,1, —) is
e

(== ) = LD — 1)+ LDy~ 1) =~y - 1)

(d) By chain rule,

0z 828_x 82@_

- = _ - — _ 3 —zyz‘ _2 2 9 _zyz‘ _
ov  Ox dv * dy Qv (y —zye 3+ (z — 227y )e (u—3).
When (u,v) = (2,—1), (z,y) = (1,1). Therefore,

0z -1 1
— =0-34+—-(=1)=—-.
OV | (uw)=(2,—-1) + e (=1) e



Grading Policy :
Question (a) worth 3 pts. You would get 2 pts if you only give correct formula to either

fzor fy.
Question (b) worth 3 pts. You would get 1 pt if you know

2

7%>f(17 1) = Vf(L 1) < _27

D > .

<

Sl

Sl

Another 2 pts depends on your calculation.

Question (c¢) worth 3 pts. You would get 1 pt if you know

(=)= L0 = D+ £y~ 1) =~y - 1)

Another 2 pts depends on your calculation.

0 0z 0 0z 0
Question (d) worth 3 pts. You would get 1 pt if you know 8_z = a—;a—i + a—;a—i

Another 2 pts depends on your calculation.
. (10%) Find the local maximum and minimum values and the saddle points, if exist, of
3, 2,9 o 2 1
flz,y) =o2"+x —|—§x Y+ 2zy + 2y +§y.
Sol:

fo =32 4+ 2z + 32y + 2y
3 1
fy:§x +2x+4y—|—§ (2 pts)
2
3% + 22 + 3wy + 2y :O:>(3x+2)(a:+y):0:>x:—§ormz—y

critical points: 3 1
—? 42 +4dy+- =0

2 2
2 34 2 1 1
TTT3 Ty TN TYT Yy
3 1 1
x:—y:>§y2—2y+4y+§20:3y2+4y+1=0:>y:—10ry:—§
2 1 1 1
S itical points is (—=, —), (1, —1),(=,—=) (2 pt
o aritical points s (~ 3, 5). (1,~1), (5, ~3) (2 pts)



foz =624+ 24 3y
fyy:4
foy =32+ 2

D = foufyy — f2, =242+ 8+ 12y — (32 +2)* (3 pts)

Ty

2 1 1 2 1. .
D(—g, ﬂ) =—-16+8+ 3~ 0<0= (_5’ ﬂ> is saddle point
D(1,-1) =24+8—-12—-25 < 0= (1,-1) is saddle point

1 1
D(5i—5) =8+8-4-9>0,fw=2+2-1>0

1 1
= <§’ _5) is local minimum with minimum value

1 1 1\’ /1\> 3/1\’1 _11 1\* 11 2
- =|(= S) =2 (2) 2 —2=2+2(= —S=—= (3t
1(3-3) (3) +(3) 2(3) 37 °33 7" (3) 23~ g7 GP)
9. (10%) Let I' be the ellipse with center at the origin that is the intersection of the plane

x4y + 22 = 0 and the surface 2 + 2y 4 42 = 35.

(a) Find the lengths of the major and the minor axes (f#h3i4gdh) of I

(b) Find the area of the region enclosed by T
Sol:

(a) The length of the major axis: v/105. The length of the minor axis: 2v/'14

7
(b) The area of the region enclosed by I': 5V 307
Let f(x,y,2) = 2 +y* + 27, g(2,y,2) = v +y + 22, h(z,y,2) = 2° + 2y° + 42 = 35

Applying the method of Lagrange multipliers, we need to solve
(
20 = A+ 2px--- (1)

g=20 or ¢ 2z =2\+8uz---(3)
h=0 r+y+2z=0---(4)

| @ +2y" +42" =35=0---(5)
2e(1 = p) = A--- (1)

= 2w =2u) = A (2)
22(1 —4p) =2X1---(3)

Utilizing (4) and (5) and considering (1) -2+ (2)-y+(3)-2z we have 2 +y*+2* = 35y

9



Case 1: A=0

Ifpu=1=y=2=0,..2=0Dby (1), but contradicts (5). Similarly,
1

1
p=5 =zx=z=0and p= 1 = x =y = 0 both lead to contradiction.

Ifu+#1, 31 = x =y = z =0, also a contradiction.

SAFED
Case 2: A #£0
, A2 A2 ,
= = = 4:
Substitute x . _N,y . _2ﬂ,z 1 into (4)
1 1 2
M + + }=0

20 =p)  2(1=2p) 1-4p
Arranging the numerator, we have 20p* — 23 +6 =0

= (bp—2)(4p—3)=0

2 3 105
= U= 5 or g Therefore 2 + y* + 2% = 14 or v

105
The length of the major axis is 2 x o= V105 and the length of the minor axis

is 2v14.

1/ 105 7
The area is 7 - 5 V14 = §v307r

e 2 points for (1) to (3) each (6 points in total).

If only (*) is present (i.e., without (1) to (3) and without solving):

*If the scalar function f is reasonably defined = 3 points

*If f is a scalar function but not correctly defined = 2 points

*If f is not even a scalar function (i.e., in the form of constraint) = 1 point

Note: Using g to eliminate one variable in f and h is acceptable, but then the two

functions should only have two dimensions.

e If both lengths of the axes are correct, 3 points will be credited. Half the val-
V105

ues (i.e., —5 and V'14) are also regarded as correct answers.

*If only one of them is correct = 2 points

*If both are incorrect but the two values of x have been solved = 1 point

e 1 point for the area.
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