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1. (12%) Evaluate the integral / / Vad — ldxdy + / / Vad — 1dxdy.
1 Jyy 1 Sy

Sol:

4 v 32 2
/ / Va3 — 1dxdy +/ / Vad —ldzdy  (8%)
1 S v Jyy

2 x®
:// Vs — 1dydx
1‘2
12 3
:/ 23 (2® —1)2 do
1
2
— 27
15 7
98
= — 12
15 7 (12%)

2. (12%) Evaluate the integral / / (z +1)* dA where R is the region bounded by the ellipse

2ty +y° =1
Sol:

//a:+y )2df = // x%dudv (u:x+g,v:\§) (5%)

u24+02<1
2m rsin 0 2
(rcos + ———)* X —=rdrdf (u=rcosf, v =rsind 9%
- [ PR x —rdrdd ) o%)
2\/_7T

(12%)

. (12%) Let C be the path consisting of the segments from (0, 0,0) to (1,0,0), from (1,0, 0)

to (1,1,0), and from (1,1,0) to (1,1,1). Evaluate /(6xy3 +22%) dx + 9%y dy + (4vz +
C
1) dz.

Sol:

There are two ways to solve this problem. Let
F(z,y,2) =< P(x,y,2),Q(z,y, 2), R(z,y, 2) >=< 6xy® + 22%,92%y* 4wz + 1 >
be a vector field on R®. According to the problem, we have to find the line integral

[:/Fdr,
c

where C' is the path indicated in the problem.
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Solution 1

Let t € [0, 1] and

(

Cy:m(t) =<t,0,0 > ---line segment from (0,0,0) to (1,0,0),

Cy:ra(t) =< 1,t,0 > ---line segment from (1,0,0) to (1,1,0),

Cs:rs(t) =< 1,1, > ---line segment from (1,1,0) to (1,1,1).
\

Note that )
ri(t) =< 1,0,0 >,
\ () =< 0,1,0 >,
ry(t) =< 0,0,1 >,
for ¢t € [0, 1].

Since C' = (', U Cy U (5, we find that

/Fdr+/ Fdr+/ Fdr
(&) C3

/ F(r (), (t)dt + /0 P ()t + /0 R ()0t

0

1

1 1
/<001><100>dt+/ <6t3,9t2,1><0,1,0>dt+/ <2t2,9.4t+1><0,0,1 > dt
0 0 0

1
:/ Odt+/ 9t2dt+/ (4t + 1)dt
0 0 0

1 1
:3t3) + (21 +t)‘ —313=6
0 0
Solution 2

Since

OR 0Q. 0P OR._  ,0Q OP
1P =< (@t %y o0 K 08
cut <(8y az)’((‘?z Gx)’(ﬁx 8y)>

=< (0-0), (42 — 42), (18zy* — 18zy?) >
=<0,0,0 >,
and P(xz,y,2),Q(z,y, 2), R(z,y, z) are smooth functions on R®, we find that F is conser-

vative. Thus the potential function f(z,y, z) : R® — R of F exists. i.e.

Vf=F



Let

Vf<x7y7 Z) =< fx('rvy72)7fy<x7y72>7f2(x>y72) >

Since

Folww,2) = D(ey.2) = Ry, 2) = 4oz 41,

it follows that

for some function g(x,y). Thus

£ (g, 2) = g—g@,y) = Qlary,2) = 927,

This implies that

g(x,y) = 32°y* + h(x),
for some function h(z) and
f(z,y, 2) = 32 4+ 222° + 2 + h(x).
Finally since
af 3 2 I 3 2
folx,y,2) = a—x(aﬁ,y,z) = 6zy’ + 2z + h'(x) = P(x,y,2) = 6zy” + 227,

we find that

h'(z)=0
Thus h(z) = ¢ for some ¢ € R is a constant function and
f(z,y, 2) = 32%*y® + 222° + 2 + .
By the foundamental theorem for line integrals, we have
I'=f(1,1,1) — £(0,0,0) = 6.

TR

#EH solution 1, HIE—EX line integral AL E 4 (B=E) |, 738 4 A , MENZHRA
r(t) 145, F(rt) r'(t) 1 7, &BEFTE 2 47

E2H solution 2, HIFRHH curlF =0 = 6 4, 5 & f(zyz) = 65 .



4. (12%) Let R be the region bounded by y-axis, y = 1, and y = 23, and OR be the positively
oriented boundary curve of R. Evaluate / 2y sin (y?) dw + §x3y2 cos (y?) dy.

Sol: "

Let C be a boundary of R. By the Green’s theorem we have

/ny sin(y2) dr + §m3y2 cos(yz) dy = //((§x3y2 cos(y2))m — (m2y sin(gf))y dA
R

C

_ / —2sin(P)dA  (6%)

-

// —?sin(y?) dedy  (2%)

= / —sin(y?)Y dy
0 3
cosl —1

=—F WA

. (12%) Find the surface area of the spherical band that lies on the sphere 2 4+ y* 4 2> = 3

V3

between the planes z = > and z = —
Sol:

Method 1. Use spherical coord for the parametrization
r(¢,0) =< V3sin¢cos b, V3singsinh, vV3cosp >  (3%)
D= {6, )._<¢<% 0<6<2r)  (2%)

ry Xy =< 3sin® ¢ cos ), 3sin® ¢sin §, 3 sin ¢ cos ¢ >= 3sin ¢ < sin ¢ cos , sin P sin b, cos ¢ >

lry X rg| =3sin¢  (3%)

surface area = // lr, x rg|dA  (2%)
D

27 2?”
_ / / 3singdodd = 6 (2%)
o Jg

Method 2.

Use z = +v/3 — 22 —y?

r(x,y) =<,¥, V3_x2_y2 > (3%>

2
() € R={(ry): () <o+ <3} (2%)
0z —x 0z —y

or B 0y B2y
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NI

e xry| = \/ R R e e e L0

—ZEQ—yZ

surface area = 2/ v, xr,|dA (2%)

R
—2//,/;@4 here R = {(,9) - (O) <a? 4 4% <3)
- 3_x2_y2 9 w - 7y . 2 — y =
R

\/_ 2 V3 r
=2V3 drdf
/0 /g V3—r?
V3
—4v3r| — (3=} |
2

= 4v/3 x \/7§7r =61 (2%)

. (14%) Let S be the part of the upper sphere 2% 4+ y* 4 z* = 1 that lies inside the cylinder

1 1
a:2+(y—§)2:z. Let F = yi — 2j + 2k.

(a) Parametrize the surface S.

(b) Evaluate / / F - dS where S is oriented upward.

S
Sol:
(a) S :v(x,y) = (x,y,/1 — 2?2 —y?),with (3 pts)
DZi{(ﬂfay)|3?2+(y—%)2§i ={(r,0)0<r <sinh, 0<O<m} (2Dpts)
(b)
—x
x - ]'707—
v ( /—1—:1:'2—3/2)
—Y
- 0.1, L
Ty ( 1—:B2—y2)

(2 pts)

T
Yo XYy = (\/1_$2_y2,¢1_x2_y2,1



//F-dS://F-fyfoyydA
S

T )
1—a%— , ,1)dA
// y) (\/1—:172—y2 V1—a2 —y? )
:/ V1—22—y2dA
D

m™  psind
= / / rv'1—r2drdf (5 pts)
o Jo
—1 9 5 |sin@
=— [ Z(1—-rHz| db
2 Jo 3( ™) 0
1 [T
=3 (1 — sin? 9)% — 1df
0
1 T 3
= 5[7?— | cos 9|d9]
0
™ 4
_T_4 2 pt
379 (2 pts)

7. (12%) Verify the Stokes’ theorem 7{ F.dr = //(V x F)-ndS for F = 2yi + 3zj — 2°k,
c

S
where S is the surface of the paraboloid z = 2 — (2% + »*) above the zy-plane.
Sol:

(i) With parametric equation r(f) = (v/2cosf,v2sin6,0), 0 < 6 < 27, (2 pts)
r'(0) = (—v/2sinf,v2cos6,0), (1 pt)

compute ]{ F - dr, where F = (2y, 3z, —22>, C ={(z,y,0) | 2?4+ y? = 2}.
c

LHS = /2ﬂ< 2(V2sin ), 3(v2cosh), 0)-r'()dd (1 pt)

27
:/ (—4sin®0 + 6cos’0)dd = 2m. (1 pt)
0

(ii) Parametric equation of S: r(z,y) = (z, v, 2—2°—y* ) on D = {(z,y) | 2*+3* < 2},

(2 pts) where ry x ry = (2x,2y,1). (1 pt)

cutl F=VxF=|9z gy 9z |=(0,0,(3—2))=¢0,0,1). (2 pts)

2y 3r —22



RHS = //<0,o, 1) - (rx x 1y)dA (1 pt)

= //1dA: area of D =2m. (1 pt)
D
(iii) Since
LHS:%F-dr:27r://(V><F)-ndS:RHS7
c
S

the Stokes’ theorem is verified.

Note: If you only evaluate the integral of LHS or RHS, or you “apply” the Stokes’ theorem

to get the value of the integral, at most 5 pts will be given.

8. (14%) Let D be the ball 22 +y*+ 2* < 1 and E be the ellipsoid region z* +2y* +32* < 4.

Let F(x,y,2) = (% + a:)i + (% + y)j + <i3 + z)k, where r = /22 + y? + 22
r r r
(a) Find the outward flux of F across the boundary of D.

(b) Find the outward flux of F across the boundary of E.
Sol:
(a) (—) S2EULAL KRR, BEBEMRZINEAENS (2,9, 2) ,

2 2 2
|
// F-dA — // THY T2 a2 dA = // S4r?dA = 24717 = 87
oD oD r oD T

() BEMER divergence theorem , HF? (0,0,0) 5 divF BIaFEE, KIWEEER
—EEEEHEEE, ) B. BURESHK L. P e BEKE, B divergence theorem 4]

// F-dA—// F-dA:/// divF dV
8D 9B. D\B.

EEIHAAREZEAERAARE, #0885, KBEEEREE. HHETE divF = 3:

0 /x d [y 0
leF_8x< +x>+8y( —i—y) 02( +Z>
I gy A
—( + 3)T4T+1)+(r3+( 3)T4T+1>+< +(=3)5 +1>



LR/INERTE LB B A S %(:B,y,z) , HiA

[l on e (o)

= (37T13—§7T€3)—|—( —|—6)1(47T6)_87T (FATEL € — 0 FH2RETE)

(b) HPTEMEEKH LB B SN EE, [T diVF =3 A E, HIER divergence theorem
fLETE, kBT EEN AR wabc , A5

[[ron-[ff aras [[ o

4 2 4
=3(-m2vV2— — -7 ) + 8
< V3 3)

1616

= 5T tdn

[FRo R

(a) /ME 5 43 FIZUME 1 ~ 2 53, FHESEREFERERERCHEI 5 SEH] 1~ 2 55,
Gﬁ&%QﬁwﬁF%ﬁﬁﬁ?ﬁ‘EﬁﬁﬁﬁmE%EQQQ“@%ﬁﬁﬁ@ﬁﬁmemn
RMEEREE, SEEHEEHARN mmwhw}mﬁﬁ%mwgmwmmmmm5~6ﬁ
ﬁ%EEﬁfﬂﬁ%&Jﬁ%Eﬁﬁd\f‘*ﬁﬂ%u 9 3FH 0 ~ 3 575, RIEFEFH divergence theorem,

Ht EMt F B2 28AGE® 5 59



