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1. (7%) Evaluate/ ——du.
o (e*41)3
Sol:

Let u=¢e¢"+1,du=¢e"de,r=0,u=2,x =In7,u=_8.

In7 2 8
e —1
/ 6—1dx=/ L du (3pt up)
o (e*+1)3 2 us

—@+32§
5 10
e 4dx 4
2. (10 Evaluat — . Caution! llm ——— =
(10%) Evaluate i) aution! lim e 00

Sol:

1
Let u = du=—=,2z=0"u=v0"
et u =z, du 2\/§’x U=V

b Vb
4ddz 8
lim ——— = lim ——du Spt u
b—oo o+ \/5(4"‘ x) b—>00/\>/07+ 4+U2 ( P p)

Let v = 2tan#, du = 2sec? 8d6,
Vb ]
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2alu:/24d9:27r
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3. (8%) Evaluate / Y Hint: Set t = tan (f) and express sinz and dz in terms
0 3—9osinz 2
of t.
Sol:

T
Wrong answer (you will get points even if the answer here is incorrect)Let ¢ = tan(g) =



2 dx | 2
: 52t th
0 3 —osinx 0o 3— 1z 1At
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2 ——dt (3
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_2/0 (3t—1)(t—3)dt
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Correct answer

! 1 a 1 ! 1
of — = tm2) —— Gt lim2) ——dt
/0 32106 +3° 1 /0 B2 10643 o /,, 32— 10t + 3
Since

a 1 a _3 1
lim 2 —————dt = lim 2 8 8 dt
i |, w—ies - [ )

1 a
= lim —[—1n\3t—1\+ln|t—3|]’ ~
a—>%74 0

and
1 1 1 _3 1
lim 2 [ ————dt = lim 2 8 8 dt
et /b 32— 10t + 3 et /b <3t—1+t—3)
3 3
1 1
— lim [ In|3t 1]+ln]t—3\]‘ — o0
b*)%"' 4 b
! 1
2 / ————— dt does not exist.
o 3t2—10t+3
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4. (10%) Let © be the region enclosed by y = 5y 1 Y= 0, z =1 and z = 4. Find the
‘/I/‘ —
volume generated by revolving €2 about the line z = 3
Sol:

! 1,/ 2eV" !
_Z _ N
/1 27 (x 2)<2w — 1) dx(3%) 27r/1 eV®dx

2
:47/ ue du  (u=+/r = dz = 2udu)
1

L 4re (71%).

= 4 (ue" — e")
1




2 x? 44
5. (10%) Evaluate /1 T 325 1 97 dx.
Sol:
2+ 4 a b c

=—+—+ + (4 pts)

t+ 33 +222 & 22 x4l z+2
= 2° +4=ax(r+1)(x+2)+bx+1)(z+2)+cx’(x +2) + dz*(x + 1)
Putx=0: 4=2b = b=2.
Put z =—-1: 5=c
Put z=-2: 8=—-4d = d=-2.
Put x =1: 5=6a+6b+3c+2d = a=—3. (3 pts)

2 2 2

/1 :v4—|—m3x?:j—2x2dx:/l (?3+%+xi1+x+22)dx

‘j+(—2)éﬁ+5ln(w+1)j—21n(m+2)

2

= -3lnx
1

=—-3In2+1+5(In3—-1n2)—2(In4 —In3)
=1+7In3 —121In2. (3 pts)
6. (15% total)

(a) Find /8603 xdx, given /secx = In|secz + tanz| + a constant. (7%)

(b) The curve y = Inx, 0 < x < 1, is rotated about y-axis. Find the area of the resulting
surface. (8%)

Sol:
(a) stepl: Using integration by parts yields
/sec3xdac = tanzsecr — /tan2xsecxdx = tanxrsecr — /(secQ:U — 1)secx dx.
step2: By rearrangement of the above result, it follows that
/se03 rdr = %(Secxtanx +In|secx + tanx‘) + C,

where C' is an arbitrary constant.

(b) step3: The area of the resulting surface is
1 1
/circumference *ds = / (2mx)\/1+ (v')?dx = 27r/ V14 z2dx.
0 0

dx
step4: Let x = tan6, then i sec? @ and the previous integral thus becomes

jus

27 / ' (sec ) sec? 0 db.
0

3



stepb: From (a), one can evaluate
T
27r/ sec® 0 df = v2r + wIn(V2 + 1),
0

which completes (b).

Grading Policy:

1. 4 points for stepl.

2. 3 points for step2 with total 7 points for (a).
3. 4 points for step3.

4. 2 points for step4.

5. 2 points for step5 with total 8 points for (b).

d
. (10%) Solve (22 + 1)2d—y + 32(2? + 1)y = 22 with the initial condition y(0) = 3.
i
Sol:

stepl: First we derive the integrating factor and take C' = 0 to make it simple,

3
2

I(z) = ] #5% = (22 + 1)3. (5 pts)

step2: By multiplying the above integrating factor, the original ODE can be rearranged

as
((® +1)2y) = 2a(a® +-1)72
= (12 +1)%y) = 2(a” + 1)2 + '
= ((z® + 1)2y) = 2(a* +1)7 + 1 (5 pts)
dy y’sinz
(1 lve = = £ 207 =1
(10%) Solve R y(0)
Sol:
1+
5 pts
" (5 pts)
1
+y /sinxdm
y?
-1 y2
72— t
” +35 cosz + ¢ (3 pts)
Since y(0) = 1, we have
1
1
5=¢ (2 pts)



Hence, the solution is
2
L + cosxr = 1
2 2

S| =

9. (10%) Consider the parametric curve with z'(t) = V/3t, y'(t) = 2tvV/t —12, 0 < t < 1.
Find the arc length of this curve.
Sol:

Mmm=A¢WWMMWWﬁUW

1
:/ tv—4t2 + 4t + 3dt
0

:/01%,/1—(15—%)% (2 pts)
1 1

Let 6 = arcsin(t — 5) =1 = 5 +sin#, and dt = cos0df (1 pt)

™

Length = /6 (2sinf + 1) cosfcosfdf (2 pts.)

RN

(=2

:/‘ 28in9cos2«9d8+/6 cos? 6 db

ol

s
6

2 f sin20 |
=(—Zcos’0)| +(z+ = ) (1 pt for each term)
6
T \/5

=0t

s \/5
_TLY?

6 + (2 pts)

10. (10%) Find the surface area of the solid generated by revolving the cardioid r = 1+ sin 0
about y-axis.



Sol:

A:/ 2rx ds
0

/2 2
= /_M2 27r cos 04/ r? + (%) do (x =rcosb.)

w/2
:27T/ (1 +sin#)cosv2 + 2sin 6 db

—7/2
2
= 27T/ V2t dt (Set t =1+ siné.)
0
32
= —.
5

Grading Policy:

dr

de))zdg' (3 pt)

2. Insert r(0) (1 pt) and the corresponding range of 6 (2 pts).

1. Write down or derive ds = /72 + (

3. Evaluate this integral by using any proper techniques and taking correct steps. (2
pts. You will get all of these 2 points if you only make a mistake in inserting a range

of # in previous steps.)

4. Give the correct value of the surface area. (2 pts)



