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1. (14%) Determine whether the following limits exist. If the limit exists, evaluate it. If the

limit does not exist, explain why?

9 1) (1) -
(b) hm< v _L> _

z—i\z—1 Inx

Sol:

(a) Since

1

sin—‘ <1, Vx #0, (2%)
T

we have

, Ve £0. (2%)

— [sin7" 2| < (sin_lx)(siné) < |sin”'

(missing absolute values: 1%)
Also, lir% |sin™" 2| = sin™'(0) = 0. (2%)
By the squeeze theorem, the limit exists and equals 0. (1%)

(b) Apply 'Hopital’s rule,

1 | — -1
lim ( ‘ __):hmxnx (z=1)
=1z —1 Inzx e—1  (z—1)lnx
Inz

= m—————-
zﬂllnx—i-l—%

- 1

=lim —%— = -

S

Note: Correctly using I’'Hopital’s rule (2%), differentiation calculation (2%),

the limit value (3%).

sin? azx

) x>0
2. (12%) Let f(x) = T where a, b are constants.
|22 + 1| — |22 — 1| + bcosz, x <0,

(a) For what values of a and b is f(x) continuous at x = 07

Answer: a : b:

(b) For what values of a and b is f(z) differentiable at z = 07

Answer: a : b:

Sol:



(a) f is continuous at x = 0

= lim f(z)= lim f(x)= f(0) (1%)

z—0t+ z—0~
sin? ax
= lim+ = lim 22+ 1| — |22 — 1|+ bcosz =1 —1+bcos0 (1%)
z—0 T x—0~
Ifa+#0

: 2
= lim o’z (smaw) = lim 2z +1) — (1 —2x) + bcosz =b (2%)
z—07t ax xz—0~
=0-1>=b=b = b=0

Ilfa=0 = f(z)=0 for x>0 (1%)

= lm0=0 = b=0

z—0t

=acR, b=0 (1%)

(b) f is differentiable at 0
= [ is continuous at 0 and, by (a), b=0, f(0) =0 (1%)
(or you may try another way to get this credit)
And by definition

— £(0 — £(0
= lim flx) = f(0) lim f(z) — f(0) (1%)
z—0t X z—0~ X
in? 2+ 1| — 22— 1
= lim Sm;””:hmMJr [=Rz=11 g
z—0t x z—0— xT

Ifa+#0

. 2
4
= lim a? (smaaj) — lim = (1%)

r—0t axr z—0~ X

=a’-1’=4 = a=4+2 (1%)

Ilfa=0 = f(x)=0 for x>0 (1%)

= lim 0=4 —«
z—0+

= a=42, b=0

3. (8%) The equation of the tangent line of the curve sin™ (ﬂ) = tan"! (zy) at (\/5, g
x
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Sol:

sin’l(g) = tan" ' 2y

x
1 =yl 1
Implicit differentiation=- Y 5 AL s (L-y+a-y)
1— (%)’ T 1+ (zy)
V6 1 V2y — % 1 V6
Let:c,:\/i—:> . 2 _ (24 oy
2
= 9y = 57\(3 =slope at (V/2, ?)

6 5vV3
= The tangent line : y — % = T\/_([B —V/2) (or 5v/3z — 6y = 2/6)

5 points for the implicit differentiation.

5V3
-

2 points for the computation of ¢ =

1 point for the equation of the tangent line.

4. (8%) Let f be a continuous function satisfying
$3
0

/f(t)dt+/ et f(Vt) dt = ze® + 1% 4 27 for all z > 0.
0

The explicit formula for f(z) is

Sol:
€T ZI/‘S
/ f)dt + / eHF(VH)dt = 1 + 1 427, x> 0
0 0

3 3 2

Differentiate both side = f(z) +e ™ f(Va3) 32> = ** + xe** -2+ 7° - Inx + 72"

= f(z)(1+32%") = (1 + 22)e* + n° Inz + ma™ !

(1+22)e** +7%Inx + 7a™ !
1+ 3z2e*

1 point for %/0 f)dt = f(x).

= fla) =

3

2 points for di/ e tf(Vt)dt = e_xsf(\g/ﬁ) 32 =3¢ f(x).
T Jo

d
1 point for d—a:eQx = (1 + 2z)e*.
T

d
3 points for d—(7r$ +2™) =a"Inz + 7z .
x
(14 22)e* + 7% Inz + ™!

1 point for the final answer f(z) = 1+ 322¢-°
xrée—%

1
cos (Inx) dp —
T

5. (12%) (a) /



1

., —1<2<0
(b) Let f(z) = 1+=
sech, O<z<l1.
1
Then/ f(z)dx =
-1
Sol:

1
(a) Let u=Inz = du = —dz, (2%)
T

1
then / cos(inz) dx = /cos udu = sinu+C = sin(lnz)+C, C is a constant. (2%)
x

(b) Since /_ 11 F(a)de = /_ (1 f(a)de + /0 ) da
and

0 —T

0 0 1 .
/_lf(x)dx:/_11+z2d:v:tan z| 1
d

an

1 1
/ f(x)dz :/ sec? xdx = tan x
0

0

1
(2%) =tan1 —tan0 =tan1 — 0 =tanl. (2%)
0

1
Therefore, / f(z)dx = % + tan 1.
-1

6. (14%) Two different methods are applied to estimate In (1.2) as follows.

(a) The linear approximation of Inz at z =1 is

Use this to estimate In (1.2).

Answer: In (1.2) ~ by linear approximation.

<1 forz > 0.

1 In (1
(b) Apply Mean Value Theorem to show that T nl+z)
T T

(c) Use the result in (b) to find an interval in which In (1.2) is located. Then use the
midpoint of this interval to estimate In (1.2).

Answer: In (1.2) =~ by mean value theorem.

Sol:

(a) (1) L[ln(z)] =In(1) + 4 In(x) (x—=1)=xz—1 (3pts)

dx =1
(2) LIn(1.2)] = 0.2 (3pts)

(b) In(y + 1) is continuous on [0, z|, differentiable on (0.z).

By mean value theorm,

(2%) = tan"' 0—tan"'(—1) = 0—— = % (2%)



In(1+ z) — In(1) 1 <1

there exists a constant ¢ in (0, z) such that

T - 1+¢
1 1 1 In(1+2z)
Al > 1 (5pt
1t 1—|—x’sol+x< x <1 (pts)
1 In(1.2) 1 |
i — 1, = < In(1.2 —.
(c) Using (b), 5 < 00 <1, 5 <In(1.2) < E
11
Take midpoint, In(1.2) ~ 0 (3pts)

7. (12%) Let L be any line through the point (3,24).

(a) The equation of the line L that cuts off the least area from the first quadrant

is

The least area is

(b) The equation of the line L which cuts off shotrest segment by the first quadrant

18

The length of the shortest segment is

Sol:

(a) Line equation: y — 24 = —8(x — 3) (3 points)

the least area is 144 (3 points)

(b) Line equation: y — 24 = —2(x — 3) (3 points)

the shortest segment length is 15v/5 (3 points)

Let y — 24 = m(x — 3) be a line L through (3,24) with slope m < 0

(No need to consider vertical line m = £oo and horizontal line m = 0)

24
x-intercept of L: 3 — —
m

y-intercept of L: 24 — 3m

(a) Area A(m) = %(3 - %)(24 —3m) = 2(16 —m — %) = 9(16 — f(m))

2
6 64
where f(m) =m+ — , f(m)=1-— =0, m? = 64, m = £8
m m
Since m < 0 and f'(m) > 0 when m < —8 and f'(m) < 0 when —8 < m < 0,
f has an absolute maximum at m = 8, f(—8) = —16
9
.. The least area = 5(16 —(—16)) = 144

L:y—24=—8(x—3)or8r+y=48

5



(b) Squared segment length

24 16 64
L(m) = (3—=)*+ (24— 3m)* = 9[65 — — — 16m + — + m*] = 9[65 — g(m))]
" 16 64 "
2

where g(m) = 16m + — —m” — —,
m m

16 128  16m?® —2m* —16m + 128 -2
g(m) =16 —2m— — + =5 = — = —5l(m® +8)(m —8)],

m <0

Since ¢’'(m) > 0 when m < —2 and ¢'(m) < 0 when —2 <m <0, m = —2

The length of the shortest segment = /(3 + 12)2 + (24 +6)2 = 15V/5

L:y—24=—-2(x—3)ory+2x=30

e Four answers, 3 points each. But if the answer is correct but the procedure is
wrong, no points will be credited.
* For the area in part (a), 2 points will be credited if your answer differs from the

correct answer only by a simple factor (e.g. if your answer is 288).
y—a
x —

* If your answer of any line equation is in the form of = m, 1 point will be

deducted.

e Partial credits will be given only if the answers are all wrong:

Parameterization of x-intercept and y-intercept: 1 point each, not given twice for
(a) and (b).

Formulation of area (in terms of a single parameter) in (a): 1 point.

Formulation of segment length (in terms of a single parameter) in (b): 1 point.

|#]", & #0
8. (20%) Let f(z) =
1, xz =0.

(a) Find the horizontal asymptotes if exist. Ans:

(¢) y = f(z) is increasing on interval(s)

y = f(z) is decreasing on interval(s)

(d) f"(z) =

(e) y = f(x) is concave upward on interval(s)

6



y = f(x) is concave downward on interval(s)

(Hint: f"(z) =0 & x=-1)
If the extreme values exist,

f(z) has a local maximum:

f(z) has a local minimum:

f(z) has inflection point(s):

Sketch the graph of y = f(x).

Hm [2]® =00% =00, oo (1 point)
T—00
lim |I|x = lim em1n|r\ elimxﬂ,wmlnu\
= T = e T =0, (1 point)
Therefore, y = 0 is a horizontal asymptotes of f(x).
When z # 0, y = |z|*
Iny =In|z|* = zln|z|
Y x d
= =Inlz|+ ——|z|=In|z| + 1
Yy || dx
When z = 0,
: — T T __ 1 z1n |z
o) = el = e
o elimmﬂowln\gﬂ _ elimx_m
I z

_ . 1My —0 71.% _ ellmzﬂo -

= =1= )
Therefore, f(x) is continuous at 0.
Since f'(x) = |z|*(In|z| + 1) —» —o0 as z — 0,
So, f'(0) doesn‘t exist.
Thus, f'(z) = |z|*(In|z| + 1), when 2 # 0, ............. (2 point)
fl(x)=—oco,whenx =0. ..., (1 point)
flix)>0=r>etora<—e!
= f(z) is increasing on (—oo, —e ) U (e, 00). ..., (1 point)

7



fllz) < 0= —e't<a<e

= f(z) is decreasing on (—e ™t e™t) . (1 point)

(d) f(z) = |z|*(In|z| + 1) for x # 0

1
= f(z) = |z[*(In|z| + 1)* + =|2z[" for 2 £ 0. ..., (2 point)
x
(e) f'(x) >0=z>0o0rz<—1
= f(z) is concave upward on (—oo, —1) U (0,00)............... (2 point)
f"z)<0=-1<x<0
= f(x) is concave downward on (—1,0)...................... (1 point)

(f) From (c),

£(2) has a local maximum f(—é) —elata— _é ............ (2 point)

f(z) has a local minimum f(é) —e ¢ atz= % ............... (2 point)
(g) From (e),

f(x) has inflection points (—1,1), (0,1)... ... ..ooooei. ... (1 point)
(h) 1. EHBFLARY = 0% lim [a]" =o0........................ (1 point)

2. BB S B (0, DRYSRIEYIRR. ... (1 point)

3. TERER BB EPTETI. (1 point)

vertical tangent line

(0.1)




