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1. (10%) Evaluate the intergal

/x21n(932 —1)dx =
Sol:

:%31n<x2_1>__/{(x2+1)_|_$21_1 dx (6ptS)

= %111(332— 1) — g% §x+%ln|x—|—1| - %ln\:c— 1|+ C
2. (10%) Solve the initial value problem gy’ = ze™ 5% — ycosxz, y(0) = %
Ans:
Sol:

I(x) = ™" (4 pts)
. 22
=y = — 4+ C (6 pts)

2
= fsinz(‘r2 4 1)
= e _— —_
Y 2 T3

1 v
3. (10%) Let y = y(x) be a differentiable function on [0, 0o) which satisfies y(z) = 5—/ 3y (t?) dt.
0

(a) Determine a first order differential equation with an initial condition that y(x) satisfies.

Ans: with initial condition

(b) Solve this differential equation.
Ans: y(z) =

Sol:

(a) stepl: By chain rule and fundamental theorem of calculus I:

) r3y(@) 1 ]
- — - . t
y NG 21’3/(96) (3 pts)

step2: By plugining x=0 into the integral equation, we have

y(0) = 5. (2 pts)

N —



(b) step3: Note that the differential equation in (a) is separable, it follows that

[ v [ —guds

2
T

| =——+4C.

ny 4+

which becomes

1
And the initial condition yields the result C' = In 3 (5 pts)

. (10%) Evaluate the improper integral / dr =
LT

Sol:

0 T t T
dv =i d 1 pt
/1 x84+ 4 TN L 28 +4 v (1 pt)
1 (" du
t—o0 2 1 U4+4
1 [ du
= Jim 5 2 pt
it | (@2 + 20+ 2)(u® — 2u 1 2) (2 pts)
1 %1, u+2 u—2
Tt N - d 2 pt
=002 Jy 8(u2+2u+2 u2—2u+2>u (2 pts)
1 M1 2u+2 1 1 2u—2 1
= lim — (= + _Z +
t—=0 16 J; “2u?+2u+2 (u+1)24+1 2u?>—-2u+2 (u—1)2+1

)du

y=u’+2u+2 o1 /t4+2t2+2 ldy 1 [+ 1dz

= lim (— ——
t—oo 16 2y 16 J; 2z

z=u?—2u+2

2

)

2

1 1
+ —tan Y(u+1)| + —tan (u+1)

16 16 1
t4+2t2+2 1 t4—2t242
=lim(—=Iny — —Inz )
t—oo 32 5 32 1

1
+ —(tan"'(£* + 1) + tan ' (#* — 1) — tan"' 2 — tan"' 0))

16
1, t*4+22 42 1 ) 10 4
tl_>oo(32(l m—lnf)) 16(tan Y2+ 1) + tan (¢t — 1) — tan™' 2))
1
Inl—1 S 19
32(n nb)+ 16(2+2 tan”"2)
1 1 1
=—7——In5——tan '2 t
6" 32T 1 (5 pts)

1
. (15%) Let R be the region {(x y)|0 <y < —, T2 1}
T

(a) Rotate R about the line y = —a, a > 0. For what values of p is the volume of the resulting

solid finite? Ans: . For such p, the volume is

(b) Rotate R about the line y = 0. For what values of p is the resulting surface area finite?

Ans:




Sol: (15 % = 6+6+3 )

(a)

The volume is
(1)

V:/IOO [7r($+a)2—7m2}dxzﬁ/loo<$+i—z>diﬂ

It converges if and only if both integrals converge. Thus, the volume of the resulting solid

is finite for

(2)p > 1, ====> and the volume is

1 2a -
V(g )

The surface area is

(3)

27T/1 ﬁwl—i-(xpﬂ) dx

1<V14+(.)22<c

By Comparison Test

or Limit Comparison Test the above integral converges if and only if
oo
/ x Pdx converges.
1

Thus the resulting surface area is finite for

Remark:

1. Please check the calculation that if they derive the expressions (1) and /or (3) first. If
there are no (1) and / or (3), even the answers are correct, they get zero points.

2. Give 4 points if the answer of the first p in (a) is incorrect but equation (1) is correct.

3. Give 4 points if the answer of the second p in (b) is incorrect but equation (3) is correct.



6. (15%) (a) Sketch the curve with the polar equation r = 1 + 2 cos 26.

(b) Find the intersections of » =1 and r = 1 + 2 cos 26.
Ans:

(c¢) Find the area of the region that is inside the curve r = 1 and outside the curve

r =1+ 2cos26. Ans:

Sol:

(a) (4pts)

r=14+2cos20

(3, m)

(b) Solve the equation:

142cos20 =1
cos20 =0
T 3T 7
=4+— +— +—. 4
0=+, £ %3 (4pts)
(c) By symmetry, the area is:
s 21
= 4[§ - / 5(1 + 2 cos 26)d0)] (3pts)
T 1 [z 9
:4[§—§ 1+ 4 cos 26 + 4 cos” 20d6)]
g
1 (2 1 49
:4[z——/21+400329+4-id9] (2pts)
8 2 z 2
41T~ (30 4 25in 20 + ~ sin40)[F]
=4[= — S —s 2
3 in 5 sindd)|z
=4 —T. (2pts)

7. (15%) A hypocycloid is a curve traced out by a fixed point P on a circle C' of radius b as C'

rolls on the inside of a circle with center (0,0) and radius a (a > b). Assume that the initial

4



position of P is (a,0) and the parameter 6 is chosen as in the figure (i.e. ¢ is the angle between
y
the line connecting the centers of the circles and the z-axis.)

(a) Let ¢ be the angle as shown in the figure on the right.

Express ¢ in terms of 6. Ans:

(0,0) (@,0)
(b) Tt is known that the parametric equation of the hypocycloid

z(0) = Cy cos O + Cs cos (a ; bQ)

_b9>,

where C4, Cy, C3, and Cy are constants.

is

y(0) = Cysinf + Cysin (“

FindClz ,02: ,03: ,04:

(¢) Fora=17, b=3and 0 <0 < 27, the arc length of the hypocycloid is

Sol:

—b —b
_ab 6 or a4

(b) (4pt) C1 = a—=b ,Co=_b ,C3= a—b ,Cy= —b . Every correct coefficient

¢ The two answers are both ok.

(a) (3pt) p =

deserves 1pt. Or you may write as the following formula in parameter 6.

(a—0)0

z(0) = (a — b) cos @ + bcos
a—b)o

y(0) = (a — b)sin @ — bsin 7

(c) (8pt) Each step in the following deserves 2pt. If the students have some wrong coefficients

in (b), there will still be some process earning part of the points.
For a =7, b=3 and 0 < 0 < 27, the arc length of the hypocycloid is?

Write down the formula and calculate the derivatives of x and y (2pt)

2
L= [T Oy ds
0
Simplify the integrant (2pt)

27 7
:/ \/32—32(}05—0 df
0 3

Step III| Use the half-angle formula (2pt)

27 7 21
:/ 8\/sin2—6’ d@z/ 8
0 6 0

sin z@‘ do
6



Divide [0, 2] into subintervals to calculate the integral of absolute value of sine

(2pt)

6m/7 7 127 /7 7 147 /7 7 6 216
=8 / sin -6 d@—/ sin —6 d9+/ sin—0df| =8--(2+2+1-1/2) = —
0 6 6m/7 1277 0 7 7

Some common mistake and the points:

— something wrong happens in calculation of 2’ and 3': Opt.
— use wrong coefficients in (b) and work out the outcome of Step II: 3pts.

— since the integrant is not in period 7/2 or 7, so this is wrong;:
(X) /27T /x’2+y’2 d0:2/7r /x’2+y’2 dé
0 0
(x) /2“md924/”/2md9
0 0
if the process is correct, it deserves 3pts.

8. (15%) Let C be the curve defined by z(2? + 3?) = (2 — 3?).

(a) Find parametric equations of C'. (Hint: Let y = tz.)

Ans: ¢ =

y:

(b) There are two tangents at the origin. The equations of these

two tangents are

(¢) The area of the region enclosed by the loop of this curve is

Sol:

(a)

(1 +1%) = 2°(1 — %)

z=0,(z,y) = (0,0)

1—¢? _tl—tQ
1+ "' e
1 _tl—tz
“1re? T e

x#0,x =

=X

(2 pts each)



—ott—4t242

T odx —4 - )
(x,y) =(0,0) &t = lort = —1
d
t=1, & 1,tanget line : y = x, (1pt)
x
dy .
t=—1, yri —1,tangent line : y = —z, (1pt)
x

(c) if we consider the graph above the x-axis, say y = f(z) >0 for 0 <z <1

11— l—x
1—2
= :t =
/() 14z

1e [ yie=2 [ 0o z_g/F [ 2T,

(let z = sinf, dx = cos0df, v/ 1 — x? = cos 0)

T . L a2
2 Sln9?0890080d0:2/2 sin 6(1 sin 0)
0 1+ sin6

/0 1+ sin6

2 2 11
(sin@—sinze)dHZQ/ (sin9—§—|—§c0829)d0
0

A=2 d9:2/2(1—sin0)sin0d9
0
—9

0

=2(— COSQ——@—i—ism%)Q 2(—

N

You should get 1 points if you have written down the range of integration correctly.
2 points more if the integrand is valid.

Finally, 3 points for the answer.



