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1. (15%) Find the interval of x such that the power series Z 1 converges.
n

(k+1)
Sol:

(i)

1 |1/ In ( 2)| In(k+1)
1/(k+1) | o
e T/ (k4 2) (I'Hospital’s rule)
= 1.

1
So the radius of convergence is 1= 1.
(ii) For z =1,

Zln (k+1 ;ln k—i—l
1

1
i f h k€N and
Since (k1) > Gt 1) or eac €N an ;(

diverges,

1
k+1)

io: ; diverges by comparison test

For z = —1

Zln (k+1) Zln k+1

. 1 (—1)*
Slncem\Oask—M)o,Zm

From (i) and (ii), the interval of convergence is [—1,1).

IR

converges by the alternating series test.

(1) radius of convergence — 9

— Knowing to use ratio test or root test — 3

— Getting some results from one of the tests above but not to the extent of recognizing

1 as the radius of convergence — 4 ~ 7



(2) Discussion of z =1 — 3

(3) Discussion of x = -1 — 3

2. (10%) (a) Find the Maclaurin series for f(y) = siny.

™

2
(b) Evaluate / sin (cos x) dzx correct to within an error of 0.01.
0

Sol:
(a)
B i": F™(0)
o |
n=0 n
d4k e d4k+1 ‘ B d4k+2 . B ‘ d4k:+3 . B
since ﬂsmy = siny, W siny = cosy, Wsmy = —siny, Wsmy = —Ccosy
we have

f(4k)(0) =0, f(4k+1)(0) =1, f(4k+2)(0) =0, f(4k+3)(0) =-1,k=0,1,2,3,--- (2pts)

0 (_1>ny2n+1

Fly)=>_ ent ) (2pts)

(b) since the radius of convergence is co, and —1 < cosz < 1

COS3 xXr COS5 xXr
+ — ... (ipts)

= sin(cosz) = cosx — 1 g

d % _ COS2n+1 P 1y
/0 sin(cos z)dx = Z/ 2n+1 x—;(— ) an

1>cosz>0for0<x< E thus a,, is positive and

cos? Ly - cos?tl g N /’; cos TS / p
— dx B
@1 @t ), @n=1) . a1

= a, decreasing to 0, we can apply alternating series test,

5 cos? 5 cosa(1 — sin’ )’ 1 2 L :
5 :/ cos L 1 :/ cos (1 — sin” z) dr = —(sinz — = sin®z + —sin’ z)|~
; ; 120 3 5 0

120 120

1
= — < 0.01

225



only have to compute ay — a; ,error is less then 0.01 (3pts)

VB

s

3
aoz/ cosxdr =sinz| =1
0 0

% cos®x % cos (1 —sin’ z) sinz  sin®z 5 1
“ /0 6 /0 6 v=(7 TR
8
ay — a; = 9 (2pts)

3. (10%) Let z = y+ f(x® —y?) and f be a differentiable function in one variable. Find the value

ofyaz—i-x%whenx—aandy—b
ox dy
Sol:
0z 0z
I — 2 2 2 Z_1-9 a2 2
5 =0T zf'(z y),ay yf'(z® —y°)
ygz+x%7—%wf@ — ) @ —2zyf(a® — ) =
So 0z % =z =aq
yax &y (@b @b
AR
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. (10%) Let f(z) =In(5 —z).

(a) Find the power series representation for f(z) at z =0 .

(b) Find f™(0).

Sol:

e}

(a) n(1—-t)=—t———...= _ZE (3 points)

and In(5 —z) =In5+In(1 — %) = Z ;) =Inb5—-» — (3 points)



(b) By (a) = £(0) = In5

F™) = —nl — = — -, n>1. (4 points)
7 —AE:

(a) In(5 — z) = / %dt

o0

_ % / Z(%)kdt (2 points)

> 1

- [;(g)k“k—“} +C (2 points)
choose z = 0, then In5 = C, so In(5 — z) = Inb — 3 ;—; (2 points)
n=1
(b) ¢, = f(i;(o) (2 points)
Fog) = - ;11)!’ n>1 (2 points)
f(0) =1In5

2
5. (13%) Let r(t) = (2, g153,75).
(a) Find the arc length of r(¢) from ¢ =0 to t = 5.
(b) Find the curvature of r(t) at t = 4.
Sol:
r'(t) =< 2t,2t%,1 >, r(t) =< 2,4t,0 >
(in (b) first solution 1%)

(a)
/(1) = VA2 + 414 + 1 (3%)

=2t +1 (2%)



> > 2 52 2
L:/ v/ (t)|dt :/ 2t + 1dt = [—t%t} _ 20 5200 (1%)
0 0 3 0 3 3

(b) r'(4) =< 8,32,1 >, r"(4) =< 2,16,0 >

P(4) X 1(4) =< ~16,2,64 >, |’ (4)] = 33

It'(4) x r"(4)] = 2v/64 + 1 + 1024 = 2/1089 = 2v/32 - 112 = 66

wt) = L a0
= o (%)
= = (%)
or
T(t) = g < 2 2t2,1 > (1%)
T'(t) = ﬁ <1—2t%2t, -2t > (3%)
T'(4) = % < —31,8,-8 >
T =
0= gy 0

6. (15%) The plane = + y + 2z = 2 intersects the paraboloid z = 22 + y? in an ellipse. Find the

points on this ellipse that are nearest to and farthest from the origin.

Sol:

Method1: Lagrange Multiplier

fla,y,z) =2 +y* + 2 (1)
gz, y,2) =r+y+22 (2)
gz(:z,y,z):xQ—l—yz—z (3)



f is to measure distance from the origin. g; and g, are restrictions.
To find out critical points of f with these restrictions, one needs to solve:
Vf=aVg + Vg

= (2z,2y,2z) = a(1,1,2) + b(2z, 2y, —1)

Combine with restrictions ,we have 5 unknowns and 5 equations:

2x = a + 2xb (4)
2y =a+2yb (5)
22=2a -0 (6)
r+y+2z2=2 (7)
z =%+ (8)

By (4) and (5) , z =y — (4) and (5)to be

2 —2x
z =
2

=1—z 9)

z = 227 (10)

By (9),(10) z = 1 or z = —1 Plug back to (4)-(8),we have two solutions

11121
_ Q1121 11
(xlaylazlaalabl) (272727373) ( )
10 8
(22, Y2, 22, a2, b) = <_17_1727?7§) (12)

Maxia is /(=1)2+ (=1)2 + 22 = /6

2,12 _ /3
+5—\/;

Remark: One can choose f(x,y,z) = \/2% 4+ y? + 22 and do similar calculations to gain critical

N =

.. ) 2
Minima is % +

points.

Score criterion: Eq(4)-(8) +8 ; Solve x,y,z correctly +2 each ; max/min +1



Method2: Lagrange Multiplier (modified)
Since

fl@,y) =2 +y° + 2(z,y)? = 22 + y° + (27 + ¢°)?

and one constrain condition:
gz y) = +y+2z=a+y+2*+y°) =2

then use Lagrange Multiplier
Vf(z,y) = avy(z,y)

to solve x,y and z

. (15%) Find and classify the critical points of the function f(z,y) = (22 + y*)e? ~*".
Sol:

fol,y) = 2zev" 7" (1 — 22 — 12

Folx,y) = 2ye” = (1 + 2 +y°) (3%)

fo = fy = 0=(z,y) = (£1,0),(0,0) (6 %)

fow = (2 — 1022 — 2% + da* + 4x%y?)ev’

fuy = (24 10y* — 222 + 4a*y* + 4y4)ey2*x2

I

(z,y) = (0,0) = D >0, fzr > 0 : local minimum

(x,y) = (£1,0) = D < 0: saddle points (6 (Additional error points cause some deduction.)

. (12%) Let T(x,y, z) = e™* 392,

(a) Find the directional derivative of T'(x,y, z) at Py = (2, —1,2) toward the point (3, —3, 3).
(b) Find the maximum of directional derivative of T'(x,y, z) at Py = (2, —1,2).

Sol:

(a) Ph=(2,—1,2), P, =(3,-3,3)
PPy = (1,-2,1) (1%)



P 1

041

v = = —(1,-2,1) (2%
e \/6( ) (2%)

VT = e =30 9% (2 —6y, —182) (2%)

T,(2,—1,2) = v e VT(2,—1,2) (2%)
52 43

= %e (1%)

(b) maximim : u//VT and |u| =1 (2%)

so take u = ! (—2,3,—18)
V337

T, = 2¢~43\/337 (2%)



