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1. (12%) (a) Evaluate lim n(3/2 — 1).

n—oo

(b) Find the interval of convergence of the power series p;(z) = Z(W - )"z —-1)"

n=1
(c) Find the interval of convergence of the power series po(z) = Z( V2 —1)(z—1)"
n=1

Sol:

(a) (2%) lim n(2% ~ 1) = lim, 21;1 — £(0) = In2, where f(z) = 2°.
(b) (3%) %: lim VH%—l)(aj—l) "=lz—1]lm |V2-1]=0 = R=o00

the convergence set is R

(¢) (7%) radius of convergence (3%)
lim /| V212 —1]" =z —1] lim (Y2 — 1)%, and
n In(V2-1 In[n(¥/2 —1)] -1
lim (\'75— 1) :exp< lim M) = exp( lim n[n(\/_ ) nn) = =1.

n—oo n—00 n n—oo n

Thus radius is 1.

2n —1
At © = 2 (2%): By part (a) and limit comparison test, since lim —— = In2 and
1 n—oo -
I
—n

p2(2) = Z(W — 1) is divergent.

n=1
At 2 =0 (2%): Let a, = 2w — 1, clearly a, is decreasing to 0. By alternating series test,
p2(0) = Z(—l)”an is convergent.

n=1

The convergence interval is [0, 2).

4 — g2

2. (9%) Let f(x) = arctan pyp=l

z € R.

(a) Evaluate f'(z).

(b) Find the power series representation for f(z) about z = 0. That is, find ¢y, ¢, co,- -
o0

such that f(z) = co + Z cpx”. What is the radius of convergence of this power series?

n=1



4 — x? 1 —2x(4 + 2%) — 2z(4 — 2?) —8z
e t / p—y . s
f(z) = arc an o ——; = f'(x) 1 (Z:ii)Q 0t ST (3%)
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_ e (_1_ dn+1 L 4n+2
=Co+ [ ), th = c+224n (2%)

o it +1(4n+2)
(-
Ch, S if n =2 mod 4, C,, = 0 otherwise (2%). Radius of convergence is 2 (1%).
"min
1
. (8%) Let g(x) = 92 — 321 Find ¢'%(—1), the tenth derivative of g(z) at z = —1.
Sol:
(Method 1.)
1 1 1 2
g(x) = = = - (3%)

202 -3z+1 (2z—-1)(z—1) z-1 22-1

2

(10 _ 10 10 10 —

719 (z) = (=1)'° x 10! x Gopu 2} (FDT X0 2z — )
100 2 2y 1

(Method 2.)

1 1 1 1 1 1
. (12%) ConsiderthepowerseriesH(x):m—<1+§)x2+<1+ +3) (1—|— +o+- ) +-=

9 2'3"4
/1 1 1

C T D) (=1,
Z(1+2Jr +/<;)( )

(a) Find the interval of convergence of H(x).

(b) Express (1 + z)H (z) as a power series about x = 0. Recognize it as the Maclaurin series

of certain function Q(x).

(c) Evaluate%—i—(l—i—;)(;)—l—(l—k%—i—%)(;)—i— +(1+;+ +11)(21k>+--~:m.

Sol:



1
(a) (3%) Let a = T Since khm \ =1—0 =1, then the radius is 1. Besides, at x = +1,
—00 (k41

the k — th term of H(x) satisfies hm lax| = kz: p = oo
By the test for divergence, H(1) and H(—1) are divergent.

Thus the interval of convergence is (—1,1).

(b) (5%) Since (1+ x)H () = f: w (2%)
=
Q) =In(l+z) by —In(1—2)= i%k v € (—1,1). (3%)
(c) (4%) Take z = _71 Then we have m = —H(%l) = _IQ_?; = 2. ln(%l) =In4
5. (15%) Let r(t) = <“ifﬂsffﬂ§tﬂ £ 0.

(a) Find the length of the arc 0 < ¢ < 2 of r(t).
(b) Find T(2), the unit tangent vector when ¢ = 2.

(¢) Find k(2), the curvature when ¢t = 2.

(d) Find N(2) and B(2), the principal unit normal vector and the binormal vector when ¢t = 2,

respectively.

Sol:

(a) Since r'(t) =< —sint, cos mt,2t2 > and It'(t)] = vVt + 1

2
s_/ VAt + Ldt = (4t+1)% §(3%)
0
r'(2) 1 2v/2
b) T(2) = = (0 3
(b) T(2) Q) (0,3, 3)(%)
< —mcosmt, —msinmt, 72 > A+ 1 — 2<*Sin’$§fjft’2tm>
(c) T'(t) =
At +1 o
1 2 1 2 3v2  4v2
- B3-2<0,1,2v2> V=2 <« gy, 2 2V2 TVE
9{ oA 3<”\f>} 0~ T3 Ty T3 7
1 4 1 3
T'(2) = -
T2l 9(9 +9+18)
T V3672 +
0 = gy = O



T'(t) 18 T2 V2

Ol Ve 2 2 s) O
1

\/ﬁ(\/i —471'\/5, 27‘(‘) (3%)

6. (12%) Evaluate the following limits.

1
. Ty . Ty z2 . z—y

a lim ——==A, (b lim (—) =B, (c lim (142x) = =C.

(2) (z.y)—(0,0) 22 + y? (b) (z.y)—(0,0) \ 22 4 12 (©) (z,yw(o,l)( )

Sol:

(d) N(2)

B(2) = T(2) x N(2) =

(a) A doesn’t exist

. . Ty 1

Al the 1 = 1 = —.
ong the line y = x, m:ggo 24 5

T

Along either the line y = 0(z # 0) or

=0(y #0), xf—f?ﬁ = 0 (using polar coordinate

to explain is ok ).

So the limit does not exist. (4 pts)

(b) Both answers (1) and (2) are acceptable (4pts), but you have to explain the reasons.
T%)z% is not defined when zy < 0,
=Ty

and such (x,y) is present in any neighborhood of (0, 0).

Answer(1). The question is problematic because (

Answer(2). B=0

1
solution: It follows from 0 <| zy |< §(x2 +4?), then 0 < (x2 oy
1 2

Since ( l)inr%O 0)(5)? = 0, B exists and equals 0 by Squeeze theorem.
x7y — b

(c) Both answers (1) and (2) are acceptable (4pts), but you have to explain the reasons.

r—y

Answer(1). The question is also problematic because (1 + )+ is not defined in the
neighborhood of (0,1) when z = 0.

Answer(2). C=e™!



solution:

im (1+2)% = lim (1+a2)(1+2)7%
(l‘,y)—>(0,1)( ) (Ivy)—’(&l)( ) )
= lim (1+4+2) lim (142)7 = lim exp(—h(l+z
(m,y)—>(071)( )(ﬂc,y)—>(071)( ) (x,y)—(0,1) p( x ( ))
In(1
= exp(( I)mr% : —yu) (by the continuity of exponential function)
z,y)—(0,1

In(1
=exp( lim (-y) lim In1 +2)

) (both limits exist)
(z,y)—(0,1) (z,y)—(0,1) x

=exp(—1x1)=e"" (4 pts)

Many people pass y = 1 into the limit of f(z,y) first and then find lin(l) f(z,—1) or set
y = mx + 1 to find the limit or e.c.t.

But these are wrong ways. In general, ( l)ur% . f(x,y) # lim linllj f(z,y).
z,y)—(a, r—ay—

7. (8%) Find the tangent plane at (1,e,e?) on the surface 4 In(y?) 4 In(z*) = 11.
Sol:
, , 2 4 ) 2 4
Set f(7,9.2) = o+ () 0l 14, 9w 2) = (12,0, v ) = (1.2, 5) o

2 4
The tangent plane is (x — 1) + g(y —e)+ ;(z —e*) =0 (5 pts)

3
8. (12%) Suppose that f(z,y) is differentiable at (1,0), f(1,0) = 3, and Dy, f(1,0) = 7 in the
1 1 —1 -1 1
direction ug = (—=, —=), while Dy f(1,0) = —= in the direction vy = (—, —=).
0 (\/§ \/5) of( ) \/5 0 (\/§ \/5)

(a) Find the maximum value of the directional derivative Dy f at (z,y) = (1,0).

(b) Let the space curve r(t) be the intersection of the surfaces z = f(z,y) and z = z +y* + 2.

Find the parametric equation for the tangent line to r(¢) at the point (z,y,z) = (1,0, 3).

Sol:

1 1 3 —1 1 —1
a) Let Vf(1,0) = (a,b), then we have —a + —=b= — and —a + —=b = —.
(a) f(1,0) = (a,b) we have —za+ b = —5 and —ma+ —pb= =75
So Y (1,0) = (a,b) = (2,1).
This implies the maximum of the directional derivatives is |V f (1,0)| = |(2,1)] = V/5,

2 1
which occurs when the direction is | —, —= |.
(\/5 V5 )

5



(b) Let F(z,y,2) = f(x,y) — 2z and G(z,y,2) =2 +y* +2 — 2.
V103 =(2,1,-1), VG103 = (1,2y, 1) |103 = (1,0,—1)

VF|a03 % VG|aos = (2,1,-1) x (1,0,-1) = (-1,1,-1)
r—1 y—-0 =2-3
-1 1 =1

So the tangent line is

(a) (1) Bldiraza: 35 (2) 7RABEEZ: 20 (3) SHFOURRKMAN. 15 (4) 14
SRB TS
(b) (1) HEREEGGHBEZE: 529 (2) Rbbrand: 19 (3) ShmreX: 1

o (4) ks T
9. (12%) Let U = 2°y, and x, y, and ¢ satisfy

5
z° 4y =1,
(%)
?+y =17
Around t = —1 and (z,y) = (—1,0), by Implicit Function Theorem, the relationship (x) defines
two differentiable functions x = z(t) and y = y(¢).

d d
(a) Evaluate d_ng and *Z at t = —1 and (x,y) = (—1,0). (Hint. Differentiate (%) and derive a

dt
x dy
t f ti f — and —.
system of equations of — and — )

d
(b) Evaluate d—(t] at t = —1 and (z,9) = (~1,0).
Sol:

(a) Differentiating (*) with respect to t, we have

dx@

Srt— =1 34

T Ta T (37)
dx dy

20— + 3y°— = 2t. 2
xdt—i—?)y o (3 2)



Thus,

dr 3y? — 2t -1 |
dt — 15x%y? — 2z =1 () =(~1,0) I
dy 10zt -2z _—1O+2__4
dt — 15z4y? — 2z =1 (zy)=(—1,0) 2 -
(AT | BRI Rt &A% 4 4, sk %y 8 o)
Or, at t = —1, (z,y) = (—1,0),
de dy
- 7 — 1 I
@ ar (3%)
dx
D SR 345
7 (3 2)
dx dy IRV G ap = 19 o a7 >4 N\ 2N
Hence o =1, i —4. (EardAE | RIBRDLEET £3HE4% 4 4, sk RS 8 o)
dU  9Udx 0Udy
= 3 _ _ ,?a 2 I
V=2 = ona "oy at (F27)
dx dy ] .
= 3aty— + 2’ —. BlsbAcs | BeHE 3
Sxydt—i-xdt (Blsbfst | R3HiF 3 90)
U , o s o A
At t=—1,(x,y) = (—1,0), e (—1)% - (—4) = 4. (Blsbfdt | Z3H4F 4 9)



