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1. (8%) Evaluate / / ¢ dz dy.

0 Yy

Sol: 2
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2. (10%) Find the area of the surface z = g(x% + y%), 0<z, y<l.
Sol:

Parametrization:

|z, X | = V14+u+w



1
Area of surface = / / V1+u+vdudv (4pts)
o Jo

= 2/1 [(1+u+v)g]; dv
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Calculation errors: —1 pt.

Minor mistakes: —1 pt.

Va—22  p4—z2—y?
3. (10%) Evaluate/ / / (2% +y*) dz dy dx.

O :
Vi—z2 4—z2—y?
/ / / a: +y )dzdyd:z:
4—r2
= / / / 7”2 . TdZdrde (:C = 'I"COSG, 3/ = TSin 9) (5 ptS)
0 0 0

32
== (5pts)

4. (10%) Evaluate // e~ @+ ) q dy.

2 4ay+y? <1

// ef(:c2+zy+y2)dxdy
2 +zy+y?<1

_ / / o~ (@ +0/2°+(V30/2) g
(z+y/2)?+(V3y/2)2<1

Sol:

24,2 1 _1/\/§
= // et |dudv (4 pts)
uZ+v2<1 0 2/\/§
~ V3 / / “rdrdf (AT@RH, Bl R3HE T pts)
27‘( 1— e—l y . L
T3 (AT @, 2L RFHE 10 pts)

5. (16%) Let F(z,y, z) = v*i + (2zy + €**)j + 3ye**k

2



(a) Find the potential function of F.

(b) Compute the line integral / F - dr, where C : r(t) = (4t,3 cost,3sint), 0 <t <
c

Dol

Sol:

(a) F(x,y,2) = (2zy, 2zy + >, 3ye™).
Assume f is the potential function (Real value function such that Vf = F),
then f, = 2xy imply f(z,y,2) = zy* + h(y, 2).
Then take derivative with y variable on both side we got f, = 2xy + hy(y, 2).
By definition of F we also have, h,(y, 2) = €** = h(y, z) = ye** + g(z).
Since f, = 3ye*, this imply f. = h, = 3ye** + g.(z) = 3ye*, ie, g. = 0.

So f = ay* + ye* + C for some constant.
(b)
[ Far= [ vrir= fe(x/2) - (0
= £(2m,0,3) — £(0,3,0) =27 x 02 +3 x 0 x € — (0 x 32 + 3¢%) = —3
FAARIE:

(a) If the answer is right then you got 8 point.
If not, you can gain 2 at each step while you are trying to solve h and g.
(b) / Fdr = / Vfdr = f(r(n/2)) — f(r(0)) This step cost 4 point.
:Cf(27r, 0, 3)0— £(0,3,0) This step cost 2 point.

=27 x 02 +3x0x e’ — (0x 3%+ 3e”) = —3. Answer cost 2 point.
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6. (16%) Let P = , @ = —————. Let C be the counterclockwise ellipse
A e YT T
% + y—6 = 1, and D be the region inside C but outside the unit circle 2? 4 y* = 1.

) Evaluate // 8—Q — 8_P dA.

(b) Evaluate / Pdr+ Qdy.
c



0Q  3x2y* —y* oP 3x*y* —y
(a) - @ 1 P (2 pts) o - @) (2 pts)
2@ _0P _,
ﬁx Jy

//8_@_8_P =0 (2 pts)

(b) Let E be the counterclockwise unite circle. Then 0D = CUFE
By Green theorem, // @ — 8_P JdA = /CPd:I: + Qdy + /E Pdz 4+ Qdy
So /Cde + Qdy = /13de + Qdy (4 pts)
To compute /Ede + Qdy, parametrize E = {(cosf,sin0)|0 < 0 < 27}}

Then
27
/ Pdx + Qdy = / Pdx + Qdy = / (sin@)®d cos 6 — cos f(sin #)?dsinf (2 pts)
C E 0
2
_ / —(sin 0)* — (cos 6)2(sin 0)2]d0
0

2T 2T 1 —

:/ [—(sin@)Q]dez/ [—ﬂ]de (2 pts)
0 0 2

0 cos20

2 4

2

=—m (2 pts)
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7. (10%) Evaluate / / — dS, where S is the helicoid with equation
S V1t 2+ y?

r(u,v) = ucosvi—+usinvj+vk, 0 <u<1, 0<wv <27,

Sol:

Yu = (cosv ,sinv ,0)
Yo = (—usinv , U COSV 71 )

Yu X Yy = (sinv , —cosv ,u) (3 pts)

| Yu X Y | = Vu? 41 (2pts)



We have

x? /27r u? cos? v
———V1+u?dudv (2 pts
/S/\/1+x2+y V1+u? ( )

27 1
= / / u? cos® v du dv
0 0

= g (3 pts)

8. (10%) Compute the integral // curlF -dS, where F(z,y,2) = (67 +y)i+ (4z—y)j+ (8zsin y)k
S
and S is the part of z = 4 — 22 — y? above the xy-plane with orientation given by the upward
unit normal vector.

Sol:

Solution 1: By Stokes” Theorem
//CurlF-dS:j[ F-dr (2 pts)
S as
The boundary of S is the circle r(¢) = 2costi+ 2sintj + 0k. (2 pts)

And

r'(t) = (—2sinti+ 2costj + 0k) (1 pt)

(
iSF@@»-ﬂ@ﬁu(zm@
8

+ (8 costsin(sint))k) - (—2sinti + 2costj + 0k) dt (1 pt)

((e” +2sint)i+ (4 x 0 — 2sint)j

2
27
/ —2sint — 4sin®t — 4sintcostdt (1 pt)
0

2
:/ —2sint — 2+ 2cos2t — 2sin 2t dt
0

2w

= (2cost — 2 + 2sin 2t + 2 cos 2t)
0

= —4r (1 pt)

Solution 2: curlF = (8z cosy — 4)i + (2z¢* — 8siny)j —k (2 pts)

The surface of S is S(z,y) = (7,y,4 — 2° —3*) (1 pt)
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S, =(1,0,—22),S, = (0,1, —2y),S, x S, = (—2z,2y,1) (2 pts)

// curlF - dS = //(89& cosy —4)i+ (2zez2 —8siny)j — k- (—2z,2y,1)dA (2 pts)

S D

Because of the symmetric — / / dA = —4m (3 pts)
S

Solution 3: curlF = (8z cosy — 4)i + (2z¢* — 8siny)j —k (2 pts)

Let D be the disk 0 = 4 — 2* — 3* where the orientation given (0,0, —1)

/ / cwrlF - dS = / / / div(curlF)dV — / / curlF - dA (4 pts)
S :ov—//dA:—zm (3;s)

(1 pt for knowing /// div(curlF)dV = 0)
v

//CurlF-dS:f F-dr (2 pts)
oS

S
curlF = (8z cosy — 4)i + (2z¢” — 8siny)j —k (2 pts)

Solution 4: By Stokes’ Theorem

Let D be the disk 0 = 4 — 2* — y* where the orientation given (0,0, 1)

fgSF-dr://curlF-dA (3 pts)
:f//dA:—éhr (3 pts)

9. (10%) Evaluate // F-dS, where F(z,y, 2) = 2y*j—zk and S is the surface of the solid enclosed

By Stokes’” Theorem

s
by y = 2 + z* and y = 1 with outward normal vector.

Sol:
o 0 OR
or Oy 0z

By the divergence theorem, we have // F.dS= /// divF dV (3 pts)
S R

method 1: Let F = Pi+ Qj + Rj = 0i + 2y%j — 2k, then divF = =4y —1 (2 pts)
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where R is the region bounded by S. Hence
2 1 pl
//F -dS = / / / (4y — 1)r dydrdf (3 pts)
£ 0 0 Jr2
1
:27r/ r—2r° 4+ r3dr = 5% (2 pts)
0

method 2:

[¥-as=[[ ¥ mas
S S

://F-nd5+//F-ndS (2 pts)

Sl 52
where n is the outer normal of S, S; = SN {y = 2>+ 2?}, and S, = SN {y = 1}.
//F ndS = //(0 2(2% + 2%)?, —2) - (22, —1,22) dA (3 pts)
2
/ / — 2r%sin® 0)r drdf

= —% (3 pts)

//F nds — //( )+ (0,1,0)dA
/ / ordrdd = 2r (2 pts)



