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1. (18%) (a) Let fi(z) =2 +a™ +a*, a >0, 2 >0, and fo(z) = / e dt, x> 1.

T

Then fi(z) =
falx) =
(b) Suppose that y = y(z) is implicitly defined by =¥ = y®.
Then at (z,y) = (2,4), Z—i =

Sol:

(a-1) First note that :

da’/dx = ba"™!

db®” /dx = (Inb)b”®
We use this and chain rule to solve the problem.
df1(x)/dx = d(x*") /dx + d(a™") /dx + d(a®")/dz
=a"s" ' + (Ina)a™ d(z*) /dx + (In a)a® d(a”)/dx
=a"s" ' + (Ina)a” a(z*") + (Ina)a” (Ina)a”
=a"2" '+ (Ina)a™ T (z* ) + (Ina)a® **

(a-2)

Vinz
dfs(2)/dz = d / F(t)dt/dx

T

a Vinz
:d/ etht/d:E+d/ e dt/dx

a Vinz
= (d / e’ dt /dz®)da® [dx + (d / e’ dt/dvInx)dvIn z/dx

= (=) (@) (I + 1) + (/™7 )(1/2)((Inx) V) (1 /)

. 1 _
= - 2%(Inz + 1) + §(lnx) 1/2

dz®  de”™m® medrinx
— — rinx — x l 1
( » - N — == (Inz + ))



(b) Implicit function:

First take "In” to both sides

ylnxr=xlny

Differentiate both sides w.r.t x (take y as a function of x)

@lnx%—g dy/dx
dx x
dy lny—y/x
dr — Inx —z/y

=lhy+zx

So
@| ~ Ind-2
dz'®Y " 2 — 1/2
_ 2ln4—-4 4(In2 —1) In16 — 4

“2lm2—1 7 Tha—1 7 Tmd-1
2. (18%) Determine whether the following limits exist. If the limit exists, evaluate it. If the limit

doesn’t exist, explain why.

(a) lir%(l + |sinz|)s =

(b) lim (L) =
z—0 3

n

In2+1 E)—1
(¢c) First expressz n2+In(n+k)—Inn

as a Riemann sum for a function defined on [0, 2].

— n+k
. ~=I2+In(n+k)—Inn
Th luate 1 E .
en evaluate lim ——

k=1

n

In2+1 —1
Answer. Z n2+n(n+ k) nno_

P n+k B ’
. ~=In2+mn(n+k)—Inn
1 =

k=1

Sol:
(a) using the continuity of exponential function and L.H rule

lim (1+ |sin(m)\)% = lim exp(é In(1 + | sin(z)]))

z—0t z—0t



= exp( lim ( cos(x)

z—0+ 1 4 |sin(z)| ) = exp(1)

lim (14 |sin(z)])> = lim exp(% In(1 + [sin(z)]))

z—0~ z—0~

— cos(z)

= exp( lim ( ) = exp(=1)

z—0- 1 — sin(x)

so the limit doesn’t exist .

(b) still using the continuity of exponential function and L.H rule

1
27 4+ 3% 45"\ = 1 27 4+ 3* 4+ 5"
iy (FE5E) ot
2% 1n(2)43% In(z)+5* In(z)
, In(2) + In(3) + In(5)
= eXp( 11Iél+( 2r+3?;+5r )) = exp( 3 )
T— —
In(30
= exp( n(3 )) =303

the same argument for

, (296 +37 + 550) -
lim —_—
z—0~ 3

so the limit exists and the limit is 303

(c)

n

Z In2+In(n+k) —In(n) <=2+ %)

— n+k —~ n+k
" 2In(24+2) N 1ln2(1+ %)
T Lin oxZ ULy g E
k=1 n k=1 n
lim " In2+In(n + k) — In(n) _ /2 In(2 + x)dx or /1 In(2(1 + x))dx
n—o0 n+k 0 24w 0 l+uz

_ /0 (2 + 2)d(In(2 + 2)) = g(lln(?))2
. (8%) Let
H(z)=1 m , =0

asinx +bcosx+cx , x>0

Find conditions of m, a, b, ¢, such that, respectively,



(a) H(x) is continuous everywhere. Answer: :

(b) H(x) is differentiable everywhere. Answer: :

(c) H(x) has an inflection point at z = 0. Answer:
Sol:

(a) Since H(z) is continuous everywhere, thus we have

lim H(z) = lim H(z) = H(0)

z—0t z—0~
— lim e = H(0) = 1im+(asinx +bcosz + cx)
z—0~ z—0
and 11%1_6% =0, H(0) = m,

lir&(asinx +bcosx+cx) =0

sob=m=0.

(b) Since H(x) is differentiable everywhere, thus H(x) is continuous everythere, so b =m =0

iy HBW=HO) 77y — T3y H(W)—H(0)
and lim =5—-= = H (0) = lim =55
h—0 h—0+
SO
L 1
en -
lim — = lim
h—0- h  h—0-e—7%
_1
. 2
= Jim —"=
h—0~ %e—z
.1
=—limer =0
h—0~
: asinh4+ch __
and hlllrg+ LS =a+c

thus the conditions are b=m =0, a4+ c = 0.
(c) Since H(x) is continuous at = 0, thus b =m =0
For z <0,
H'(z) = —z—ge% and H (z) = (2:”;671)6%,
so H (z) > 0 for —5 <z < 0.
For z >0, H (z) = acosz + c and H (z) = —asinz.

” 1
Since x = 0 is an inflection point and H (z) > 0 for z € (—5, 0), hence a > 0

thus the conditions are b=m =0, a > 0

4



a

4. (12%) Let g(z) = x3+3x+4+x3+x—27

ab > 0. Show that g(z) = 0 has exactly one real

solution.

Sol:

_a(z3+x—2)+b(x>+3z+4)
g(l’) T (2343z+4) (23 +x—2)

Define f(z) = a(z® + 2 —2) + b(2® + 32 + 4).
Prr—2=(@x-1@*+2+2);2°+3z+4=(z+1)(2* -z +4)
(*4+2+2>0,22—2+4>0,Vr €R)

F(1) = 8b#£0; f(—1) = —4a £ 0

So f(z) = 0 and g(x) = 0 have the same roots.

Because f(1)f(—1) = —32ab < 0, there is at least one root of f(z) =0in (—1,1) by IVT.
If f(a) = f(B) =0 for some o < f3.

By MVT, 3 ¢ €(a, 3) such that

But f'(c) = a(3c* + 1) +b(3c* + 3) > 0 (or < 0, depending on the signs of a and b),
a contradiction.

So f(x) = 0 has exactly one root. = g(x) = 0 has exactly one root.

5. (12%) Car A at the lower level pulls car B, which is located on the upper level 9 meters higher,
with constant velocity 5 m/min to the right while a pulley 6 meters above the upper level is
used to connect the two cars. Suppose that the total length of the rope is 35 meters. Let O
be the point right underneath pulley P on the lower level, and § = ZBPO. Find the changing

rate of § when car A is 20 meters away from point O. See figure below.

P
Answer: ) b
DL:B 0
9 5 M/min
—
0 20 A



Sol:

Let OA = x(t), then we have

35 — /225 4+ x(t)? = 6secd(t)

Differentiate both sides with respect to t and we get

o 2z(1) -2t
2,/225 + 2(t)?

= Gsec(t)tand(t) - 0'(t)

) 4
Now since 2/(t) = 5 and when 2(t°) = 20, we have sec §(t") = 3 and tan 0(t") = 3 thus we get

01 — —% (rad /min).

. (12%) A sector is cut off from a circle of radius R, R > 0. The remaining part (shaded region)

is used to construct a right circular cone. Find the maximal possible volume of the cone. See
1

figure below. ( Hint. The volume of a right circular cone = g(base area)-(height). )

Answer: The maximal volume=

O : center of the circle

Sol:
Assume that the height of the cone is equal to A > 0. Then the radius of the circle at the

bottom is equal to v/ R? — h2. The volume of the cone is

Vih) =% <m>2h = 3 (R*h— ")

To find the maximum value of V' (h), consider V'(h) = 0. This gives
T
3 (R*—3n%) =0

So h? = R?/3. That is, h = R/+/3 since R > h > 0. Now we can check this is exactly the

point which makes V' occur a maximum value by considering V' (0) = V(R) = 0 and V(h) > 0

6



trivially. And the maximum value is

7. (20%) Let f(z) =

(a)

(f)

(2)

(i)

Sol:

Let f(z) =

(a)

()"

CESIE Answer the following questions.
x

The domain of y = f(z) is

y = f(x) is increasing on interval(s)

y = f(z) is decreasing on interval(s)

y = f(z) is concave up on interval(s)

y = f(x) is concave down on interval(s)

Find the (x, y)-coordinates of the following points if exist.

Local maximum point(s) :

Local minimum point(s) :

Inflection point(s) :

Find the asymptotes of the graph of y = f(x) if exist.

Vertical asymptotes(s) :

Horizontal asymptotes(s) : as xr —

Slant asymtotes(s) : as r —

Sketch the graph of y = f(x) on page 11.

2*(x — 2)

TSR Answer the following questions.
x

The domain of y = f(x) is R\ {—1}.



oy w(w+4)(r—1)
(c¢) y = f(z) has criticial point(s) at = = —4,0, 1.
wo 2T —2)

(e) y = f(z) is increasing on interval(s) (—oo,4) U (—1,0) U (1, c0).

y = f(x) is decreasing on intervals(s) (—4, —1) U (0, 1).

[\]

(f) v = f(x) is concave up on interval(s)(?, 00).

y = f(x) is concave down on interval(s) (—oo, —1) U (-1, 2).

(g) Find the (z,y)—coordinates of the follwing points if exist.

Local maximal point(s): (—4,%), (0,0).

1
Local minimal point(s): (1, _Z)
2 16
Inlfecti int(s): (g, —=—=).
nlfection point(s) (7, 189)

(h) Find the asymptotes of the graph of y = f(x) if exist.
Vertical asymptotes(s): z = —1.
Horizontal asymptotes(s): none.

Slant asymptotes(s):y = x — 4 as v — £oo.
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