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1. (16%) (a) Evaluate I; = /

sec® x

(b) Evaluate I, = /
Sol:

tan x

(a) Let u=e”, and we have

/ex+1dx:/u+1d_u
e2r —9 uz —9 u
Y R
9u 9u—3 9u+3
1

2 1
:—§x+§ln\ex—3|—§ln\6x+3\+0

sec® & dx
dx = 5
tan x SIN & COS~ T
cos? —+ sm2 X
- T o a2 dx
SIn & COS* &

sin x
= [ cscxdr + 5 dx
cos? x

= —1In|csca + cot x| +secx + C

4
2. (8%) Find the integers A, B, and C' such that / (Inz)?dr = A(In2)> + BIn2 + C.
2
Sol:

/24(1n(x))2dx = z(In x)2’z -2 /24 In zdx
= z(lnz)? 2 —2(zlnx — x)’;l

= (zln(z)?* — 2z In(x) + 22) !

2

=41In(4)> — 8In(4) +8 — (2In(2)? — 4In(2) + 4)
=41In(4)* — 8In(4) — 21In(2)* + 41n(2) + 4

=14In(2)* — 12In(2) + 4



)
3. (10%) Find the length of the curve y = V& — 1 from z =1 to z = 7
Sol:

51
From (1,0) to (Z’ 5), r=y?+1.

1
Tts length = /0 1+ (2—5)2 dy

2 1
:/2 V14 4y?dy (letyzﬁtanﬁ)
0

1 4 3
—5/0 sec” 6df

By
/sec3 0dh = /sec O(tan 6)'df = sec § tanh — /(sec ) tan 6do
=secftanf — /sec 6 tan? 0dH = sec § tan 6 — /sec3 0do + /sec 0do
, 1 1
= [ sec’ fdf = 3 sec O tanf + 5 | sec 0do
1 1
= isecﬁtanﬁ + iln | secd + tan 6| + c,
SO
1 [%
the length = 5/ sec® 0d6
0
1.1 1 I
= 5(5 sec ftan 6 + 5 In|secf + tané|) .
1 1
= V24 -In(v2+1).
4 4
4. (16%) Evaluate each integral, or show that the integral diverges.
(a) U arcsin \/z .
1 y/x(l —x)
1+ a? . . o . :
(b) T dx. ( Hint. A particular substitution can be applied by observing that
o x
1+22 1+

1+$4 $2+x—2

Sol:



(a) Let /T =u, v = u?, dv = 2udu

Ea

k .
2 d
lim MU _ Jim (arcsin(u))?

k—1~ % \/ (1 — u2) k—1—

= lim (arcsin(k))? — (%)2

S

k—1—
—(Dy2 _ (T2
3,
16
1
(b) Letx—;:u, duz(l—i—;)dm

5. (16%) A ring with height 2h is made by drilling a hole through a ball with radius R > h.

—|—

(a) Find the total area of the inner and the outer surface of the ring. 0

(b) Find the value of h such that the volume of the ring is half of the volume of the whole

ball.

Sol:

(a) The area of the inner surface = 2mv R? — h? - 2h = 47hV R? — h?

There are two meathod to compute the area of the outer surface:

method 1 : Let z = Rcos(f), y = Rsin(0); Z—g = —Rsin(0), % = Rcos(0);
dx dy
— (252 (B2
hence ds = (dﬁ) +(d0) df
arcsin( % ) arcsin( % )
/ 2m(R cos(6)) V R2sin? 0 + R2 cos? 0d6 = / 21 R? cos df
— arcsin(%) — arcsin(%)
= 4w Rh



d
method 2 : 22 + y? = R?, therefore or

_ -y
by~ -

h 2
/_h 2mads = 2m\/R? — y? |1+ R2y_ ydy = Al

Hence, the total area of the inner and outer surface of the ring = 4wh(R + v R? — h?)

and ds = ([ 1+ (—)%dy

(b) There are also two methods to obtain the volume V' of the ring:

method 1 :
h
V= 2/ (v R2 — y?)?ndy — (VR? — h2)*w - (2h)
0 3
= 21(R%y — 3)\8 —2h(R* — b7
4
= ghgﬂ'
method 2 :

R
V= 2/ 2rayV R? — x2dx
VRI-R?
R
= —27r/ VR?2 — 22d(R* — 2°)
VRI=R?
4
= ghg’ﬂ'

1
Volume of the ring = 3 Volume of the whole ball

4 14
_hS :—'—R3

— 3t T=g g7
= h=23R

2

6. (14%) Let Ty be the curve (2% + y?)? = a?(2® — y?), and I'; be the curve 2? + y* = %, a>0.

(a) Find all points of intersection of I'; and I's.

(b) Find the area of the region that lies inside I'; and I'y. ( Hint. Use polar coordinates. )
Sol:

(a) Using polar coordinates to change both eqations to 72 = a? cos20 and r =

S ®



1 5
i)2 =12 = a® cos 26, we have cos 20 = = which implies § = :I:E, 4+ 27

V2 2 5 76

They intersect at the points

(T’ ‘9) = (

After solving (

a T a -7 a 5w
576%(%7?)7(5’?

(b) By symmetry, the area is equal to

61 a i1
al 72 (L 4% cos 2
[/0 5(75) d9+/ S’ cos ede]

wa®  a®
o + 1 sin 20
\/§ s

2
=a?(1- L2+ 2.
-+ 0

ol

o3 INE]
| I

-0.5

=-0.5

7. (10%) Solve the differential equation y' — (secx)y = (cos? x)y? with initial condition y(0) = 1.

Sol:
Let u =y 2 = y~1, o/ = —y 2y
y Y 2 Y
— (secx)—— = (cos” x)——
v Yy y
u + (secx)u = —(cos® x)
el seowdr — pln|tanatsecs| — | tan o 4 sec x| = tanz + sec

As z near 07, y(0) = 1> 0, tanx +secx > 0
(u(secx + tanw)) = — cos? z(tan x + sec ) = — sinx cosx — cos

u(secx + tanz) = icoszx —sinz +C

u(0) =1,C = 3
1 tanx + secx

€Tr) = =
y(z) u(r) 3+ icos’z —sinx

8. (10%) (a) Find integer k such that lir% TTAMT ists and is non-zero,

xk



(b) Apply Mean Value Theorem for Integrals and the result in (a) to determine the range of

xT

p such that lim tP f(t) dt exists, where f(t) is a continuous function in ¢ and
z—0 sinz
f(0) # 0.
Sol:
(a)
| T —sinx T 1 —-cosx
zll% xk o zll% ]{jxk_l
. sin . CcoS T
=]lim— = 1lim

e0 k(k — )b 20 k(k — 1)(k — 2)zh-3

recos0=1, ~k—3=0,k=3
T —sinx 1

L |
If k < 3 then lim — " — 0 If k > 3 then lim —— 0 — &
z—0 xk z—0 xk

(b) Mean value theorem of integral:

/ tPf(t)dt = P f(c)(z — sinx) for some ¢ € (sinz, x)
Note that z > sinz for > 0
* T .5, T —sinx

lim [ #f(t)dt = lim & f(c)(w — sina) = lim (=) )

z—0 sinx z—0 c x3
. xr—sinx 1
llm —— = =
z—0 3 6
1 =lim(=)* <lim(=)® < lim(—)* =1
z—0 " z—0" ¢ z—0 " SIn &

If lim,_ocP™? exists, then the limit exists .. p+3 > 0 .. p > —3 the limit exists



